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Summary. In this article we continue the investigations from [10] and [2] of verifica-
tion of a circuit design. We concentrate on the combination of multi cell circuits from given
cells (circuit modules). Namely, we formalize a design of the form

0 1 2 n

and prove its stability. The formalization proposed consists in a series of schemes which al-
low to define multi cells circuits and prove their properties. Our goal is to achive mathematical
formalization which will allow to verify designs of real circuits.

MML Identifier: CIRCCMB2.

WWW: http://mizar.org/JFM/Vol14/circcmb2.html

The articles [14], [17], [1], [8], [18], [3], [5], [4], [6], [7], [9], [15], [16], [12], [11], [13], [10], and
[2] provide the notation and terminology for this paper.

1. ONE GATE CIRCUITS

Let n be a natural number, letf be a function fromBooleann into Boolean, and letp be a finite
sequence with lengthn. One can verify that 1GateCircuit(p, f ) is Boolean.

One can prove the following four propositions:

(1) Let X be a finite non empty set,n be a natural number,p be a finite sequence with length
n, f be a function fromXn into X, o be an operation symbol of 1GateCircStr(p, f ), ands be
a state of 1GateCircuit(p, f ). Thenodepends-on-ins= s· p.
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(2) Let X be a finite non empty set,n be a natural number,p be a finite sequence with length
n, f be a function fromXn into X, ands be a state of 1GateCircuit(p, f ). Then Following(s)
is stable.

(3) Let S be a non void circuit-like non empty many sorted signature,A be a non-empty
circuit of S, and s be a state ofA. If s is stable, then for every natural numbern holds
Following(s,n) = s.

(4) LetSbe a non void circuit-like non empty many sorted signature,A be a non-empty circuit
of S, sbe a state ofA, andn1, n2 be natural numbers. If Following(s,n1) is stable andn1≤ n2,
then Following(s,n2) = Following(s,n1).

2. DEFINING MULTI CELL CIRCUIT STRUCTURES

In this article we present several logical schemes. The schemeCIRCCMB2’sch 1deals with a non
empty many sorted signatureA , a setB, a ternary functorF yielding a non empty many sorted
signature, and a binary functorG yielding a set, and states that:

There exist many sorted setsf , h indexed byN such that
(i) f (0) = A ,

(ii) h(0) = B, and
(iii) for every natural numbern and for every non empty many sorted signatureS
and for every setx such thatS= f (n) andx = h(n) holds f (n+1) = F (S,x,n) and
h(n+1) = G(x,n)

for all values of the parameters.
The schemeCIRCCMB2’sch 2deals with a ternary functorF yielding a non empty many sorted

signature, a binary functorG yielding a set, many sorted setsA , B indexed byN, and a ternary
predicateP , and states that:

For every natural numbern there exists a non empty many sorted signatureS such
thatS= A(n) andP [S,B(n),n]

provided the parameters meet the following requirements:
• There exists a non empty many sorted signatureSand there exists a setx such that

S= A(0) andx = B(0) andP [S,x,0],
• Let n be a natural number,Sbe a non empty many sorted signature, andx be a set. If

S= A(n) andx = B(n), thenA(n+1) = F (S,x,n) andB(n+1) = G(x,n), and
• Let n be a natural number,Sbe a non empty many sorted signature, andx be a set. If

S= A(n) andx = B(n) andP [S,x,n], thenP [F (S,x,n),G(x,n),n+1].
The schemeCIRCCMB2’sch 3deals with a non empty many sorted signatureA , a ternary func-

tor F yielding a non empty many sorted signature, a binary functorG yielding a set, and many
sorted setsB, C indexed byN, and states that:

For every natural numbern and for every setx such thatx = C (n) holdsC (n+1) =
G(x,n)

provided the following requirements are met:
• B(0) = A , and
• Let n be a natural number,Sbe a non empty many sorted signature, andx be a set. If

S= B(n) andx = C (n), thenB(n+1) = F (S,x,n) andC (n+1) = G(x,n).
The schemeCIRCCMB2’sch 4deals with a non empty many sorted signatureA , a setB, a

ternary functorF yielding a non empty many sorted signature, a binary functorG yielding a set,
and a natural numberC , and states that:

There exists a non empty many sorted signatureSand there exist many sorted setsf ,
h indexed byN such that

(i) S= f (C ),
(ii) f (0) = A ,

(iii) h(0) = B, and
(iv) for every natural numbern and for every non empty many sorted signatureS
and for every setx such thatS= f (n) andx = h(n) holds f (n+1) = F (S,x,n) and
h(n+1) = G(x,n)
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for all values of the parameters.
The schemeCIRCCMB2’sch 5deals with a non empty many sorted signatureA , a setB, a

ternary functorF yielding a non empty many sorted signature, a binary functorG yielding a set,
and a natural numberC , and states that:

Let S1, S2 be non empty many sorted signatures. Suppose that
(i) there exist many sorted setsf , h indexed byN such thatS1 = f (C ) and f (0) =

A andh(0) = B and for every natural numbern and for every non empty many sorted
signatureS and for every setx such thatS= f (n) andx = h(n) holds f (n+ 1) =
F (S,x,n) andh(n+1) = G(x,n), and
(ii) there exist many sorted setsf , h indexed byN such thatS2 = f (C ) and f (0) =

A andh(0) = B and for every natural numbern and for every non empty many sorted
signatureS and for every setx such thatS= f (n) andx = h(n) holds f (n+ 1) =
F (S,x,n) andh(n+1) = G(x,n).

