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Summary. The article contains definition of a compact space and some theorems
about compact spaces. The notions of a cover of a set and a centered family are defined in the
article to be used in these theorems. A set is compact in the topological space if and only if
every open cover of the set has a finite subcover. This definition is equivalent, what has been
shown next, to the following definition: a set is compact if and only if a subspace generated by
that set is compact. Some theorems about mappings and homeomorphisms of compact spaces
have been also proved. The following schemes used in proofs of theorems have been proved
in the article: FuncExChoice — the scheme of choice of a function, BiFuncEx — the scheme of
parallel choice of two functions and the theorem about choice of a finite counter image of a
finite image.
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The articles([3],[[3],19],[[10],[1], 2], [6], [5], [7], and[4] provide the notation and terminology for
this paper.
We adopt the following rulest, y, z, Y, Z denote sets anfldenotes a function.
In this article we present several logical schemes. The scidoné&nigBoundFuncExeals
with a set4, a setB, and a binary predicat®@, and states that:
There exists a functiotfi such that donfi = 2 and rngf C B and for everyx such
thatx € 4 holdsP|x, f(X)]
provided the parameters meet the following condition:
e For everyx such tha € 4 there existy such thaty € B andP[x,y].
The schem8iFuncExdeals with a sefl, a setB, a setC, and a ternary predicatB, and states
that:
There exist functions, g such that donf = 4 and donmg = 4 and for everyx such
thatx € 4 holds?x, f(x),g(x)]
provided the parameters satisfy the following condition:
e If x€ 4, then there exisy, zsuch thay € B andz e C and?[x,y, 7.
We now state the proposition

(1) If Zis finite andZ C rngf, then there exist¥ such thaty C domf andY is finite and
foy =2

In the sequeT is a topological structuré is a subspace af, andP, Q are subsets of .
Let T be a 1-sorted structure, IEtbe a family of subsets df, and letP be a subset of . We
say that- is a cover ofP if and only if:

(Def. 1) PCF.

Let F be a set. We say thé&tis centered if and only if:
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(Def. 2) F # 0 and for every seB such thaG # 0 andG C F andG is finite holds"\ G # 0.

Let T be a topological structure. We say tffats compact if and only if the condition (Def. 3)
is satisfied.

(Def. 3) LetF be a family of subsets df. Supposé- is a cover ofT and open. Then there exists a
family G of subsets off such thatG C F andG is a cover ofT and finite.

We say thafl is T, if and only if the condition (Def. 4) is satisfied.

(Def. 4) Letp, qbe points ofT. Suppose # q. Then there exist subséfé, V of T such thawV is
open and/ is open anc € W andg € V andW misses/.

We introduceT is aT, space as a synonym ofis T,. We say thaT is Tz if and only if the condition
(Def. 5) is satisfied.

(Def.5) Letp be a point ofT andP be a subset 6f. Supposeé® # 0 andP is closed anc ¢ P.
Then there exist subsafé, V of T such thaWV is open and/ is open anch € W andP CV
andW misses/.

We introduceT is aTs space as a synonym ofis T3. We say thal is T4 if and only if the condition
(Def. 6) is satisfied.

(Def. 6) LetW,V be subsets of . Supposé&V = 0 andV # 0 andW is closed and/ is closed and
W missed/. Then there exist subsé®s Q of T such thaP is open and is open andVv C P
andV C Q andP misseQ.

We introduceT is aT4 space as a synonym ofis Tj.
LetT be atopological structure and e a subset of . We say thaP is compact if and only
if the condition (Def. 7) is satisfied.

(Def. 7) LetF be a family of subsets af. Supposé- is a cover ofP and open. Then there exists a
family G of subsets off such thatG C F andG is a cover ofP and finite.

One can prove the following propositions:

©f] ©ris compact.
(10) T is compact iffQt is compact.
(11) IfQC Qa,thenQis compact iff for every subs@&of Asuch thaP = Q holdsP is compact.
(12)(i) If P=0, thenP is compact iffT [P is compact, and

(i) if T is topological space-like arfédl# 0, thenP is compact iffT [P is compact.

(13) LetT be a non empty topological space. Thiers compact if and only if for every family
F of subsets o such thaf is centered and closed hol@g= # 0.

(14) LetT be a non empty topological space. Thers compact if and only if for every family
F of subsets off such that~ # 0 andF is closed and\F = 0 there exists a family of
subsets ofl such thaiG # 0 andG C F andG is finite and\ G = 0.

In the sequely; is a topological space ar®y, Q1 are subsets OF;.
Next we state several propositions:

(15) Supposdi is aT, space. LefA be a subset of;. Suppose # 0 andA is compact. Lep
be a point ofT;. Suppose ¢ A. Then there exisiP;, Q1 such that; is open and; is open
andp € P, andA C Q; andP; missesQs.

(16) IfTyis aT, space andP; is compact, thet; is closed.

1 The propositions (2)—(8) have been removed.
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(7) If T is compact andP is closed, ther? is compact.

(18) If Py is compact an®)1 C P, andQ; is closed, thel®; is compact.

(19) If Pis compact and is compact, the U Q is compact.

(20) If Ty is aT, space andP; is compact an®; is compact, thef, N Q1 is compact.
(21) If Ty is aT, space and compact, th@&pis aT; space.

(22) If Ty is aT, space and compact, th@&pis aT, space.

In the sequeSis a non empty topological structure ahds a map fronil into S,
We now state two propositions:

(23) If T is compact and is continuous and rnfj= Qs, thenSis compact.

(24) If f is continuous and rnf= Qg andP is compact, theri°P is compact.

In the sequef; is a non empty topological space ahis a map fromrl; into ;.
The following two propositions are true:

(25) Supposé; is compact and, is a T, space and rm§= Q) and f is continuous. Let
givenPy. If Py is closed, therf°Py is closed.

(26) Supposd: is compact and, is aT; space and dorh= Q ;) and rngf = Qg) and f is
one-to-one and continuous. Théms a homeomorphism.
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