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Our goal was to work out the notation of combining circuits which could be employed to
prove the properties of real circuits.
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The articles[[15],[[21],[[19],[[16],[[22] 4] [[3],.[7] [[°],[[5],[114],([6],[8],[[20], [1], 2], [28],[[17],
[18], [11], [12], [10Q], and[[13] provide the notation and terminology for this paper.

1. COMBINING OF MANY SORTED SIGNATURES

Let Sbe a many sorted signature. A gateSaé an element of the operation symbolsSof

Let Abe a set and let be a function. One can check thlt— f is function yielding.

Let f, g be non-empty functions. Observe tHat-g is non-empty.

Let A B be sets, lef be a many sorted set indexed Ayand letg be a many sorted set indexed
by B. Thenf+-gis a many sorted set indexed By B.

The following propositions are true:

(1) For all functionsfy, fs, g1, g2 such that rng; € domf; and rnggy € domf, and f1 = fo
holds(f1+-f2) - (914-02) = f1-G1+f2- Q2.

(2) For all functionsfy, fz, g such that rng C domf; and rngg C domf; and f; ~ f; holds
fi-g=f2-0

(3) LetA, Bbe setsf be a many sorted set indexed Ayandg be a many sorted set indexed
by B. If f C g, thenf* C ¢*.

(4) ForallsetX,Y, x, yholdsX — x=~Y —— yiff x=yor X missesy.

(5) For all functionsf, g, h such thatf ~ g andg ~ handh= f holdsf+-g= h.

(6) For every seK and for every non empty s&tand for every finite sequengeof elements
of X holds(X — Y)#(p) =Y'enp,

Let A be a set, lefy, g1 be non-empty many sorted sets indexedbiet B be a set, lef,, go be
non-empty many sorted sets indexedB)yet h; be a many sorted function frofy into g;, and let
h, be a many sorted function frorfa into g». Thenh;+-hy is a many sorted function frorfy+- f,
into g1+-0p.

Let S, S be many sorted signatures. The predicte: S is defined as follows:

1This work was written while the second author visited Shinshu University, July—August 1994.
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(Def. 1) The arity ofS; = the arity ofS; and the result sort d; ~ the result sort 0&,.

Let us notice that the predicag ~ S; is reflexive and symmetric.
LetS, S be non empty many sorted signatures. The fun$fer S, yielding a strict non empty
many sorted signature is defined by the conditions (Def. 2).
(Def. 2)(i) The carrier o5 +-S, = (the carrier 0fS;) U (the carrier ofSy),

(i) the operation symbols db+-S, = (the operation symbols & ) U (the operation symbols
of ),

(iii)  the arity of §+-S, = (the arity ofS;)+-(the arity ofSy), and

(iv) the result sort o5 +-S = (the result sort 06;)+-(the result sort 05,).

The following propositions are true:

(7) For all non empty many sorted signatuf®s S, S3 such thatS; ~ S and$, =~ S3 and
S~ S holds§+S~Ss.

(8) For every non empty many sorted signatBieldsS+-S= the many sorted signature §f
(9) For all non empty many sorted signatusS, such thal§; ~ S holdsS+-S = S+-5.
(10) For all non empty many sorted signatuBesS, S; holds(S+-$)+S = S+ (S+S).

Let us note that there exists a function which is one-to-one.
The following propositions are true:

(11) Letf be an one-to-one function ar®j, S be circuit-like non empty many sorted sig-
natures. Suppose the result sortfC f and the result sort 0§ C f. Then$+-S is
circuit-like.

(12) For all circuit-like non empty many sorted signatuBes S, such that InnerVerticés, )
misses InnerVertic€S,) holdsS;+-S; is circuit-like.

(13) For all non empty many sorted signatuBsS, such thatS; is not void orS, is not void
holdsS;+-S is non void.

(14) For all finite non empty many sorted signatuggsS, holdsS; +-S; is finite.

Let S be a non void non empty many sorted signature an&léte a non empty many sorted
signature. One can verify th&+-S, is non void ands+-S; is non void.
Next we state several propositions:

(15) For all non empty many sorted signatur&, S such that S ~ & holds
InnerVertice$S +-S) = InnerVertice$S; ) U InnerVertice$S,) and InputVerticetS; +-S) C
InputVertice$S; ) U InputVertice$S,).

(16) For all non empty many sorted signatus S, and for every vertex, of S such that
Vo € InputVertice$S;+-S) holdsvs € InputVertice$S,).

