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The articles [15], [21], [19], [16], [22], [4], [3], [7], [9], [5], [14], [6], [8], [20], [1], [2], [23], [17],
[18], [11], [12], [10], and [13] provide the notation and terminology for this paper.

1. COMBINING OF MANY SORTED SIGNATURES

Let Sbe a many sorted signature. A gate ofS is an element of the operation symbols ofS.
Let A be a set and letf be a function. One can check thatA 7−→ f is function yielding.
Let f , g be non-empty functions. Observe thatf+·g is non-empty.
Let A, B be sets, letf be a many sorted set indexed byA, and letg be a many sorted set indexed

by B. Then f+·g is a many sorted set indexed byA∪B.
The following propositions are true:

(1) For all functionsf1, f2, g1, g2 such that rngg1 ⊆ dom f1 and rngg2 ⊆ dom f2 and f1 ≈ f2
holds( f1+· f2) · (g1+·g2) = f1 ·g1+· f2 ·g2.

(2) For all functionsf1, f2, g such that rngg⊆ dom f1 and rngg⊆ dom f2 and f1 ≈ f2 holds
f1 ·g = f2 ·g.

(3) Let A, B be sets,f be a many sorted set indexed byA, andg be a many sorted set indexed
by B. If f ⊆ g, then f # ⊆ g#.

(4) For all setsX, Y, x, y holdsX 7−→ x≈Y 7−→ y iff x = y or X missesY.

(5) For all functionsf , g, h such thatf ≈ g andg≈ h andh≈ f holds f+·g≈ h.

(6) For every setX and for every non empty setY and for every finite sequencep of elements
of X holds(X 7−→Y)#(p) = Ylenp.

Let A be a set, letf1, g1 be non-empty many sorted sets indexed byA, let B be a set, letf2, g2 be
non-empty many sorted sets indexed byB, let h1 be a many sorted function fromf1 into g1, and let
h2 be a many sorted function fromf2 into g2. Thenh1+·h2 is a many sorted function fromf1+· f2
into g1+·g2.

Let S1, S2 be many sorted signatures. The predicateS1 ≈ S2 is defined as follows:

1This work was written while the second author visited Shinshu University, July–August 1994.
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(Def. 1) The arity ofS1 ≈ the arity ofS2 and the result sort ofS1 ≈ the result sort ofS2.

Let us notice that the predicateS1 ≈ S2 is reflexive and symmetric.
Let S1, S2 be non empty many sorted signatures. The functorS1+·S2 yielding a strict non empty

many sorted signature is defined by the conditions (Def. 2).

(Def. 2)(i) The carrier ofS1+·S2 = (the carrier ofS1)∪ (the carrier ofS2),

(ii) the operation symbols ofS1+·S2 = (the operation symbols ofS1)∪ (the operation symbols
of S2),

(iii) the arity of S1+·S2 = (the arity ofS1)+·(the arity ofS2), and

(iv) the result sort ofS1+·S2 = (the result sort ofS1)+·(the result sort ofS2).

The following propositions are true:

(7) For all non empty many sorted signaturesS1, S2, S3 such thatS1 ≈ S2 andS2 ≈ S3 and
S3 ≈ S1 holdsS1+·S2 ≈ S3.

(8) For every non empty many sorted signatureSholdsS+·S= the many sorted signature ofS.

(9) For all non empty many sorted signaturesS1, S2 such thatS1 ≈ S2 holdsS1+·S2 = S2+·S1.

(10) For all non empty many sorted signaturesS1, S2, S3 holds(S1+·S2)+·S3 = S1+·(S2+·S3).

Let us note that there exists a function which is one-to-one.
The following propositions are true:

(11) Let f be an one-to-one function andS1, S2 be circuit-like non empty many sorted sig-
natures. Suppose the result sort ofS1 ⊆ f and the result sort ofS2 ⊆ f . Then S1+·S2 is
circuit-like.

(12) For all circuit-like non empty many sorted signaturesS1, S2 such that InnerVertices(S1)
misses InnerVertices(S2) holdsS1+·S2 is circuit-like.

(13) For all non empty many sorted signaturesS1, S2 such thatS1 is not void orS2 is not void
holdsS1+·S2 is non void.

