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The articles([1B],[[5],116],[[12],[11I71,[[2],[14], (18], [I7], 6], [14], [15],[IL], [10],[[8],[[®], and [11]
provide the notation and terminology for this paper.

1. PRELIMINARIES

Let Sbe a non empty 1-sorted structure. One can verify that the 1-sorted strucfigermn empty.
The following three propositions are true:

(1) Forevery non empty séfand for all many sorted sek$, N indexed byl holdsM+-N = N.

(2) Letl be a setM, N be many sorted sets indexed hyandF be a family of many sorted
subsets indexed byl. If N € F, then(|:F:| C N.

(3) LetShe a non void non empty many sorted signatile,be a strict non-empty algebra
over S, andF be a family of many sorted subsets indexed by the sortslof Suppose
F C SubSortéM;). Let B be a subset d1;. If B=|:F:|, thenB is operations closed.

2. RELATIONSHIPS BETWEENSUBSETSFAMILIES

Let| be a set, leM be a many sorted set indexed hylet B be a family of many sorted subsets
indexed byM, and letA be a family of many sorted subsets indexedvby We say thafA is finer
thanB if and only if:

(Def. 1) For every set such that € A there exists a sétsuch thab e Banda C b.

Let us note that the predicakeis finer thanB is reflexive. We say thaB is coarser tha if and
only if:

(Def. 2) For every sdb such thab € B there exists a setsuch thab € AandaC b.

Let us note that the predicaBeis coarser thaw is reflexive.
One can prove the following two propositions:

(4) Letl be a setM be a many sorted set indexed hyndA, B, C be families of many sorted
subsets indexed byl If Ais finer thanB andB is finer tharC, thenA is finer tharC.

(5) Letl be a setM be a many sorted set indexed lhyandA, B, C be families of many sorted
subsets indexed byl If Ais coarser thaB andB is coarser thaf, thenA is coarser thag.
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Let | be a non empty set and Ibt be a many sorted set indexed hyThe functor supgM)
yields a set and is defined as follows:

(Def. 3) supfM) = {x;x ranges over elements bfM(x) # 0}.

The following propositions are true:

(6) For every non empty sétand for every non-empty many sorted déindexed byl holds
M = 0 +-M|supgM).

(7) Letl be a non empty set ardd,, M3 be non-empty many sorted sets indexed! bylf
supM3) = supM3) andMy | supMz) = M3| supgMs), thenM, = Ms.

(8) Letl be anonempty sei be a many sorted set indexed hyandx be an element df. If
X ¢ supgM), thenM(x) = 0.

(9) Letl be anon empty sel be a many sorted set indexedlhy be an element of BogW ),
i be an element of, andy be a set. Supposee x(i). Then there exists an elemeatof
Bool(M) such that € a(i) anda is locally-finite and supfa) is finite anda C x.

Let| be a set, leM be a many sorted set indexed hyand letA be a family of many sorted
subsets indexed byl. The functor MSUniofA) yielding a many sorted subset indexed Myis
defined as follows:

(Def. 4) For every sdtsuch that € | holds(MSUnion(A))(i) = U{f(i); f ranges over elements of
Bool(M): f € A}

Let| be a set, leM be a many sorted set indexed Ipyand letB be a non empty family of many
sorted subsets indexed b. We see that the element Bfis a many sorted set indexed hy

Letl be a set, leM be a many sorted set indexed hyand letA be an empty family of many
sorted subsets indexed M. Observe that MSUnigw\) is empty yielding.

The following proposition is true

(10) Letl be a setM be a many sorted set indexed hyandA be a family of many sorted
subsets indexed byl. Then MSUniorfA) = [J]:A:|.

Let| be a set, leM be a many sorted set indexed hyand letA, B be families of many sorted
subsets indexed yl. ThenAU B is a family of many sorted subsets indexed\by
The following two propositions are true:

(11) Letl be a setM be a many sorted set indexed hyandA, B be families of many sorted
subsets indexed byl. Then MSUniofAU B) = MSUnion(A) UMSUnion(B).

(12) Letl be a setM be a many sorted set indexed hyandA, B be families of many sorted
subsets indexed by. If A C B, then MSUniorfA) C MSUnion(B).

Let| be a set, leM be a many sorted set indexed hyand letA, B be families of many sorted
subsets indexed yl. ThenAN B is a family of many sorted subsets indexed\bty
One can prove the following two propositions:

(13) Letl be a setM be a many sorted set indexed hyandA, B be families of many sorted
subsets indexed Byl. Then MSUnioffANB) C MSUnion(A) N MSUnion(B).

(14) Letl be a setM be a many sorted set indexed hyandA; be a set. Suppose that for
every setx such thatx € A; holdsx is a family of many sorted subsets indexedMy Let
A, B be families of many sorted subsets indexedNby SupposeB = {MSUnion(X); X
ranges over families of many sorted subsets indexetMby € A;} andA = (JA;. Then
MSUnion(B) = MSUnion(A).
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3. ALGEBRAIC OPERATION ONSUBSETS OFMANY SORTED SETS

Letl be a non empty set, I be a many sorted set indexed hyand letSbe a set operation ikl.
We say thaSis algebraic if and only if the condition (Def. 5) is satisfied.

(Def. 5) Letx be an element of BogM). Supposex = S(x). Then there exists a famil of many
sorted subsets indexed B such thatA = {S(a);a ranges over elements of BgM): a is
locally-finite A supfa)is finite A a C x} andx = MSUnion(A).

Let| be a non empty set and It be a many sorted set indexed byNote that there exists a
set operation itM which is algebraic, reflexive, monotonic, and idempotent.

Let Sbe a non empty 1-sorted structure andliebe a closure system & We say thatl; is
algebraic if and only if:

(Def. 6) CIO(l,) is algebraic.

Let Sbe a non void hon empty many sorted signature ankllidbe a non-empty algebra over
The functor SubAlgGIM,) yielding a strict closure system structure over the 1-sorted structure of
Sis defined by:

(Def. 7) The sorts of SubAlg@M;) = the sorts ofM; and the family of SubAlgGM;) =
SubSortéM; ).

We now state the proposition

(16E] Let Sbe a non void non empty many sorted signatureMmtbe a strict non-empty algebra
over S. Then SubSort;) is an absolutely-multiplicative family of many sorted subsets
indexed by the sorts dil1.

Let Sbe a non void non empty many sorted signature aniiebe a strict non-empty algebra
overS. One can check that SubAlg®,) is absolutely-multiplicative.

Let Sbe a non void non empty many sorted signature aniiebe a strict non-empty algebra
overS Note that SubAlgGM,) is algebraic.
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