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Summary. Aninner product of complex numbers is defined and used to characterize
the (counter-clockwise) angle betweenQ) and (0h) in the complex plane. For complex
a, b andc we then define the (counter-clockwise) angle betweser) énd €, b) and prove
theorems about the sum of internal and external angles of a triangle.

MML Identifier: COMPLEX?2.

WWW: http://mizar.org/JFM/Voll5/complex2.html

The articles([10],[[15],[[12],[[14],[116], [5],[[9], [27],[{7],.[8], [TL],[[11],[I3],[[1B],T4],[[2], and_[6]
provide the notation and terminology for this paper.

1. PRELIMINARIES

The following propositions are true:

(1) For all real numbers, b holds—(a+ bi) = —a+ (—h)i.

)

®)

(4)

®)
(6)
)
8)
©)
(10)
(11)
(12)

For all real numbers, b such thatb > 0 there exists a real numbersuch thatr = b-

—[8]+aand 0<randr <h.

Leta, b, ¢ be real numbers. Suppoae- 0 andb > 0 andc > 0 andb < aandc < a. Leti

be an integer. Ib=c+a-i, thenb=c.

For all real numbers, b holds sifa— b) = sina- cosb — cosa- sinb and cog¢a—b) =

cosa- cosb-+ sina- sinb.

For every real numbex holds sirfa— 1) = —sin(a) and co$a— 1) = —coga).

For every real numbex holds sirfa— 1) = —sina and coga— 1) = —cosa.

For all real numbera, b such thaia € |0, 5[ andb € ]0, 5[ holdsa < biff sina < sinb.
For all real numbera, b such thai € |5, | andb € ] 7,7 holdsa < biiff sina > sinb.
For every real numbexand for every integerholds sira = sin(2- 1t-i + a).

For every real numberand for every integerholds cos = cog2-1t-i +a).

For every real numbersuch that sia = 0 holds cos # 0.

For all real numbers, b such that 6X aanda < 2-mand 0< b andb < 2-tand sira=sinb

and cos = cosb holdsa=b.
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2. MORE ON THEARGUMENT OF ACOMPLEX NUMBER

Let us note thaCr is non empty.
Letzbe an element of. The functor Ftizéz) yielding an element o€ is defined by:

(Def. 1)

Ftizdz) =z

We now state four propositions:

(13)
(14)
(15)
(16)

For every elemerztof C holds(z) = O(Ftize(z)) and(z) = O(Ftiz(z)).
For all elements, y of C holds Ftizéx+y) = Ftize(x) + Ftize(y).
For every elemerttof C holdsz = Q¢ iff Ftize(z) = Oc,.

For every elemerztof C holds|z| = |Ftiz(2)|.

Letzbe an element of. The functor Arg yields a real number and is defined by:

(Def. 2)

Argz = Arg Ftize(z).

Next we state a number of propositions:

17)
(18)
19)
(20)
(21)

For every elemerztof C and for every elementof Cg such thaz = u holds Argz= Argu.
For every elemertof C holds 0< Argzand Argz < 2-TL

For every elemerstof C holdsz = |z| - cos Argz+ (|2] - sinArgz)i.

Arg(0¢) = 0.

Letzbe an element of andr be a real number. £+ 0 andz= |z - cosr + (| - sinr)i and

0<randr < 2-m thenr =Argz

(22)

For every elemerztof C such thatz # O¢ holds if Argz < 11, then Arg —z) = Argz+tand

if Arg z> 11, then Arg —z) = Argz—Tt

(23)
(24)
(25)

(26)
I

(27)
(28)
(29)
(30)
(1)
(32)
(33)
(34)
(35)
(36)

For every real numbersuch that > 0 holds Argr 4 0i) = 0.
For every elemerztof C holds Argz= 0 iff z= |z +0i.
For every elemerttof C such thatz # O¢ holds Argz < Ttiff Arg (—2) > TU

For all elements, y of C such thak # y or x—y # Oc holds Arg x—y) < mtiff Arg (y—X) >

For every elemerztof C holds Argz € |0, 11 iff 0(z) > 0.