(14) For all finite non empty many sorted signaturesS1, S2 holdsS1+·S2 is finite.

Let S1 be a non void non empty many sorted signature and letS2 be a non empty many sorted
signature. One can verify thatS1+·S2 is non void andS2+·S1 is non void.

Next we state several propositions:

(15) For all non empty many sorted signaturesS1, S2 such that S1 ≈ S2 holds
InnerVertices(S1+·S2) = InnerVertices(S1)∪ InnerVertices(S2) and InputVertices(S1+·S2)⊆
InputVertices(S1)∪ InputVertices(S2).

(16) For all non empty many sorted signaturesS1, S2 and for every vertexv2 of S2 such that
v2 ∈ InputVertices(S1+·S2) holdsv2 ∈ InputVertices(S2).

(17) LetS1, S2 be non empty many sorted signatures. IfS1 ≈ S2, then for every vertexv1 of S1

such thatv1 ∈ InputVertices(S1+·S2) holdsv1 ∈ InputVertices(S1).

(18) Let S1 be a non empty many sorted signature,S2 be a non void non empty many sorted
signature,o2 be an operation symbol ofS2, ando be an operation symbol ofS1+·S2. Suppose
o2 = o. Then Arity(o) = Arity(o2) and the result sort ofo = the result sort ofo2.

(19) Let S1 be a non empty many sorted signature andS2, S be circuit-like non void non
empty many sorted signatures. SupposeS= S1+·S2. Let v2 be a vertex ofS2. Suppose
v2 ∈ InnerVertices(S2). Let v be a vertex ofS. If v2 = v, thenv ∈ InnerVertices(S) and the
action atv = the action atv2.
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(20) LetS1 be a non void non empty many sorted signature andS2 be a non empty many sorted
signature. SupposeS1≈S2. Let o1 be an operation symbol ofS1 ando be an operation symbol
of S1+·S2. Supposeo1 = o. Then Arity(o) = Arity(o1) and the result sort ofo = the result
sort ofo1.

(21) LetS1, Sbe circuit-like non void non empty many sorted signatures andS2 be a non empty
many sorted signature. SupposeS1 ≈ S2 andS= S1+·S2. Let v1 be a vertex ofS1. Suppose
v1 ∈ InnerVertices(S1). Let v be a vertex ofS. If v1 = v, thenv ∈ InnerVertices(S) and the
action atv = the action atv1.

2. COMBINING OF CIRCUITS

Let S1, S2 be non empty many sorted signatures, letA1 be an algebra overS1, and letA2 be an
algebra overS2. The predicateA1 ≈ A2 is defined as follows:

(Def. 3) S1 ≈ S2 and the sorts ofA1 ≈ the sorts ofA2 and the characteristics ofA1 ≈ the character-
istics ofA2.

Let S1, S2 be non empty many sorted signatures, letA1 be a non-empty algebra overS1, and let
A2 be a non-empty algebra overS2. Let us assume that the sorts ofA1 ≈ the sorts ofA2. The functor
A1+·A2 yields a strict non-empty algebra overS1+·S2 and is defined by the conditions (Def. 4).

(Def. 4)(i) The sorts ofA1+·A2 = (the sorts ofA1)+·(the sorts ofA2), and

(ii) the characteristics ofA1+·A2 = (the characteristics ofA1)+·(the characteristics ofA2).

The following propositions are true:

(22) For every non void non empty many sorted signatureSand for every algebraA overSholds
A≈ A.

(23) LetS1, S2 be non void non empty many sorted signatures,A1 be an algebra overS1, andA2

be an algebra overS2. If A1 ≈ A2, thenA2 ≈ A1.

(24) LetS1, S2, S3 be non empty many sorted signatures,A1 be a non-empty algebra overS1, A2

be a non-empty algebra overS2, andA3 be an algebra overS3. If A1 ≈ A2 andA2 ≈ A3 and
A3 ≈ A1, thenA1+·A2 ≈ A3.

(25) Let S be a strict non empty many sorted signature andA be a non-empty algebra overS.
ThenA+·A = the algebra ofA.

