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Summary. In this paper definitions of many sorted closure system and many sorted
closure operator are introduced. These notations are also introduded in [9], but in another
meaning. In this article closure system is absolutely multiplicative subset family of many
sorted sets and in[9] is many sorted absolutely multiplicative subset family of many sorted
sets. Analogously, closure operator is function between many sorted sets ahd in [9] is many
sorted function from a many sorted set into a many sorted set.
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The articles[[11],[5],[[15],[[10],[116],12],[14],13],[[6],[[12],[[18],[[14] [T1],[[8], and ]7] provide the
notation and terminology for this paper.

1. PRELIMINARIES

We adopt the following convention; x, | denote setsh, B, M denote many sorted sets indexed by
I, andf, f; denote functions.
Next we state two propositions:

(1) Forevery non empty st and for all elementX, Y of M such thatX C Y holds idy (X) C
idm (Y).

(3H Let| be a non empty sefy be a many sorted set indexed hyandB be a many sorted
subset indexed b Then rng3 C [Jrng(24).

Let us mention that every set which is empty is also functional.
Let us observe that there exists a set which is empty and functional.
Let f, g be functions. One can check tHet, g} is functional.

2. SET OFMANY SORTED SUBSETS OF AMANY SORTED SET

Let us considet, M. The functor BoglM) yielding a set is defined by:

(Def. 1) x e Bool(M) iff xis a many sorted subset indexedMy

1 The proposition (2) has been removed.
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Let us considet, M. Observe that BogM) is non empty and functional and has common
domain.

Let us considet, M. A family of many sorted subsets indexed Myis a subset of BogM).

Let us considet, M. Then Boo[M) is a family of many sorted subsets indexedNby

Let us considet, M. One can verify that there exists a family of many sorted subsets indexed
by M which is non empty and functional and has common domain.

Let us considef, M. Observe that there exists a family of many sorted subsets indexist by
which is empty and finite.

In the seque$;, S denote families of many sorted subsets indexetMby

Let us considel, M and letSbe a non empty family of many sorted subsets indexelbyVe
see that the element &fis a many sorted subset indexedMy

The following propositions are true:

(4) S USis afamily of many sorted subsets indexed\by

(5) S NS is afamily of many sorted subsets indexed\by

(6) S\ xis afamily of many sorted subsets indexedNby

(7) S-S is afamily of many sorted subsets indexed\by

(8) If ACM,then{A} is a family of many sorted subsets indexed\by

(9) If ACMandBC M, then{A, B} is a family of many sorted subsets indexed\by

In the sequeE, T denote elements of Bo@¥).
We now state four propositions:

(10) ENT € Bool(M).
(11) EUT € Bool(M).
(12) E\AeBoolM

).
(13) E=T € Bool(M).

3. MANY SORTED OPERATOR CORRESPONDING TO THOPERATOR ONMANY SORTED
SUBSETS

Let Sbe a functional set. The functdg yields a function and is defined as follows:

(Def. 3ﬂi) There exists a non empty functional gesuch thatA = Sand domS = (N{domx : x
ranges over elements A and for evenj such that € dom|S holds|S (i) = {x(i) : xranges
over elements of\} if S# 0,

(i) |9 =0, otherwise.
We now state the proposition
(14) For every non empty famil$; of many sorted subsets indexedMyholds domS;| = 1.

Let Sbe an empty functional set. Observe tffitis empty.
Let us considet, M and letS be a family of many sorted subsets indexed\Wy The functor
|:S:| yielding a many sorted set indexed bis defined by:

(Def. 4) |:S|= {i) S, if S#0,

0y, otherwise.

Let us considet, M and letS be an empty family of many sorted subsets indexedlhyOne
can verify that:S| is empty yielding.
Next we state the proposition

2 The definition (Def. 2) has been removed.
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(15) If S is non empty, then for everiysuch that € | holds|:S:|(i) = {x(i);x ranges over
elements of BodM): x€ S }.

Let us considef, M and letS; be a non empty family of many sorted subsets indexetby
One can check thatS;:| is non-empty.
We now state several propositions:

(16) dom/{f}| =domf.

(17) doml{f,f1}| =domfNndomfi.

(18) Ifi € domf, then|{f}|(i) = {f(i)}.

(19) Ifielands = {f},then:S;:|(i) ={f(i)}.

(20) Ifi e dom|{f, f1}|, then|{f, f1}|(i) = {f(i), f2(i)}.
(21) Ifielands = {f, f1}, then|:S:|(i) = {f (i), fa(i)}.

Let us considet, M, S;. Then|:S;:] is a subset family oM.
One can prove the following propositions:

(22) IfAe S, thenAe |5
(23) If S, = {A B}, then|J|:Si:| = AUB.
(24) If S ={E,T}, then|:Si:| =ENT.