For every elemerztof C such that Arg # 0 holds Argz < Ttiff sinArgz> 0.

For all elements, y of C such that Argx < tand Argy < Ttholds Argx+y) < Tt
For every real numbersuch thai > 0 holds Arg0+ xi) = 7.

For every elemertof C holds Argz € |0, 7[ iff 0(z) > 0 and(z) > 0.

For every elemertof C holds Argz € | 7, 1 iff 0(2) < 0 andO(z) > 0.

For every elemerztof C such that](z) > 0 holds sinArg > 0.

For every elemerttof C holds Argz= 0 iff 0(z) > 0 and(z) = 0.

For every elemerztof C holds Argz = miff 0(z) < 0 and(z) = 0.

For every elemerttof C holds(z) =0 iff Argz= 0 or Argz= Tt
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(37) For every elemerztof C such that Arg < rtholds[(z) > 0.

(38) For every elemertof C such thaz # 0 holds cos Ar¢g—z) = —cos Argzand sin Ard
—sinArgz.
(39) For every elemera of C such thata # 0 holds cosArg. = ﬁ and sin Arga_ ‘ ‘

72) —

(40) For every elemerd of C and for every real numbersuch that > 0 holds Arga- (r +

0i)) = Arga.

(41) For every elemerd of C and for every real numbersuch that < 0 holds Arga- (r +

0i)) = Arg(—a).
3. INNERPRrRODuUCT

Letx, y be elements of. The functor(x]y) yields an element of and is defined as follows:
(Def. 3) (xly)=x-V.

In the sequed, b, ¢, d, X, y, zdenote elements df.
The following propositions are true:

(42) (xly) = (B9 -0(y) + D) - 0(y)) + (=00 - B(y) + 0(x) - O (y))i.
43) (72)=(0(2)-D(2) +0(2)- 0O(2)) +0i and(Z2) = (0(2)*+ 0(2)%) +0i.
(44) (42 = |2+ 0i and|z? = D((22)).

(45) [(xy)| =[x~ I¥l-

(46) If (x|x) =0, thenx=0.

@7) (%) = (Xly).

(48) ((x+y)2) = (X2 +(y|2)

(49) (Xl(y+2) = (xly) + (x2)

(50) ((a-x)ly)=a-(xly)

(1) (xl(a'y))=a-(xly).

(52) ((a-x)y) = (X(@-y)).

(53) ((ax+b-y)z)=a-(x2)+b-(y2).
(54) (xl(a-y+b-2)) =a-(xly)+b-(x]2).
(55) ((=x)ly) = (xI-y)

(56) ((=x)]y) =—(Xly)

(67) —(xly) = (x|-y).

(58) ((=x)[=y) = (xy)

(
(59) (
(60) (
(61) (Oc|x) =0c and(x|0¢) = Oc.
(62) ((x+Y)|(x+y)) = (X[x) + (X]y) + (¥|X) + (Y]y).
(63) ((x=Y)|[(x=y)) = ((Xx) = (X]y) = (¥Ix)) + (¥]y)-
(64) DO((xly)) = 0iff O((x]y)) = |x|-|y| or O((xly)) = —[x| - |y-
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4. ROTATION

Leta be an element of and letr be a real number. The functar® r yielding an element of’ is
defined by:

(Def.4) aOr=|al-cogr+Arga)+ (|a-sin(r + Arga))i.

In the sequet is a real number.
We now state a number of propositions:

(65) av0=a

(66) aOr=0¢iff a=0¢.

(67) laor|=|a.

(68) If a## Oc, then there exists an integiesuch that Arga O r) =2-1-i + (r + Arga).
(69) a® —Arga=|al+0i.

(70) O(aOr)=0(a)-cosr —O(a)-sinr andd(@aor) =0(a) - sinr 4+ O(a) - cosr.
(71) a+bor=(@0r)+(bor).