(26) LetS1, S2 be non empty many sorted signatures,A1 be a non-empty algebra overS1, and
A2 be a non-empty algebra overS2. If A1 ≈ A2, thenA1+·A2 = A2+·A1.

(27) LetS1, S2, S3 be non empty many sorted signatures,A1 be a non-empty algebra overS1, A2

be a non-empty algebra overS2, andA3 be a non-empty algebra overS3. Suppose that

(i) the sorts ofA1 ≈ the sorts ofA2,

(ii) the sorts ofA2 ≈ the sorts ofA3, and

(iii) the sorts ofA3 ≈ the sorts ofA1.

Then(A1+·A2)+·A3 = A1+·(A2+·A3).

(28) LetS1, S2 be non empty many sorted signatures,A1 be a locally-finite non-empty algebra
overS1, andA2 be a locally-finite non-empty algebra overS2. If the sorts ofA1 ≈ the sorts of
A2, thenA1+·A2 is locally-finite.

(29) For all non-empty functionsf , g and for every elementx of ∏ f and for every elementy of
∏g holdsx+·y∈ ∏( f+·g).

(30) For all non-empty functionsf , g and for every elementx of ∏( f+·g) holdsx�domg∈∏g.
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(31) For all non-empty functionsf , g such thatf ≈ g and for every elementx of ∏( f+·g) holds
x�dom f ∈ ∏ f .

(32) LetS1, S2 be non empty many sorted signatures,A1 be a non-empty algebra overS1, s1 be
an element of∏ (the sorts ofA1), A2 be a non-empty algebra overS2, ands2 be an element of
∏ (the sorts ofA2). If the sorts ofA1 ≈ the sorts ofA2, thens1+·s2 ∈∏ (the sorts ofA1+·A2).

(33) LetS1, S2 be non empty many sorted signatures,A1 be a non-empty algebra overS1, and
A2 be a non-empty algebra overS2. Suppose the sorts ofA1 ≈ the sorts ofA2. Let s be an
element of∏ (the sorts ofA1+·A2). Thens�the carrier ofS1 ∈ ∏ (the sorts ofA1) ands�the
carrier ofS2 ∈ ∏ (the sorts ofA2).

(34) LetS1, S2 be non void non empty many sorted signatures,A1 be a non-empty algebra over
S1, andA2 be a non-empty algebra overS2. Suppose the sorts ofA1≈ the sorts ofA2. Leto be
an operation symbol ofS1+·S2 ando2 be an operation symbol ofS2. If o = o2, then Den(o,
A1+·A2) = Den(o2,A2).

(35) LetS1, S2 be non void non empty many sorted signatures,A1 be a non-empty algebra over
S1, andA2 be a non-empty algebra overS2. Suppose the sorts ofA1 ≈ the sorts ofA2 and the
characteristics ofA1 ≈ the characteristics ofA2. Let o be an operation symbol ofS1+·S2 and
o1 be an operation symbol ofS1. If o = o1, then Den(o,A1+·A2) = Den(o1,A1).

(36) Let S1, S2, S be non void circuit-like non empty many sorted signatures. SupposeS=
S1+·S2. LetA1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2, Abe a non-empty
circuit of S, s be a state ofA, ands2 be a state ofA2. Supposes2 = s�the carrier ofS2. Let g
be a gate ofSandg2 be a gate ofS2. If g = g2, thengdepends-on-ins= g2depends-on-ins2.

(37) Let S1, S2, S be non void circuit-like non empty many sorted signatures. SupposeS=
S1+·S2 andS1 ≈ S2. Let A1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2,
A be a non-empty circuit ofS, s be a state ofA, ands1 be a state ofA1. Supposes1 = s�the
carrier ofS1. Let g be a gate ofSandg1 be a gate ofS1. If g = g1, thengdepends-on-ins=
g1depends-on-ins1.

(38) Let S1, S2, S be non void circuit-like non empty many sorted signatures. SupposeS=
S1+·S2. Let A1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2, andA be a
non-empty circuit ofS. SupposeA1 ≈ A2 andA = A1+·A2. Let s be a state ofA andv be a
vertex ofS. Then

(i) for every states1 of A1 such thats1 = s�the carrier ofS1 holds if v∈ InnerVertices(S1) or
v∈ the carrier ofS1 andv∈ InputVertices(S), then(Following(s))(v) = (Following(s1))(v),
and

(ii) for every states2 of A2 such thats2 = s�the carrier ofS2 holds if v∈ InnerVertices(S2) or
v∈ the carrier ofS2 andv∈ InputVertices(S), then(Following(s))(v) = (Following(s2))(v).