(17) LetS, S be non empty many sorted signaturesSili~ S, then for every vertex; of §
such that; € InputVertice$S;+-S) holdsv; € InputVerticesS; ).

(18) LetS be a non empty many sorted signatusg,be a non void non empty many sorted
signaturep, be an operation symbol &, ando be an operation symbol & +-S. Suppose
0 = 0. Then Arity(0) = Arity (02) and the result sort af = the result sort 0b,.

(19) LetS be a non empty many sorted signature &d S be circuit-like non void non
empty many sorted signatures. Supp&se S +-S. Let vo be a vertex ofS,. Suppose
V2 € InnerVertice$Sy). Let v be a vertex ofS. If vo =V, thenv € InnerVertice$S) and the
action atv = the action ats.
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(20) LetS be a non void non empty many sorted signature &nloke a non empty many sorted
signature. Suppos® ~ $,. Leto; be an operation symbol & ando be an operation symbol
of §+-S. Suppose; = 0. Then Arity(o) = Arity (01) and the result sort ab = the result
sort ofo;.

(21) LetS, Sbe circuit-like non void non empty many sorted signatures@e a non empty
many sorted signature. Suppd&e~ S andS= 5 +-$,. Letv; be a vertex of5;. Suppose
v1 € InnerVertice$S;). Let v be a vertex ofS If v1 = v, thenv € InnerVertice$S) and the
action atv = the action at;.

2. COMBINING OF CIRCUITS

Let S, S be non empty many sorted signatures,Agtbe an algebra ove®;, and letA; be an
algebra ovefs,. The predicatéd\; ~ A; is defined as follows:

(Def. 3) S = S and the sorts of\; ~ the sorts ofA; and the characteristics 8§ ~ the character-
istics of A.

Let S, S be non empty many sorted signatures Agbe a non-empty algebra ov8y, and let
A, be a non-empty algebra ov8r. Let us assume that the sortsAgf~ the sorts ofA,. The functor
A1+-Ay yields a strict non-empty algebra ov@r+-S; and is defined by the conditions (Def. 4).
(Def. 4)(i) The sorts ofA\;+-A; = (the sorts ofA;)+-(the sorts 0fAz), and
(i) the characteristics oA;+-Ay = (the characteristics &%)+ (the characteristics dfy).

The following propositions are true:

(22) For every non void non empty many sorted signaBand for every algebra overSholds
A A

(23) LetS, S be non void non empty many sorted signatufgshe an algebra oves;, andA;
be an algebra oves,. If Ay =~ A, thenAy ~ A;.

(24) LetS, S, S3 be non empty many sorted signaturgshbe a non-empty algebra ovSy, A,
be a non-empty algebra ovEs, andAs be an algebra ovess. If Ay ~ Ay andA; ~ Az and
Az ~ A, thenAi+-Ar =~ As.

(25) LetShbe a strict non empty many sorted signature Artk a non-empty algebra ove&r
ThenA+-A = the algebra oA.

(26) LetS;, S be non empty many sorted signaturdg,be a non-empty algebra ov8&y, and
A, be a non-empty algebra ov8s. If A1 =~ Ay, thenAj+-Ar = Ap+-Ag.

(27) LetS, S, S3 be non empty many sorted signatur&sbe a non-empty algebra ov8r, A,
be a non-empty algebra ov8#, andAz be a non-empty algebra ov8s. Suppose that
(i) the sorts ofA; ~ the sorts oAy,
(i) the sorts ofA; ~ the sorts oAz, and
(i)  the sorts ofAz ~ the sorts ofA;.
Then(Ai+-A2)+-Az = Ai+-(Ao+-Ag).
(28) LetS, S be non empty many sorted signatur@g,be a locally-finite non-empty algebra

overS;, andA; be a locally-finite non-empty algebra ov@r. If the sorts ofA; ~ the sorts of
A, thenAg+-Ay is locally-finite.

(29) For all non-empty functions$, g and for every elementof [] f and for every elementof
19 holdsx+-y € [1(f+-0).

(30) For all non-empty functions, g and for every elementof [(f+-g) holdsx] domg € [] 9.
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(31) For all non-empty functions, g such thatf ~ g and for every elementof [(f+-g) holds
x[domf € ] f.

(32) LetS, S be non empty many sorted signaturdsbe a non-empty algebra ov8t, s; be
an element of (the sorts ofA1), A> be a non-empty algebra ov8y, ands, be an element of
[1(the sorts ofAy). If the sorts ofA; ~ the sorts oAy, thens;+-s, € [ (the sorts oA +-Ay).