(25) LetZ be a many sorted subset indexedMy Suppose that for every many sorted &gt
indexed byl such thaZ; € S; holdsZ C ;. ThenZ € N]:Sy:|.

(26) |:Bool(M):| =2M.

Let us considel, M and letl; be a family of many sorted subsets indexedvbyWe say that;
is additive if and only if:

(Def. 5) For allA, B such thatA € I; andB € 1; holdsAUB € 1.
We say that; is absolutely-additive if and only if:

(Def. 6) For every family of many sorted subsets indexedMysuch that C |1 holdsJ|:F:| € I;.
We say that is multiplicative if and only if:

(Def. 7) For allA, B such thatA € |1 andB € 13 holdsANB € 1.
We say that; is absolutely-multiplicative if and only if:

(Def. 8) For every familyF of many sorted subsets indexedMysuch thaf C |1 holds(|:F:| € I;.
We say that; is properly upper bound if and only if:

(Def.9) Mel;.
We say that; is properly lower bound if and only if:

(Def. 10) 0 € I5.

Let us considet, M. One can check that there exists a family of many sorted subsets in-
dexed byM which is non empty, functional, additive, absolutely-additive, multiplicative, absolutely-
multiplicative, properly upper bound, and properly lower bound and has common domain.

Let us considel, M. Then Boo[M) is an additive absolutely-additive multiplicative absolutely-
multiplicative properly upper bound properly lower bound family of many sorted subsets indexed
by M.
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Let us considel, M. Observe that every family of many sorted subsets indexed kmhich is
absolutely-additive is also additive.

Let us considel, M. Observe that every family of many sorted subsets indexed kyhich is
absolutely-multiplicative is also multiplicative.

Let us considet, M. One can check that every family of many sorted subsets indexéd by
which is absolutely-multiplicative is also properly upper bound.

Let us considef, M. Observe that every family of many sorted subsets indexed shich is
properly upper bound is also non empty.

Let us considel, M. Observe that every family of many sorted subsets indexed lshich is
absolutely-additive is also properly lower bound.

Let us considet, M. One can verify that every family of many sorted subsets indexell by
which is properly lower bound is also non empty.

4. PROPERTIES OFCLOSURE OPERATORS

Let us considet, M. A set operation itM is a function from BoqlM) into Bool(M).

Let us considet, M, let f be a set operation iM, and letx be an element of BogW). Then
f(x) is an element of BogM ).

Let us considel, M and letl; be a set operation iM. We say that; is reflexive if and only if:

(Def. 1ZE| For every element of Bool(M) holdsx C 11(x).

We say that; is monotonic if and only if:

(Def. 13) For all elements, y of Bool(M) such thai C y holdsl1(x) C I1(y).

We say that; is idempotent if and only if:

(Def. 14) For every elementof Bool(M) holdsl1(x) = 11(11(X)).

We say that; is topological if and only if:

(Def. 15) For all elements, y of Bool(M) holdsli(xUy) = 11(x) Ul1(y).

Let us considel, M. Note that there exists a set operatioiMrwhich is reflexive, monotonic,
idempotent, and topological.
The following propositions are true:

(27) idgool(a) is a reflexive set operation i
(28) idgooi(a) is @ monotonic set operation A
(29) idgooi(a) is an idempotent set operationAn
(30) idgooi(a) is a topological set operation A

In the sequet), h are set operations .
We now state three propositions:

(31) If E=M andgis reflexive, therE = g(E).
(32) Ifgisreflexive and for every elemeKtof Bool(M) holdsg(X) C X, theng is idempotent.

(33) For every elemeni of Bool(M) such thatA = ENT holds ifg is monotonic, thery(A) C
9(E)ng(T).

Let us considel, M. Note that every set operationfith which is topological is also monotonic.
One can prove the following proposition

3 The definition (Def. 11) has been removed.
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(34) For every elemerk of Bool(M) such thatA = E\ T holds if g is topological, themg(E) \
9(T) Co(A).

Let us considel, M, h, g. Theng-his a set operation iM.
Next we state four propositions:

(35) If gis reflexive anchis reflexive, therg- his reflexive.
(36) If gis monotonic andh is monotonic, themy- h is monotonic.
(87) Ifgisidempotent andl is idempotent and-h = h-g, theng- his idempotent.

(38) If gis topological andh is topological, themy- h is topological.

5. ON THE CLOSUREOPERATOR AND THECLOSURE SYSTEM

In the sequeSBis a 1-sorted structure.