(39) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InnerVertices(S1) misses InputVertices(S2) and S = S1+·S2. Let A1 be a non-empty cir-
cuit of S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. Suppose
A1 ≈ A2 and A = A1+·A2. Let s be a state ofA, s1 be a state ofA1, ands2 be a state of
A2. Supposes1 = s�the carrier ofS1 and s2 = s�the carrier ofS2. Then Following(s) =
Following(s1)+·Following(s2).

(40) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InnerVertices(S2) misses InputVertices(S1) and S = S1+·S2. Let A1 be a non-empty cir-
cuit of S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. Suppose
A1 ≈ A2 and A = A1+·A2. Let s be a state ofA, s1 be a state ofA1, ands2 be a state of
A2. Supposes1 = s�the carrier ofS1 and s2 = s�the carrier ofS2. Then Following(s) =
Following(s2)+·Following(s1).
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(41) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) ⊆ InputVertices(S2) and S= S1+·S2. Let A1 be a non-empty circuit of
S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. SupposeA1 ≈ A2

and A = A1+·A2. Let s be a state ofA, s1 be a state ofA1, and s2 be a state ofA2.
Supposes1 = s�the carrier ofS1 and s2 = s�the carrier ofS2. Then Following(s) =
Following(s2)+·Following(s1).

(42) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S2) ⊆ InputVertices(S1) and S= S1+·S2. Let A1 be a non-empty circuit of
S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. SupposeA1 ≈ A2

and A = A1+·A2. Let s be a state ofA, s1 be a state ofA1, and s2 be a state ofA2.
Supposes1 = s�the carrier ofS1 and s2 = s�the carrier ofS2. Then Following(s) =
Following(s1)+·Following(s2).

3. SIGNATURES WITH ONE OPERATION

Let A, B be non empty sets and leta be an element ofA. ThenB 7−→ a is a function fromB into A.
Let f be a set, letp be a finite sequence, and letx be a set. The functor 1GateCircStr(p, f ,x)

yielding a non void strict many sorted signature is defined by the conditions (Def. 5).

(Def. 5)(i) The carrier of 1GateCircStr(p, f ,x) = rngp∪{x},
(ii) the operation symbols of 1GateCircStr(p, f ,x) = {〈〈p, f 〉〉},

(iii) (the arity of 1GateCircStr(p, f ,x))(〈〈p, f 〉〉) = p, and

(iv) (the result sort of 1GateCircStr(p, f ,x))(〈〈p, f 〉〉) = x.

Let f be a set, letpbe a finite sequence, and letxbe a set. One can verify that 1GateCircStr(p, f ,x)
is non empty.

Next we state three propositions:

(43) Let f , x be sets andp be a finite sequence. Then the arity of 1GateCircStr(p, f ,x) = {〈〈p,
f 〉〉} 7−→ p and the result sort of 1GateCircStr(p, f ,x) = {〈〈p, f 〉〉} 7−→ x.

(44) Let f , x be sets,p be a finite sequence, andg be a gate of 1GateCircStr(p, f ,x). Then
g = 〈〈p, f 〉〉 and Arity(g) = p and the result sort ofg = x.

(45) For all setsf , xand for every finite sequencepholds InputVertices(1GateCircStr(p, f ,x))=
rngp\{x} and InnerVertices(1GateCircStr(p, f ,x)) = {x}.

Let f be a set and letp be a finite sequence. The functor 1GateCircStr(p, f ) yields a non void
strict many sorted signature and is defined by the conditions (Def. 6).

(Def. 6)(i) The carrier of 1GateCircStr(p, f ) = rngp∪{〈〈p, f 〉〉},
(ii) the operation symbols of 1GateCircStr(p, f ) = {〈〈p, f 〉〉},

(iii) (the arity of 1GateCircStr(p, f ))(〈〈p, f 〉〉) = p, and

(iv) (the result sort of 1GateCircStr(p, f ))(〈〈p, f 〉〉) = 〈〈p, f 〉〉.