(33) LetS;, S be non empty many sorted signaturdsg,be a non-empty algebra ovey, and
A, be a non-empty algebra ov8. Suppose the sorts éf =~ the sorts ofA,. Letsbe an
element of[] (the sorts ofA1+-Ap). Thensfthe carrier ofS; € [ (the sorts ofA;) ands[the
carrier ofS; € [ (the sorts ofAy).

(34) LetS, S be non void non empty many sorted signatufgshe a non-empty algebra over
S, andA; be a non-empty algebra ov8s. Suppose the sorts 8§ ~ the sorts ofA;. Leto be
an operation symbol d& +-S ando, be an operation symbol &. If o = 0, then Derfo,

Ai+-Ap) = Der‘(Oz,Az).

(35) LetS;, S be non void non empty many sorted signatutgshe a non-empty algebra over
S, andA; be a non-empty algebra ov8s. Suppose the sorts 8f ~ the sorts ofA, and the
characteristics of; ~ the characteristics d%,. Let o be an operation symbol &+ S, and
01 be an operation symbol &. If 0 = 01, then Dero, A;+-Az) = Den(01,Aq).

(36) LetS, S, Sbe non void circuit-like non empty many sorted signatures. Supfese
Si+-S. Let A be anon-empty circuit &b, A be a non-empty circuit &, A be a non-empty
circuit of S, sbe a state of, ands, be a state of,. Supposes, = s|the carrier ofS,. Letg
be a gate o5andg, be a gate 0%;. If g = g2, thengdepends-on-ia= g, depends-on-is.

(37) LetS, S, Sbe non void circuit-like non empty many sorted signatures. Supfese
S+ andS ~ S. Let Ay be a non-empty circuit 0%, A, be a non-empty circuit 0%,
A be a non-empty circuit o, s be a state o, ands; be a state of\;. Supposes; = s[the
carrier ofS;. Letg be a gate o5andg; be a gate of5,. If g = g1, thengdepends-on-ia=
g1 depends-on-ig;.

(88) LetS, S, Sbe non void circuit-like non empty many sorted signatures. Suppese
S+-$. Let A; be a non-empty circuit 08;, A, be a non-empty circuit 0%, andA be a
non-empty circuit ofS. Supposé; =~ A, andA = A;+-Ay. Let s be a state oA andv be a
vertex ofS. Then

(i) for every states; of A; such thats; = s[the carrier ofS; holds if v € InnerVertice$S; ) or
v € the carrier ofS; andv € InputVerticesS), then(Following(s))(v) = (Following(sy))(v),
and

(if) for every states, of A such thats, = s[the carrier of; holds ifv € InnerVertice$Sy) or
v € the carrier ofS; andv € InputVertice$S), then(Following(s))(v) = (Following(s;)) (V).

(39) LetS), &, S be non void circuit-like non empty many sorted signatures. Suppose
InnerVertice$S;) misses InputVerticdSy) and S= S+-S. Let A; be a non-empty cir-
cuit of §;, A, be a non-empty circuit 0%, andA be a non-empty circuit 08 Suppose
AL ~ A andA = A;+-Ay. Let s be a state ofA, s; be a state ofA;, ands, be a state of
Az. Supposes; = sfthe carrier ofS; and s, = s[the carrier ofS. Then Followings) =

Following(s;)+-Following(sy).

(40) LetS), S, S be non void circuit-like non empty many sorted signatures. Suppose
InnerVertice$S;) misses InputVerticd$;) and S= S;+-S. Let Aq be a non-empty cir-
cuit of S, A; be a non-empty circuit 0%, and A be a non-empty circuit 08. Suppose
A1 ~ A andA = A +-Ay. Let s be a state ofA, s; be a state ofA;, ands, be a state of
Az. Supposes; = sfthe carrier ofS; ands, = s[the carrier ofS;. Then Followings) =

Following(s;)+-Following(sy).
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(41) LetS), S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S;) C InputVertice$S,) and S= S+-S. Let A; be a non-empty circuit of
S1, A2 be a non-empty circuit 08, andA be a non-empty circuit o8. Suppose’d; ~ A,
and A = A+-Ay. Let s be a state ofA, s; be a state ofA;, ands, be a state ofA,.
Supposes; = sfthe carrier of S, and s, = s|the carrier ofS,.  Then Followings) =
Following(s,)+-Following(s;).