Let us conside&. We introduce closure system structures dvesich are extensions of many-
sorted structure oveé3and are systems

( sorts, a family,
where the sorts constitute a many sorted set indexed by the carBemnafthe family is a family of
many sorted subsets indexed by the sorts.

In the sequeM; denotes a many-sorted structure oSer

Let us consideSand letl; be a closure system structure o%iVe say that; is additive if and
only if:

(Def. 16) The family ofl; is additive.

We say that; is absolutely-additive if and only if:

(Def. 17) The family ofl; is absolutely-additive.

We say that; is multiplicative if and only if:

(Def. 18) The family ofl; is multiplicative.

We say that; is absolutely-multiplicative if and only if:

(Def. 19) The family ofl; is absolutely-multiplicative.

We say that; is properly upper bound if and only if:

(Def. 20) The family ofi; is properly upper bound.

We say that; is properly lower bound if and only if:

(Def. 21) The family ofl; is properly lower bound.

Let us conside§, M;. The functor Ful{M) yielding a closure system structure o&is defined
as follows:

(Def. 22) FullM;) = (the sorts oM, Bool(the sorts oM;)).

Let us conside6, M1. Note that Ful{M;) is strict, additive, absolutely-additive, multiplicative,
absolutely-multiplicative, properly upper bound, and properly lower bound.

Let us considelS and letM; be a non-empty many-sorted structure o%er Observe that
Full(M1) is non-empty.

Let us considelS. Note that there exists a closure system structure 8wehich is strict,
non-empty, additive, absolutely-additive, multiplicative, absolutely-multiplicative, properly upper
bound, and properly lower bound.

Let us consideSand letC; be an additive closure system structure dsellote that the family
of C; is additive.
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Let us consideBand letC; be an absolutely-additive closure system structure Svblote that
the family ofC; is absolutely-additive.

Let us conside6 and letC; be a multiplicative closure system structure o8emote that the
family of C; is multiplicative.

Let us consideBand letC; be an absolutely-multiplicative closure system structure 8véme
can verify that the family o€; is absolutely-multiplicative.

Let us consideSand letC, be a properly upper bound closure system structure &@ne can
check that the family o€, is properly upper bound.

Let us consides and letC; be a properly lower bound closure system structure 8veMote
that the family ofC; is properly lower bound.

Let us consideB, let M be a non-empty many sorted set indexed by the carri& ahd letF
be a family of many sorted subsets indexedvbyOne can check thgM, F) is non-empty.

Let us considef5, M; and letF be an additive family of many sorted subsets indexed by the
sorts ofM;. Note that(the sorts oMy, F) is additive.

Let us consideB, M1 and letF be an absolutely-additive family of many sorted subsets indexed
by the sorts oM;. Observe thatthe sorts oM, F) is absolutely-additive.

Let us conside, M4 and letF be a multiplicative family of many sorted subsets indexed by the
sorts ofM;. One can check thdthe sorts oM3, F) is multiplicative.

Let us conside§ M7 and letF be an absolutely-multiplicative family of many sorted subsets
indexed by the sorts dfl;. Observe thatthe sorts oM, F) is absolutely-multiplicative.

Let us conside§, M1 and letF be a properly upper bound family of many sorted subsets indexed
by the sorts oM;. One can check thdthe sorts oM, F) is properly upper bound.

Let us conside§, M1 and letF be a properly lower bound family of many sorted subsets indexed
by the sorts oM;. Observe thatthe sorts oM, F) is properly lower bound.

Let us consideB. One can check that every closure system structure®wich is absolutely-
additive is also additive.

Let us considelS. Observe that every closure system structure &memhich is absolutely-
multiplicative is also multiplicative.

Let us considerS. Note that every closure system structure o®ewhich is absolutely-
multiplicative is also properly upper bound.

Let us conside®. One can verify that every closure system structure 8wehich is absolutely-
additive is also properly lower bound.

Let us conside&. A closure system dbis an absolutely-multiplicative closure system structure
overS

Let us considel, M. A closure operator dfl is a reflexive monotonic idempotent set operation
in M.

Next we state the proposition

(39) LetA be a many sorted set indexed by the carrieSof be a reflexive monotonic set
operation inA, andD be a family of many sorted subsets indexedfySupposed = {x; x
ranges over elements of BgA)): f(x) = x}. Then(A,D) is a closure system &

Let us consideB, let A be a many sorted set indexed by the carriesadnd letg be a closure
operator ofA. The functor CISy&) yields a strict closure system 8fand is defined by:

(Def. 23) The sorts of CISyg) = A and the family of CISy&y) = {x;x ranges over elements of

Bool(A): g(x) = x}.

Let us consides, let A be a closure system @& and letC be a many sorted subset indexed
by the sorts ofA. The functorC yields an element of Bo@the sorts ofA) and is defined by the
condition (Def. 24).