(72) —aOr=—(aor).
(73) a—bor=(@0Or)—(bor).
(74) aomn=-a

5. ANGLES

Leta, b be elements of. The functor/(a,b) yielding a real number is defined as follows:

Arg(b © —Arga), if Arga=0orb+#0,

(Def.5) «(ab)= { 2-1— Arga, otherwise.

One can prove the following propositions:
(75) Ifr >0, theng(r+0i,a) = Arga.
(76) If Arga= Argbanda+ 0andb+#0,then ArgaOr)=Arg(bOr).
(77) Ifr >0, theng(a,b) = «(a-(r+0i),b- (r+0i)).
(78) Ifa+#0andb+ 0 and Arga= Argb, then Arg —a) = Arg(—b).
(79) Ifa#0andb+#0,thens(ab)=(a0rbor).
(80) Ifr <0anda# 0andb#0,thens(a,b) = «(a-(r+0i),b-(r+0i)).
(81) Ifa#0andb#0,then/(ab)= «(—a —b).
(82) Ifb#0and«(ab)=0,thens(a,—b)=T1

Ifaz0an . then cos((a,b) = —22) and sir (a,b) = — a2
(83) Ifa0andb+0,th b Dlgﬂwtt;l)) dsi b D&FW‘EF’

Letx, y, zbe elements of. The functor/(x,y, z) yields a real number and is defined as follows:

_ | Arg(z—y) —Arg(x—y), if Arg(z—y) —Arg(x—y) >0,
(Def. 6) £(xy.2) = { 2.1+ (Arg(z—y) — Arg(x—Y)), otherwise.

Next we state a number of propositions:

(84) 0< L(xY,2) andL(Xx,y,z) < 2-Tt
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(85) £(%¥:2) = £L(x=¥,0c,2—Y).

(86) «(ab,c)=«(a+d,b+d,c+d).

(87) «(a,b) = «(a,0c,b).

(88) If £(x,y,2) =0, then Argx—y) = Arg(z—y) and£(zy,Xx) = 0.

(89) Ifa# 0c andb+ Oc, thenO((alb)) = 0iff £(a,0c,b) =T or«(a,0c,b)=3-m
(90) If a# Oc andb # Oc, thenO((alb)) = |a| - |b| or O((alb)) = —|a| - |b| iff «(a,0c,b) =3

or £(a,0c,b)=3 -1t

(91) Ifx#yandifz£yandif£(x,y.z)= For £(x,y,2) = 3 -0 then|x—y|2+|z—y|? = [x—Z2.

(92) Ifa#bandb+#c,then/(a,b,c)=«(aC®r,bOr,coOT).
(93) «(a,b,a)=0.
(94) «(a,b,c) #0iff £(a,b,c)+ £(c,ba)=2-TC

(95) If £(a,b,c) #£0,then/(c,b,a) #0.

(96) If £(a,b,c) =T then/(c,b,a) =Tt

(97) Ifa#£banda=candb+#c, theng(ab,c) =0 or«(b,c,a)#0or «(c,ab) #£0.

(98) Ifa#bandb+#cand 0< ((ab,c) and £(a,b,c) < 1, then £(a,b,c) + £(b,c,a) +

£(c,a,b) =mand 0< «(b,c,a) and 0< «(c,a,b).

(99) Ifa=#bandb#cand/(ab,c) > 1 then(ab,c)+ «L(b,c,a)+ £(c,a,b) =5-mand

«£(b,c,a) > mand«(c,a,b) > 1

(100) Ifa#bandb=#cand/(a,b,c) =T then/(b,c,a) =0 and«(c,ab)=0.

(101) Ifa#banda#candb+#cand/(ab,c) =0, then/(b,c,a) =0 and/(c,ab) =mor

£(b,c,a) =mand/(c,ab)=0.

(102) «(a,b,c)+ «(b,c,a)+ «£(c,a,b) =Tor £(a,b,c)+ £(b,c,a)+ £(c,a,b) =5-miff a#Db

(1

(2]

[4

(5]

6]

(7]

[

anda # candb #c.