Let f be a set and letp be a finite sequence. One can verify that 1GateCircStr(p, f ) is non
empty.

The following propositions are true:

(46) For every set f and for every finite sequencep holds 1GateCircStr(p, f ) =
1GateCircStr(p, f ,〈〈p, f 〉〉).

(47) Let f be a set andp be a finite sequence. Then the arity of 1GateCircStr(p, f ) = {〈〈p,
f 〉〉} 7−→ p and the result sort of 1GateCircStr(p, f ) = {〈〈p, f 〉〉} 7−→ 〈〈p, f 〉〉.

(48) Let f be a set,p be a finite sequence, andg be a gate of 1GateCircStr(p, f ). Theng = 〈〈p,
f 〉〉 and Arity(g) = p and the result sort ofg = g.
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(49) For every setf and for every finite sequencep holds InputVertices(1GateCircStr(p, f )) =
rngp and InnerVertices(1GateCircStr(p, f )) = {〈〈p, f 〉〉}.

(50) For every setf and for every finite sequencep and for every setx such thatx∈ rngp holds
rk(x) ∈ rk(〈〈p, f 〉〉).

(51) For every set f and for all finite sequencesp, q holds 1GateCircStr(p, f ) ≈
1GateCircStr(q, f ).

4. UNSPLIT CONDITION

Let I1 be a many sorted signature. We say thatI1 is unsplit if and only if:

(Def. 7) The result sort ofI1 = idthe operation symbols ofI1.

We say thatI1 has arity held in gates if and only if:

(Def. 8) For every setg such thatg ∈ the operation symbols ofI1 holdsg = 〈〈(the arity of I1)(g),
g2〉〉.

We say thatI1 has Boolean denotation held in gates if and only if the condition (Def. 9) is satisfied.

(Def. 9) Letg be a set. Supposeg∈ the operation symbols ofI1. Let p be a finite sequence. Suppose
p = (the arity ofI1)(g). Then there exists a functionf from Booleanlenp into Booleansuch
thatg = 〈〈g1, f 〉〉.

Let Sbe a non empty many sorted signature and letI1 be an algebra overS. We say thatI1 has
denotation held in gates if and only if:

(Def. 10) For every setg such thatg∈ the operation symbols ofSholdsg = 〈〈g1, (the characteristics
of I1)(g)〉〉.

Let I1 be a non empty many sorted signature. We say thatI1 has denotation held in gates if and
only if:

(Def. 11) There exists an algebra overI1 which has denotation held in gates.

Let us observe that every non empty many sorted signature which has Boolean denotation held
in gates has also denotation held in gates.

One can prove the following propositions:

(52) LetSbe a non empty many sorted signature. ThenS is unsplit if and only if for every seto
such thato∈ the operation symbols ofSholds (the result sort ofS)(o) = o.

(53) Let S be a non empty many sorted signature. SupposeS is unsplit. Then the operation
symbols ofS⊆ the carrier ofS.

Let us observe that every non empty many sorted signature which is unsplit is also circuit-like.
The following proposition is true

(54) For every setf and for every finite sequencep holds 1GateCircStr(p, f ) is unsplit and has
arity held in gates.

Let f be a set and letp be a finite sequence. Note that 1GateCircStr(p, f ) is unsplit and has arity
held in gates.

Let us observe that there exists a many sorted signature which is unsplit, non void, strict, and
non empty and has arity held in gates.

One can prove the following three propositions:

(55) For all unsplit non empty many sorted signaturesS1, S2 with arity held in gates holds
S1 ≈ S2.
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(56) Let S1, S2 be non empty many sorted signatures,A1 be an algebra overS1, andA2 be an
algebra overS2. SupposeA1 has denotation held in gates andA2 has denotation held in gates.
Then the characteristics ofA1 ≈ the characteristics ofA2.

(57) For all unsplit non empty many sorted signaturesS1, S2 holdsS1+·S2 is unsplit.

Let S1, S2 be unsplit non empty many sorted signatures. Observe thatS1+·S2 is unsplit.
Next we state the proposition

(58) For all non empty many sorted signaturesS1, S2 with arity held in gates holdsS1+·S2 has
arity held in gates.

