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Summary. In the article we have shown that there exist universal classes, i.e. there
are sets which are closed w.r.t. basic set theory operations.
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The articles[[1P2],[[8],[[13],[4],[[2],[11],[[14],16],17].02],13],[1],[5], and [10] provide the notation
and terminology for this paper.

We use the following conventiomis a cardinal numben, B, C are ordinal numbers, andly,
X,Y, W are sets.

Let us note that every set which is a Tarski class is also subset-closed.

Let X be a set. Observe thatX) is a Tarski class.

We now state four propositions:

(1) If W is subset-closed arkl € W, thenX W andX < W.

(3H If W is a Tarski class ande W andy € W, then{x} € W and{x,y} € W.
(4) IfWis a Tarskiclass ande W andy € W, then(x, y) € W.

(5) If Wis a Tarski class and € W, thenT (X) CW.

The schemd C concerns a unary predicate and states that:
For everyX holds?[T(X)]
provided the following requirement is met:
e For everyX such thaiX is a Tarski class hold®[X].
One can prove the following propositions:

(6) If Wis a Tarski class and € W, then sucé € W andA C W.
(7) If AeT(W),thensucé € T(W)andAC T(W).

(8) If Wis subset-closed andis transitive andX € W, thenX CW.
(9) If Xistransitive anK € T(W), thenX C T(W).

(10) IfW is a Tarski class, then QM = W.
(11) OnT(W)=T(W).

(12) IfWis a Tarskiclass and € W, thenX € W.

1 The proposition (2) has been removed.
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(13) IfX € T(W), thenX € T(W).

(14) IfWis a Tarski class ande W, thenx e W.

(15) Ifxe T( ), thenx e T(W).

(16) If W is a Tarski class anoh < W, thenme W.

a7 Ifm< T( ), thenme T(W).

(18) IfW is a Tarski class anch e W, thenm C W.

(19) IfmeT(W),thenmC T(W).

(20) If W is a Tarski class, theW is a limit ordinal number.

(21) IfWis a Tarski class and/ # 0, thenW #0 andW 0 andW is a limit ordinal number.
(22) ﬁ #0 andT( ) #0 andT( ) is a limit ordinal number.

In the sequel is a transfinite sequence.
Next we state a number of propositions:

(23) If W is a Tarski class and X € W andW is transitive orX e W andX C W or X < W
andX C W, thenwX C W.

(24) IfXeT(W)andW is transitive oiX € T(W) andX C T(W) or X < T(W) andX C T(W),
thenT (W)X C T(W).

(25) If domL is a limit ordinal number and for every such thatA € domL holdsL(A) = Ra,

(26) If W is a Tarski class and € OnW, thenR:A <W and Ra e W.
(27) IfA€OnT(W), then Ra < T( ) andRa € T(W).
(28) IfWis a Tarski class, theRy: € W.

(29) Ry CT(W).

(30) IfW is a Tarski class and transitive akd= W, then ri(X) € W.
(31) IfWis aTarski class and transitive, th&hC R

(32) IfWis a Tarski class and transitive, thBg: = W.

(33) If W is a Tarski class and € OnW, thenRa < W.

(34) IfA€OnT(W), then Ra < T(W)

(35) IfWis a Tarski class, thew = Ry

(36) TW) =Rerr-

(37) IfWisaTarski class andl C Ry, thenX ~ Rz or X € Ry

(38) If X C Rﬁ, thenX = Rﬁ orx e Rﬁ

(39) IfWis aTarski class, theRy; is a Tarski class.

(40) Rﬁ is a Tarski class.
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(41) If X is transitive andh € rk(X), then there exist¥ such thalY € X and rkY) = A.

(42) If X is transitive, themk(X) < X.

(43) IfWis a Tarski class an is transitive an € W, thenX € R
(44) If X is transitive anK € T(W), thenX € Rﬁ'

(45) If W is transitive, therRﬁ is a Tarski class oiV.

(46) IfWis transitive, theReg = T(W).