(Def. 24) There exists a famil of many sorted subsets indexed by the sorté&afuch thatlC =

N|:F:] andF = {X; X ranges over elements of Bdtlle sorts ofA): C C X A X € the family
of A}.

The following propositions are true:
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(40) LetD be a closure system & a be an element of Bo¢the sorts oD), and f be a set

operation in the sorts db. Suppose € the family ofD and for every elementof Bool(the
sorts ofD) holds f (x) = x. Thenf(a) = a.

(41) LetD be a closure system & a be an element of Bo¢the sorts oD), and f be a set

operation in the sorts d. Supposef (a) = aand for every elementof Bool(the sorts oD)
holds f (x) = X. Thena € the family ofD.

(42) LetD be a closure system &and f be a set operation in the sorts@f Suppose that for

every elemenk of Bool(the sorts oD) holds f (x) = X. Thenf is reflexive, monotonic, and

idempotent.

Let us consideS and letD be a closure system & The functor CIOfD) yields a closure

operator of the sorts dd and is defined as follows:

(Def. 25) For every elementof Bool(the sorts oD) holds(CIOp(D))(x) = X.

Next we state two propositions:

(43) For every many sorted sa&tindexed by the carrier dband for every closure operatdrof

(44) For every closure systeBof Sholds CISy$ClOp(D)) = the closure system structure of

(1

(2]

(3]

4
5]

(6]
(7]

8
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[15]

A holds CIOgCISys(f)) = f.

D.

REFERENCES

Ewa Burakowska. Subalgebras of many sorted algebra. Lattice of subalgdbrasal of Formalized Mathematic§, 1994./http:
//mizar.org/JFM/Vol6/msualg_2.html,

Czestaw Bylhski. Functions and their basic propertidsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/
funct_1.html,

Czestaw Bylhski. Functions from a set to a séburnal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/funct
2.htmll

Czestaw Bylhski. Partial functionsJournal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/partfunl.html]

Czestaw Bylhski. Some basic properties of setournal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
zfmisc_1.html}

Agata Darmochwat. Finite setsournal of Formalized Mathematic&, 1989.http://mizar.org/JFM/Voll/finset_1.html,

Artur Kornitowicz. Certain facts about families of subsets of many sorted sketstnal of Formalized Mathematicg, 1995./http:
//mizar.org/JFM/Vol7/mssubfam.htmll

Artur Kornitowicz. Definitions and basic properties of boolean and union of many sortedJsetsial of Formalized Mathematicg,
1995.http://mizar.org/JFM/Vol7/mboolean.htmll

Artur Kornitowicz. On the many sorted closure operator and the many sorted closure systemal of Formalized Mathematic8,
1996.http://mizar.orqg/JFM/Vol8/closurel .html,

Beata Padlewska. Families of selsurnal of Formalized Mathematic$, 1989./http://mizar.org/JFM/Voll/setfam_1.html,

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.html.

Andrzej Trybulec. Function domains and Freenkel operatournal of Formalized Mathematic®, 1990.http://mizar.org/JFM/
Vol2/fraenkel.htmll

Andrzej Trybulec. Many-sorted setdournal of Formalized Mathematic§, 1993/http://mizar.org/JFM/Vol5/pboole.html}

Andrzej Trybulec. Many sorted algebra3ournal of Formalized Mathematic§, 1994.http://mizar.org/JFM/Vol6/msualg_1.
html.

Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989http://mizar.org/JFM/Voll/subset_1.html}


http://mizar.org/JFM/Vol6/msualg_2.html
http://mizar.org/JFM/Vol6/msualg_2.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/partfun1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/finset_1.html
http://mizar.org/JFM/Vol7/mssubfam.html
http://mizar.org/JFM/Vol7/mssubfam.html
http://mizar.org/JFM/Vol7/mboolean.html
http://mizar.org/JFM/Vol8/closure1.html
http://mizar.org/JFM/Vol1/setfam_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol2/fraenkel.html
http://mizar.org/JFM/Vol2/fraenkel.html
http://mizar.org/JFM/Vol5/pboole.html
http://mizar.org/JFM/Vol6/msualg_1.html
http://mizar.org/JFM/Vol6/msualg_1.html
http://mizar.org/JFM/Vol1/subset_1.html

ON THE CLOSURE OPERATOR AND THE CLOSURE. . 8

[16] Edmund Woronowicz. Relations and their basic propertisirnal of Formalized Mathematic4, 1989./http://mizar.org/JrFM/
Voll/relat_1.html}

Received February 7, 1996

Published January 2, 2004


http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	on the closure operator and the closure … By artur kornilowicz