(42) LetS, S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S) C InputVertice$S;) and S= S;+-S. Let A; be a non-empty circuit of
S1, Az be a non-empty circuit 0%, andA be a non-empty circuit 08, Supposeéd; =~ A,
and A = A1+-Ay. Let s be a state ofA, s; be a state ofA;, ands, be a state ofA,.
Supposes; = s|the carrier ofS; and s, = s|the carrier ofS,. Then Followinds) =
Following(s;)+-Following(sy).

3. SGNATURES WITH ONE OPERATION

Let A, B be non empty sets and labe an element oA. ThenB —— ais a function fromB into A.
Let f be a set, lep be a finite sequence, and bebe a set. The functor 1GateCirc§irf,x)
yielding a non void strict many sorted signature is defined by the conditions (Def. 5).
(Def.5)(i) The carrier of 1GateCircSp, f,x) = rngpU {x},
(i) the operation symbols of 1GateCirc8tr f,x) = {(p, f)},
(iii)  (the arity of 1GateCircStmp, f,x))({p, f)) = p, and
(iv) (the result sort of 1GateCircgw, f,x))({p, f}) =x.
Let f be a set, lep be afinite sequence, and lgte a set. One can verify that 1GateCir¢$tif , x)

is non empty.
Next we state three propositions:

(43) Letf, x be sets ang be a finite sequence. Then the arity of 1GateCingstr, x) = {{p,
f)} — pand the result sort of 1GateCirc8tr f,x) = {(p, f}} — x.

(44) Letf, x be sets,p be a finite sequence, amgdbe a gate of 1GateCirc$p, f,x). Then
g={p, f) and Arity(g) = p and the result sort af = x.

(45) Forall setd, xand for every finite sequengeholds InputVertice€l GateCircStfp, f,X)) =
rngp\ {x} and InnerVerticed GateCircStfp, f,x)) = {x}.

Let f be a set and legp be a finite sequence. The functor 1GateCirgstf) yields a non void
strict many sorted signature and is defined by the conditions (Def. 6).
(Def. 6)(i) The carrier of 1GateCircS, f) = rngpuU{{p, f)},
(i) the operation symbols of 1GateCircgtr f) = {{p, f)},
(i)  (the arity of 1GateCircSiip, f))({p, f}) = p, and
(iv) (the result sort of 1GateCirc$w, f))({p, f)) = (p, f).
Let f be a set and lep be a finite sequence. One can verify that 1GateCifgStn is non
empty.
The following propositions are true:

(46) For every setf and for every finite sequence holds 1GateCircStp, f) =
1GateCircStp, f,{p, }).

(47) Letf be a set ang be a finite sequence. Then the arity of 1GateCingst) = {{p,
f)} — pand the result sort of 1GateCirc8tr f) = {(p, f)} — (p, f).

(48) Letf be a setp be afinite sequence, agde a gate of 1GateCirc$p, f). Theng = (p,
f) and Arity(g) = p and the result sort f = g.
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(49) For every sef and for every finite sequengeholds InputVertice€l GateCircStfp, f)) =
rngp and InnerVerticedlGateCircStp, f)) = {{(p, f)}.

(50) For every sef and for every finite sequengeand for every set such thak € rngp holds
rk(x) € rk({p. ).

(51) For every setf and for all finite sequenced, g holds 1GateCircStp, f) ~
1GateCircSty, f).

4, UNSPLIT CONDITION

LetI; be a many sorted signature. We say thas unsplit if and only if:
(Def. 7) The result sort df, = idihe operation symbols df -
We say that; has arity held in gates if and only if:

(Def. 8) For every sef) such thatg € the operation symbols df holdsg = {(the arity ofl1)(g),
92).

We say that, has Boolean denotation held in gates if and only if the condition (Def. 9) is satisfied.

(Def. 9) Letgbe a set. Suppogee the operation symbols ¢f. Let p be a finite sequence. Suppose
p = (the arity ofl1)(g). Then there exists a functioh from Boolearf"P into Booleansuch

thatg = (g1, f).

Let Sbe a non empty many sorted signature andlée an algebra ove® We say that; has
denotation held in gates if and only if:

(Def. 10) For every sej such thag € the operation symbols &holdsg = (g1, (the characteristics
of 11)(9))-

LetI1 be a non empty many sorted signature. We saylthiads denotation held in gates if and
only if:

(Def. 11) There exists an algebra ovewhich has denotation held in gates.

