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Summary. We define the sef of complex numbers as the set of all ordered pairs
z= (a,b) wherea andb are real numbers and where addition and multiplication are defined.
We define the real and imaginary partszoéind denote this bp = 0(z), b = 0(z). These
definitions satisfy all the axioms for a field.c0= 0+ 0i and % = 1+ Oi are identities for
addition and multiplication respectively, and there are multiplicative inverses for each non
zero element irtC. The difference and division of complex numbers are also defined. We do
not interpret the set of all real numbéksas a subset of. From here on we do not abandon
the ordered pair notation for complex numbers. For example: (0+ 1i)? = —1+ 0i # —1.

We conclude this article by introducing two operations@mvhich are not field operations.
We define the absolute value onflenoted byz| and the conjugate afdenoted byz*.

MML Identifier: COMPLEX1.
WWW: http://mizar.org/JFM/Vol2/complexl.html

The articles|[8], [11], [T1], [[55], [[9], [[6], 7], [10], [12], [2], [[3], and[[4] provide the notation and
terminology for this paper.

In this papela, b denote elements d&.

One can prove the following proposition

2f] For all real numbersa, b holdsa? + b? = 0 iff a= 0 andb = 0.

Let us observe that every element®fs complex.
Let zbe a complex number. The functdl(z) is defined by:

(Def. 2f(i) O(z) =zif ze R,
(i) there exists a functiorf from 2 intoR such thaz = f and(z) = f(0), otherwise.

The functor(z) is defined as follows:

(Def.3)(() O(z=0ifzeR,
(i) there exists a functiorf from 2 intoR such thaz = f and(z) = f(1), otherwise.

Let zbe a complex number. One can check théz) is real andJ(z) is real.
Letzbe a complex number. Thén(z) is a real number. Theli(z) is a real number.
We now state four propositions:

(SH For every functionf from 2 intoR there exist, b such thatf = [0—— a,1+—— b].

1 The proposition (1) has been removed.
2 The definition (Def. 1) has been removed.
3 The propositions (3) and (4) have been removed.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol2/complex1.html

THE COMPLEX NUMBERS 2

(7f] O(a+bi) =aandO(a+ bi) =b.
(8) Forevery complex numberholds[(z) + O(2)i =z
(9) For all complex numbers, z such thatl(z) = 0(z) and(z) = 0(z) holdsz = z.
Let z1, z be complex numbers. Let us observe that z, if and only if:
(Def. 5§ O(z1) = O(z) andO(z1) = O(z2).
The element @ of C is defined as follows:
(Def.6) 0O-=0.
The element & of C is defined as follows:
(Def.7) 1L=1
Theni is an element of and it can be characterized by the condition:
(Def.8) i=0+1i.

Let us note that@is zero.
One can prove the following propositions:

(12f] O(0c) =0and0(0c) = 0.

(13) For every complex numbetholdsz = O¢ iff 0(2)?+ 0(2)?> =0.
(14) 0=0c.

(15) O(1¢)=1andd(1c) =0.

(17)] O()=0andO(i) = 1.

In the sequet, z;, z, are elements df.

Let us considers, z. Thenz + z is an element ofC and it can be characterized by the
condition:

(Def.9) z1+2=(0(z) +0(z))+(0(z) +0(22))i.

One can prove the following propositions:

(19 For all complex numbers, z, holds (z1 + ) = 0(z1) + 0 (z) andd(z1+22) = O(z1) +
D(Zz).

2f oc+z=2
Let us considers, z,. Thenz; -z, is an element of and it can be characterized by the condition:
(Def. 10) z1-2, = (0(z1) - O(z2) — O(z1) - O(22)) + (O(z1) - O(z2) + D(z2) - O(za))i.

Next we state several propositions:

(24@ For all complex numbera,, z, holdsO(z, - z2) = O(z1) - 0(z2) — O(z1) - O(z2) and0(z; -
2)=0(z1)-0(z)+ 0(z)-0(z1).

4 The proposition (6) has been removed.

5 The definition (Def. 4) has been removed.

6 The propositions (10) and (11) have been removed.
7 The proposition (16) has been removed.

8 The proposition (18) has been removed.

9 The propositions (20) and (21) have been removed.
10 The proposition (23) has been removed.
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28] 0c-z=0c.
(29) 1--z=z
(30) If0(z) =0andd(z) =0,then0(z-2) =0(z1)-0(z) and0(z; - z) = 0.
(31) If0(z) =0andd(z) =0,thend(z1-z) = —0(z1) - 0(z) andd(z1 - z) = 0.
(32) O(z-2)=0(2?-0(2)? and(z-2) = 2- (0(2) - 0(2)).

Let us considee. Then—zis an element of and it can be characterized by the condition:

(Def. 11) —z=—-0(2) + (-0(2)i.