REFERENCES

Grzegorz Bancerek. The ordinal numbedeurnal of Formalized Mathematic&, 1989.http://mizar.org/JFM/Voll/ordinall.
htmll

Czestaw Bylhski. The complex numberslournal of Formalized Mathematicg, 1990.http://mizar.org/JEM/Vol2/complexl.
htmll

Library Committee. Introduction to arithmeticJournal of Formalized Mathematic#\ddenda, 2003./http://mizar.org/JFM/
Addenda/arytm_0.html.

Krzysztof Hryniewiecki. Basic properties of real numbet®gurnal of Formalized Mathematicd, 1989./http://mizar.org/JFM/
Voll/real 1.html}

Jarostaw Kotowicz. Real sequences and basic operations on fleermal of Formalized Mathematic$, 1989.http://mizar.org/
JFM/Voll/seq_l.htmll

Anna Justyna Milewska. The field of complex numbed®urnal of Formalized Mathematic42, 2000. http://mizar.org/JFM/
Voll2/complfld.html}

Anna Justyna Milewska. The Hahn Banach theorem in the vector space over the field of complex nuioberal of Formalized
Mathematics12, 2000 http://mizar.org/JFM/Voll2/hahnbanl.htmll

Robert Milewski. Trigonometric form of complex numbeournal of Formalized Mathematic&2, 2000 http://mizar.org/JFM/
Voll2/comptrig.htmll

Konrad Raczkowski and Pawet Sadowski. Topological properties of subsets in real nuiddnemsal of Formalized Mathematicg,
1990.http://mizar.org/JFM/Vol2/rcomp_1.htmll


http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol2/complex1.html
http://mizar.org/JFM/Vol2/complex1.html
http://mizar.org/JFM/Addenda/arytm_0.html
http://mizar.org/JFM/Addenda/arytm_0.html
http://mizar.org/JFM/Vol1/real_1.html
http://mizar.org/JFM/Vol1/real_1.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol12/complfld.html
http://mizar.org/JFM/Vol12/complfld.html
http://mizar.org/JFM/Vol12/hahnban1.html
http://mizar.org/JFM/Vol12/comptrig.html
http://mizar.org/JFM/Vol12/comptrig.html
http://mizar.org/JFM/Vol2/rcomp_1.html

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

INNER PRODUCTS AND ANGLES OF COMPLEX NUMBERS 6

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.html.

Andrzej Trybulec. Subsets of real numbedsurnal of Formalized Mathematicéddenda, 2003http: //mizar.org/JFM/Addenda/
numbers.htmll

Andrzej Trybulec and Czestaw B¥iski. Some properties of real numbers operations: min, max, square, and squad®uooal of
Formalized Mathematicsl, 1989/http://mizar.org/JFM/Voll/square_1.html}

Michat J. Trybulec. Integerslournal of Formalized Mathematic®, 1990:http://mizar.org/JFM/Vol2/int_1.htmll

Wojciech A. Trybulec. Vectors in real linear spacéournal of Formalized Mathematic4, 1989. http://mizar.org/JFM/Voll/
rlvect_1.html.

Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989http://mizar.org/JFM/Voll/subset_1.htmll

Edmund Woronowicz. Relations and their basic propertidsirnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/
Voll/relat_1.htmll.

Yuguang Yang and Yasunari Shidama. Trigonometric functions and existence of circleJmtinal of Formalized Mathematic40,
1998.http://mizar.org/JFM/Voll0/sin_cos.htmll

Received May 29, 2003

Published January 2, 2004


http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/square_1.html
http://mizar.org/JFM/Vol2/int_1.html
http://mizar.org/JFM/Vol1/rlvect_1.html
http://mizar.org/JFM/Vol1/rlvect_1.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol10/sin_cos.html

	inner products and angles of complex numbers By wenpai chang et al.