Let us observe that every non empty many sorted signature which has Boolean denotation held
in gates has also denotation held in gates.
One can prove the following propositions:

(52) LetSbe a non empty many sorted signature. TBémunsplit if and only if for every sed
such thab € the operation symbols @holds (the result sort &)(0) = o.

(53) LetShbe a non empty many sorted signature. Supp®ieunsplit. Then the operation
symbols ofS C the carrier ofS.

Let us observe that every non empty many sorted signature which is unsplit is also circuit-like.
The following proposition is true

(54) For every sef and for every finite sequengeholds 1GateCircS¢p, f) is unsplit and has
arity held in gates.

Let f be a set and Igh be a finite sequence. Note that 1GateCirg$tf) is unsplit and has arity
held in gates.

Let us observe that there exists a many sorted signature which is unsplit, non void, strict, and
non empty and has arity held in gates.

One can prove the following three propositions:

(55) For all unsplit non empty many sorted signatuggsS, with arity held in gates holds
S ~S.
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(56) LetS;, S be non empty many sorted signaturds,be an algebra ove$;, andA; be an
algebra ovef,. Supposeé\; has denotation held in gates afglhas denotation held in gates.
Then the characteristics 8§ ~ the characteristics ;.

(57) For all unsplit non empty many sorted signatu#gsS, holdsS; +-S is unsplit.

Let S, S be unsplit non empty many sorted signatures. ObserveStha, is unsplit.
Next we state the proposition

(58) For all non empty many sorted signatugsS, with arity held in gates holdS; +-S has
arity held in gates.

Let S, S be non empty many sorted signatures with arity held in gates. Obseng, th&

has arity held in gates.
The following proposition is true

(59) LetS, S be non empty many sorted signatures. SupBdeas Boolean denotation held
in gates ands, has Boolean denotation held in gates. Tlke#-S has Boolean denotation
held in gates.

5. ONE GATE CIRCUITS

Let n be a natural number. A finite sequence is called a finite sequence with leifigth

(Def. 12) lenit=n.

Let n be a natural number, 1&¢, Y be non empty sets, Idtbe a function fromX" into Y, let p
be a finite sequence with length and letx be a set. Let us assume thaki€ rngp, thenX =Y.
The functor 1GateCircuip, f,x) yielding a strict non-empty algebra over 1GateCir¢ftf, x) is
defined as follows:

(Def. 13) The sorts of 1GateCircy, f,x) = (rngp — X)+-({X} — Y) and (the characteristics
of 1GateCircuitp, f,x))({p, f)) = f.

Let n be a natural number, l&€ be a non empty set, l€t be a function fromx" into X, and
let p be a finite sequence with length The functor 1GateCircuip, f) yielding a strict non-empty
algebra over 1GateCirc$p, f) is defined as follows:

(Def. 14) The sorts of 1GateCirc(f, f) = (the carrier of 1GateCircStp, f)) — X and (the char-
acteristics of 1GateCircuip, f))({p, f)) = f.

One can prove the following proposition

(60) Letn be a natural numbeK be a non empty sef, be a function fromX" into X, andp
be a finite sequence with length Then 1GateCircu(p, f) has denotation held in gates and
1GateCircStfp, f) has denotation held in gates.

Let n be a natural number, |&¢ be a non empty set, Idtbe a function fromX" into X, and let
p be a finite sequence with length Observe that 1GateCircyp, f) has denotation held in gates
and 1GateCircStp, f) has denotation held in gates.

One can prove the following proposition

(61) Letnbe a natural numbep be a finite sequence with lengthand f be a function from
Boolean into Boolean Then 1GateCircStp, f) has Boolean denotation held in gates.

Let n be a natural number, Idtbe a function fronBoolear? into Boolean and letp be a finite
sequence with length. Observe that 1GateCirc$fy;, f) has Boolean denotation held in gates.

Let us note that there exists a many sorted signature which is non empty and has Boolean deno-
tation held in gates.

Let S;, S be non empty many sorted signatures with Boolean denotation held in gates. Note
thatS + S has Boolean denotation held in gates.

We now state the proposition
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(62) Letnbe a natural numbeX be a non empty sef, be a function fronX" into X, andp be a
finite sequence with length Then the characteristics of 1GateCir¢pitf) = {(p, f)} — f
and for every vertex of 1GateCircStfp, f) holds (the sorts of 1GateCircgg, f))(v) = X.