One can prove the following three propositions:
(34E For every complex numberholds(—z) = —0(z) and0(—z) = —0(2).
G ii=-1c.
@6 —z=(-1c)-z

Let us considers, z. Thenz —z is an element ofC and it can be characterized by the
condition:

(Def. 12) 21 -2 = (0(z1) — O(z)) + (O(z2) — O(22))i.
The following two propositions are true:
@8 0z —-2z)=0(=)-0(2) andd(z—2) = O(z1) - U(z).
6219 z-0c=z

Let us consider. Thenz 1 is an element of and it can be characterized by the condition:

—0@) -
@022

-1_ _ 0@
(Def. 13) z+= FeEaE T o
We now state several propositions:

-0

(64@ For every complex numberholds(z 1) = % and0(z ) = g7 fge-

0(2)2+0
(65) Ifz+#0c,thenz-z 1 =1c.
(6919 If 2 # Oc andz; - 2 = 1¢, thenzy = L.
719 (1) t=1c.
(72) (i) t=-i.
(79F9 1f O(2) # 0 andO(2) = 0, thenO(z 1) = O(2)~* andO(z 1) = 0.
(80) If0(2) =0andd(z) #0, thenO(zY) =0andd(z Y) = —0O(2)~ L.

Let us considery, 7. Then% is an element of and it can be characterized by the condition:

11 The propositions (25)—(27) have been removed.

12 The proposition (33) has been removed.

13 The propositions (35) and (36) have been removed.
14 The propositions (38)—(45) have been removed.

15 The proposition (47) has been removed.

16 The propositions (49)—(51) have been removed.

17 The propositions (53)—(63) have been removed.

18 The propositions (66)—(68) have been removed.

19 The proposition (70) has been removed.

20 The propositions (73)—(78) have been removed.
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z _ 0(z)02)+0z1)-0(z) | 0(z)0z)-0)0);
(Def. 14) 2 + )T 0m?

2 0(z)%+0(22)2

Next we state several propositions:

(SZE D(%) - D(Zl)-D(Zz)IS(:l)-D(Zz) and0(2) = D(ZZ)'D(Zl;*E(Zl)-D(Zz).

(84F] If z#0c, thenz t = 1.
z __

(85) =z

(86) Ifz#0Oc, thenZ = 1.

(87) % =o.

(91 If z, # O¢ and% = 1¢, thenzy = 2.

AN
4]

(109@ If O(z1) = 0 andD(z,) = 0 andl(z,) # 0, thenD(2) = 32} and0(2) = 0.

(110) 1f0(z1) = 0 andl(z) = 0 and((z) # 0, then)(2) = & and((2) = 0.

Let zbe a complex number. The functdlyielding a complex number is defined by:
(Def. 15) z=0(2) + (—0(2))i.

Let us notice that the functa is involutive.
Let zbe a complex number. Théenis an element of.
Next we state a number of propositions:

(112@ For every complex numberholds(Z) = O(z) and0(zZ) = —0(2).
(113) Oc =0c.
(114) 1fz=0c,thenz=0¢.

(115) 1c = 1c.

(116) T=—i.

1184 ntz=z+2%.
(119) —z=-z

(120) z-2z =7 -2%.
(121) =7 %.
(122) z1=z1

(123) g =4,
(124) 1f0(z) =0, thenz=z

(125) 1f0(z) =0, thenz= -z

(126) O(z-z)=0(2?+0(2)? andO(z-Z) = 0.
(127) 0O(z+72Z)=2-0(z) andd(z+Zz) =0.

21 The proposition (81) has been removed.

22 The proposition (83) has been removed.

23 The propositions (88)—(90) have been removed.
24 The propositions (92)—(108) have been removed.
25 The proposition (111) has been removed.

26 The proposition (117) has been removed.
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(128) O(z—7Z)=0andd(z—z)=2-0(2).
Let zbe a complex number. The functaf is defined as follows:

(Def. 16) |7 =+/0(2)2+0(2)2.

Letzbe a complex number. Note that is real.
Letzbe a complex number. Thég is a real number.
We now state several propositions:

(130f] |oc|=0.

(131) For every complex numbessuch thaiz] = 0 holdsz= Oc.

(132) For every complex numbeholds 0< |Z].

(133) For every complex numbeholdsz# O¢ iff 0 < |Z].

(134) |1¢|=1.

(135) |i| =1.

(136) For every complex numbesuch that](z) = 0 holds|z| = |0(2)|.
(137) For every complex numbeisuch that](z) = 0 holds|z| = |[(2)|.
(138) For every complex numbeholds|—z| = |Z.

In the sequet is a complex humber.
We now state a number of propositions:

(139) |z| = 2.

(140) D(2) < 2.

(141) O(z2) <|z.

(142) For all complex numbem, z, holds|z; + z| < |z1| + |2
(143) |z —2| < |z|+ |22

(144) |z|—|z| < |z2+22).

(145) |z1| || < |21 - 2.

(146) |z —2z|=|z2—al.

(147) |z1—2| =01iff 1 = 2.

(148) z1 #£2iff0 < |z1—2|.

(149) |z—2z|<|lza—-7Z+|z— 2|

(150) |[z1| = |zl < |z — 2.

(151) For all complex numbems, z, holds|z; - z| = |z1] - |z
(152) Ifz#Oc, then|z 1| = |7~ L.

(153) Ifzp#0c, thenf = |Z|.

zo]
(154) |z-2 =0(2)2+0(2)2
(155) |z-74=|z-Z.

27 The proposition (129) has been removed.
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