Letl; be a set. We say thét is universal if and only if:
(Def. 1) | is transitive and a Tarski class.

Let us mention that every set which is universal is also transitive and a Tarski class and every
set which is transitive and a Tarski class is also universal.

Let us mention that there exists a set which is universal and non empty.

A universal class is a universal non empty set.

In the sequells, Uy, Us, Uy are universal classes.

We now state three propositions:

(50f OnU, is an ordinal number.
(51) If X is transitive, ther (X) is universal.

(52) T(Ua) is a universal class.

Let us considet,. One can check that Qiy is ordinal andT (U,) is universal.
We now state the proposition

(53) T(A) is universal.

Let us consideA. Observe thal (A) is universal.
The following propositions are true:

(54) Us=Rony,-

(55) OnUg # 0 and Orly is a limit ordinal number.

(56) Uy eUyorU; =UzorU, e U;.

(57) Uy CUzorUz eUs.

(58) U; andU, areC-comparable.

(59) IfUq € Uy andU; € Us, thenU; € Us.

(61 U, UUs is a universal class andh NUs is a universal class.
(62) €U,

(63) If x€ U4, then{x} € U4.

(64) If xeUsandy € Ug, then{x,y} € Us and(x, y) € Us.

(65) If X €Uy, then X € U andJX € Uz andN X € Ug.

(66) If X €UgandY €Uy, thenXUY € UgandXNY e Uy andX\Y € Ug andX =Y € Ug.

2 The propositions (47)—(49) have been removed.
3 The proposition (60) has been removed.
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(67) IfX €UgandY € Uy, then[X,Y ] € UgandY* € Uy.

In the sequell, v denote elements &f,.

Let us considet;. One can verify that there exists an elemeripfvhich is non empty.

Let us considebtls, u. Then{u} is an element otls. Then 2'is a non empty element &f,.
ThenJuis an element ob;. ThenNuis an element ob4. Let us considev. Then{u,v} is an
element ofUs. Then(u, v) is an element ob);. ThenuUv is an element obl;. ThenuNv is an
element oUs. Thenu\ vis an element obl;. Thenu=v is an element ob;. Then[u,v] is an
element olJ,. Thenw is an element of)4.

The universal clas¥y is defined as follows:

(Def.2) Uo=T(0).
One can prove the following three propositions:

69| Re=0.
(70) Ry is a Tarski class.
(71) U =Ry.

The universal clas¥ is defined as follows:
(Def. 3) Ui =T(Up).

Let X be a set. One can verify thAt< is transitive.

Let X be a transitive set. Observe tHgtX) is transitive.

Let A be an ordinal number. Observe tiRy is transitive.

Let X be a set. The functor Universsosuré X) yielding a universal class is defined by:

(Def. 4) X C UniverseclosuréX) and for every universal clas¥ such thatX C Y holds
UniverseclosuréX) C Y.

A set of a finite rank is an element tfy. A Setis an element otJ;. Let us consideA. The
functorUa, is defined by the condition (Def. 5).

(Def. 5) There existk such that

(i) Ua=lastL,
(i) domL = succA,
(i) L(0) = Uo,

(iv) for everyC such that sud€ € succA holdsL (sucdC) = T(L(C)), and

(v) for everyC such thaC € succA andC # 0 andC is a limit ordinal number holdk(C) =
UniverseclosuréJ(L[C)).

Let us consideA. One can verify thata is universal and non empty.
One can prove the following propositions:

(75F Up = Uo.
(76) UsucoA = T(UA)~
(77) Up=U;.

(78) If A#£ 0 andAis a limit ordinal number and dom= A and for everyB such thaB € A
holdsL(B) = Ug, thenUa = Universeclosuré|JL).

(79) Up CUgandT(0) CUsandUp C Ug.
(80) AeBIiff Ua € Usg.

(81) IfUp=Usg, thenA=B.

(82) ACBIff UpC Ug.

4 The proposition (68) has been removed.
5 The propositions (72)—(74) have been removed.
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