Let n be a natural number, let be a non empty finite set, ldtbe a function fromX" into X,
and letp be a finite sequence with length Observe that 1GateCircyf, f) is locally-finite.
Next we state two propositions:

(63) Letn be a natural numbeX be a non empty sef, be a function fronX" into X, andp, q
be finite sequences with length Then 1GateCircu(p, f) ~ 1GateCircuitq, f).

(64) Letnbe anatural numbeX be a finite non empty set,be a function fronX" into X, pbe a
finite sequence with length ands be a state of 1GateCircyf, f). Then(Following(s))({p,

f))=f(s-p).
6. BOOLEAN CIRCUITS

Booleanis a finite non empty subset f.
Let Sbe a non empty many sorted signature and4ldte an algebra ove® We say that; is
Boolean if and only if:

(Def. 15) For every vertex of Sholds (the sorts of;)(v) = Boolean

One can prove the following proposition

(65) LetSbe a non empty many sorted signature Artik an algebra ove3. ThenA is Boolean
if and only if the sorts ofA = (the carrier ofS) — Boolean

Let Sbe a non empty many sorted signature. Observe that every algebi@wlih is Boolean
is also non-empty and locally-finite.
The following propositions are true:

(66) LetSbe a non empty many sorted signature Artik an algebra oveS. ThenA is Boolean
if and only if rng (the sorts oA) C {Boolear}.

(67) LetS), S be non empty many sorted signaturdg,be an algebra ove$;, andA; be an
algebra ovefs,. Supposé; is Boolean and\; is Boolean. Then the sorts 8§ = the sorts
of Ao.

(68) LetS, S be unsplit non empty many sorted signatures with arity held in gatelse an
algebra ovef;, andA; be an algebra oved,. Supposé\; is Boolean and has denotation held
in gates and\; is Boolean and has denotation held in gates. Ther Ao.

Let Sbe a non empty many sorted signature. Observe that there exists a strict algelf8a over
which is Boolean.
Next we state three propositions:

(69) Letn be a natural numbef, be a function fromBoolear! into Boolean andp be a finite
sequence with length. Then 1GateCircufp, f) is Boolean.

(70) LetS, S be non empty many sorted signaturAs be a Boolean algebra ov&, andA;
be a Boolean algebra ov€s. ThenA;+-A; is Boolean.

(71) LetS;, S be non empty many sorted signaturdsg,be a non-empty algebra ovgy, and
A, be a non-empty algebra ov&. SupposeA; has denotation held in gates aAd has
denotation held in gates and the sortsfgfx~ the sorts ofA,. ThenA;+-A; has denotation
held in gates.
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Let us note that there exists a non empty many sorted signature which is unsplit, non void, and
strict and has arity held in gates, denotation held in gates, and Boolean denotation held in gates.

Let Sbe a non empty many sorted signature with Boolean denotation held in gates. Observe that
there exists a strict algebra ov@which is Boolean and has denotation held in gates.

Let S, S be unsplit non void non empty many sorted signatures with Boolean denotation held
in gates, letA; be a Boolean circuit 0%, with denotation held in gates, and et be a Boolean
circuit of S with denotation held in gates. Note that+-A; is Boolean and has denotation held in
gates.

Let n be a natural number, let be a finite non empty set, ldt be a function fromX" into
X, and letp be a finite sequence with length One can verify that there exists a circuit of
1GateCircStfp, f) which is strict and non-empty and has denotation held in gates.

Let n be a natural number, let be a finite non empty set, ldtbe a function fromX" into X,
and letp be a finite sequence with length Note that 1GateCircuip, f) has denotation held in
gates.

The following proposition is true

(72) LetS;, S be unsplit non void non empty many sorted signatures with arity held in gates
and Boolean denotation held in gatég,be a Boolean circuit 0§, with denotation held in
gatesAy be a Boolean circuit 0%, with denotation held in gatesbe a state ofA;+-A, and
v be a vertex 05,+-S,. Then

(i) forevery states; of A; such that; = s[the carrier ofS; holds ifv € InnerVertice$S;) orv e
the carrier of5; andv € InputVertice$S;+-S), then(Following(s)) (v) = (Following(s1)) (v),
and

(i) forevery states, of Ay such thak, = s|the carrier of5; holds ifv € InnerVertice$S,) orv e
the carrier ofS; andv € InputVertice$S+-S), then(Following(s) ) (v) = (Following(sp)) (v).
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