Let S1, S2 be non empty many sorted signatures with arity held in gates. Observe thatS1+·S2

has arity held in gates.
The following proposition is true

(59) LetS1, S2 be non empty many sorted signatures. SupposeS1 has Boolean denotation held
in gates andS2 has Boolean denotation held in gates. ThenS1+·S2 has Boolean denotation
held in gates.

5. ONE GATE CIRCUITS

Let n be a natural number. A finite sequence is called a finite sequence with lengthn if:

(Def. 12) len it= n.

Let n be a natural number, letX, Y be non empty sets, letf be a function fromXn into Y, let p
be a finite sequence with lengthn, and letx be a set. Let us assume that ifx∈ rngp, thenX = Y.
The functor 1GateCircuit(p, f ,x) yielding a strict non-empty algebra over 1GateCircStr(p, f ,x) is
defined as follows:

(Def. 13) The sorts of 1GateCircuit(p, f ,x) = (rngp 7−→ X)+·({x} 7−→ Y) and (the characteristics
of 1GateCircuit(p, f ,x))(〈〈p, f 〉〉) = f .

Let n be a natural number, letX be a non empty set, letf be a function fromXn into X, and
let p be a finite sequence with lengthn. The functor 1GateCircuit(p, f ) yielding a strict non-empty
algebra over 1GateCircStr(p, f ) is defined as follows:

(Def. 14) The sorts of 1GateCircuit(p, f ) = (the carrier of 1GateCircStr(p, f )) 7−→ X and (the char-
acteristics of 1GateCircuit(p, f ))(〈〈p, f 〉〉) = f .

One can prove the following proposition

(60) Letn be a natural number,X be a non empty set,f be a function fromXn into X, andp
be a finite sequence with lengthn. Then 1GateCircuit(p, f ) has denotation held in gates and
1GateCircStr(p, f ) has denotation held in gates.

Let n be a natural number, letX be a non empty set, letf be a function fromXn into X, and let
p be a finite sequence with lengthn. Observe that 1GateCircuit(p, f ) has denotation held in gates
and 1GateCircStr(p, f ) has denotation held in gates.

One can prove the following proposition

(61) Letn be a natural number,p be a finite sequence with lengthn, and f be a function from
Booleann into Boolean. Then 1GateCircStr(p, f ) has Boolean denotation held in gates.

Let n be a natural number, letf be a function fromBooleann into Boolean, and letp be a finite
sequence with lengthn. Observe that 1GateCircStr(p, f ) has Boolean denotation held in gates.

Let us note that there exists a many sorted signature which is non empty and has Boolean deno-
tation held in gates.

Let S1, S2 be non empty many sorted signatures with Boolean denotation held in gates. Note
thatS1+·S2 has Boolean denotation held in gates.

We now state the proposition
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(62) Letn be a natural number,X be a non empty set,f be a function fromXn into X, andp be a
finite sequence with lengthn. Then the characteristics of 1GateCircuit(p, f ) = {〈〈p, f 〉〉} 7−→ f
and for every vertexv of 1GateCircStr(p, f ) holds (the sorts of 1GateCircuit(p, f ))(v) = X.

Let n be a natural number, letX be a non empty finite set, letf be a function fromXn into X,
and letp be a finite sequence with lengthn. Observe that 1GateCircuit(p, f ) is locally-finite.

Next we state two propositions:

(63) Letn be a natural number,X be a non empty set,f be a function fromXn into X, andp, q
be finite sequences with lengthn. Then 1GateCircuit(p, f )≈ 1GateCircuit(q, f ).

(64) Letnbe a natural number,X be a finite non empty set,f be a function fromXn intoX, pbe a
finite sequence with lengthn, andsbe a state of 1GateCircuit(p, f ). Then(Following(s))(〈〈p,
f 〉〉) = f (s· p).

6. BOOLEAN CIRCUITS

Booleanis a finite non empty subset ofN.
Let S be a non empty many sorted signature and letI1 be an algebra overS. We say thatI1 is

Boolean if and only if:

(Def. 15) For every vertexv of Sholds (the sorts ofI1)(v) = Boolean.

One can prove the following proposition

(65) LetSbe a non empty many sorted signature andA be an algebra overS. ThenA is Boolean
if and only if the sorts ofA = (the carrier ofS) 7−→ Boolean.

Let Sbe a non empty many sorted signature. Observe that every algebra overSwhich is Boolean
is also non-empty and locally-finite.

The following propositions are true:

(66) LetSbe a non empty many sorted signature andA be an algebra overS. ThenA is Boolean
if and only if rng(the sorts ofA)⊆ {Boolean}.

(67) Let S1, S2 be non empty many sorted signatures,A1 be an algebra overS1, andA2 be an
algebra overS2. SupposeA1 is Boolean andA2 is Boolean. Then the sorts ofA1 ≈ the sorts
of A2.

(68) LetS1, S2 be unsplit non empty many sorted signatures with arity held in gates,A1 be an
algebra overS1, andA2 be an algebra overS2. SupposeA1 is Boolean and has denotation held
in gates andA2 is Boolean and has denotation held in gates. ThenA1 ≈ A2.

Let S be a non empty many sorted signature. Observe that there exists a strict algebra overS
which is Boolean.

Next we state three propositions:

(69) Letn be a natural number,f be a function fromBooleann into Boolean, andp be a finite
sequence with lengthn. Then 1GateCircuit(p, f ) is Boolean.

(70) LetS1, S2 be non empty many sorted signatures,A1 be a Boolean algebra overS1, andA2

be a Boolean algebra overS2. ThenA1+·A2 is Boolean.

(71) LetS1, S2 be non empty many sorted signatures,A1 be a non-empty algebra overS1, and
A2 be a non-empty algebra overS2. SupposeA1 has denotation held in gates andA2 has
denotation held in gates and the sorts ofA1 ≈ the sorts ofA2. ThenA1+·A2 has denotation
held in gates.
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Let us note that there exists a non empty many sorted signature which is unsplit, non void, and
strict and has arity held in gates, denotation held in gates, and Boolean denotation held in gates.

Let Sbe a non empty many sorted signature with Boolean denotation held in gates. Observe that
there exists a strict algebra overSwhich is Boolean and has denotation held in gates.

Let S1, S2 be unsplit non void non empty many sorted signatures with Boolean denotation held
in gates, letA1 be a Boolean circuit ofS1 with denotation held in gates, and letA2 be a Boolean
circuit of S2 with denotation held in gates. Note thatA1+·A2 is Boolean and has denotation held in
gates.

Let n be a natural number, letX be a finite non empty set, letf be a function fromXn into
X, and let p be a finite sequence with lengthn. One can verify that there exists a circuit of
1GateCircStr(p, f ) which is strict and non-empty and has denotation held in gates.

Let n be a natural number, letX be a finite non empty set, letf be a function fromXn into X,
and letp be a finite sequence with lengthn. Note that 1GateCircuit(p, f ) has denotation held in
gates.

The following proposition is true

(72) LetS1, S2 be unsplit non void non empty many sorted signatures with arity held in gates
and Boolean denotation held in gates,A1 be a Boolean circuit ofS1 with denotation held in
gates,A2 be a Boolean circuit ofS2 with denotation held in gates,sbe a state ofA1+·A2, and
v be a vertex ofS1+·S2. Then

(i) for every states1 of A1 such thats1 = s�the carrier ofS1 holds ifv∈ InnerVertices(S1) orv∈
the carrier ofS1 andv∈ InputVertices(S1+·S2), then(Following(s))(v) = (Following(s1))(v),
and

(ii) for every states2 of A2 such thats2 = s�the carrier ofS2 holds ifv∈ InnerVertices(S2) orv∈
the carrier ofS2 andv∈ InputVertices(S1+·S2), then(Following(s))(v) = (Following(s2))(v).

REFERENCES

[1] Grzegorz Bancerek. K̈onig’s theorem.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/Vol2/card_3.html.

[2] Grzegorz Bancerek. Tarski’s classes and ranks.Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/
classes1.html.

[3] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences.Journal of Formalized Mathematics,
1, 1989.http://mizar.org/JFM/Vol1/finseq_1.html.
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