ThenS1 = S2

for all values of the parameters.
The schemeCIRCCMB2’sch 6deals with a non empty many sorted signatureA , a setB, a

ternary functorF yielding a non empty many sorted signature, a binary functorG yielding a set,
and a natural numberC , and states that:

(i) There exists a non empty many sorted signatureSand there exist many sorted
setsf , h indexed byN such thatS= f (C ) and f (0) = A andh(0) = B and for every
natural numbern and for every non empty many sorted signatureSand for every set
x such thatS= f (n) andx= h(n) holds f (n+1) = F (S,x,n) andh(n+1) = G(x,n),
and
(ii) for all non empty many sorted signaturesS1, S2 such that there exist many

sorted setsf , h indexed byN such thatS1 = f (C ) and f (0) = A and h(0) = B
and for every natural numbern and for every non empty many sorted signatureS
and for every setx such thatS= f (n) and x = h(n) holds f (n+ 1) = F (S,x,n)
and h(n+ 1) = G(x,n) and there exist many sorted setsf , h indexed byN such
thatS2 = f (C ) and f (0) = A andh(0) = B and for every natural numbern and for
every non empty many sorted signatureSand for every setx such thatS= f (n) and
x = h(n) holds f (n+1) = F (S,x,n) andh(n+1) = G(x,n) holdsS1 = S2

for all values of the parameters.
The schemeCIRCCMB2’sch 7deals with a non empty many sorted signatureA , a ternary func-

tor F yielding a non empty many sorted signature, a setB, a binary functorG yielding a set, and a
natural numberC , and states that:

There exists an unsplit non void non empty non empty strict many sorted signature
Swith arity held in gates and Boolean denotation held in gates and there exist many
sorted setsf , h indexed byN such that

(i) S= f (C ),
(ii) f (0) = A ,

(iii) h(0) = B, and
(iv) for every natural numbern and for every non empty many sorted signatureS
and for every setx such thatS= f (n) andx = h(n) holds f (n+1) = F (S,x,n) and
h(n+1) = G(x,n)

provided the parameters have the following properties:
• A is unsplit, non void, non empty, and strict and has arity held in gates and Boolean

denotation held in gates, and
• Let Sbe an unsplit non void strict non empty many sorted signature with arity held

in gates and Boolean denotation held in gates,x be a set, andn be a natural number.
ThenF (S,x,n) is unsplit, non void, non empty, and strict and has arity held in gates
and Boolean denotation held in gates.

The schemeCIRCCMB2’sch 8deals with a non empty many sorted signatureA , a binary functor
F yielding an unsplit non void non empty many sorted signature with arity held in gates and Boolean
denotation held in gates, a setB, a binary functorG yielding a set, and a natural numberC , and
states that:
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There exists an unsplit non void non empty non empty strict many sorted signature
Swith arity held in gates and Boolean denotation held in gates and there exist many
sorted setsf , h indexed byN such that

(i) S= f (C ),
(ii) f (0) = A ,

(iii) h(0) = B, and
(iv) for every natural numbern and for every non empty many sorted signatureS
and for every setx such thatS= f (n) andx= h(n) holds f (n+1) = S+·F (x,n) and
h(n+1) = G(x,n)

provided the following requirement is met:
• A is unsplit, non void, non empty, and strict and has arity held in gates and Boolean

denotation held in gates.
The schemeCIRCCMB2’sch 9deals with a non empty many sorted signatureA , a setB, a

ternary functorF yielding a non empty many sorted signature, a binary functorG yielding a set,
and a natural numberC , and states that:

Let S1, S2 be unsplit non void non empty strict non empty many sorted signatures
with arity held in gates and Boolean denotation held in gates. Suppose that

(i) there exist many sorted setsf , h indexed byN such thatS1 = f (C ) and f (0) =
A andh(0) = B and for every natural numbern and for every non empty many sorted
signatureS and for every setx such thatS= f (n) andx = h(n) holds f (n+ 1) =
F (S,x,n) andh(n+1) = G(x,n), and
(ii) there exist many sorted setsf , h indexed byN such thatS2 = f (C ) and f (0) =

A andh(0) = B and for every natural numbern and for every non empty many sorted
signatureS and for every setx such thatS= f (n) andx = h(n) holds f (n+ 1) =
F (S,x,n) andh(n+1) = G(x,n).

ThenS1 = S2

for all values of the parameters.

3. INPUT OFMULTI CELL CIRCUIT

We now state several propositions:

(5) For all functionsf , g such thatf ≈ g holds rng( f+·g) = rng f ∪ rngg.

(6) For all non empty many sorted signaturesS1, S2 such that S1 ≈ S2 holds
InputVertices(S1+·S2)= (InputVertices(S1)\ InnerVertices(S2))∪(InputVertices(S2)\ InnerVertices(S1)).

(7) For every setX with no pairs and for every binary relationY holdsX \Y = X.

(8) For every binary relationX and for all setsY, Z such thatZ ⊆ Y andY \Z has no pairs
holdsX \Y = X \Z.

(9) For all setsX, Z and for every binary relationY such thatZ ⊆ Y andX \Z has no pairs
holdsX \Y = X \Z.

Now we present two schemes. The schemeCIRCCMB2’sch 10deals with an unsplit non void
non empty many sorted signatureA with arity held in gates and Boolean denotation held in gates,
a unary functorF yielding a set, a many sorted setB indexed byN, a binary functorG yielding an
unsplit non void non empty many sorted signature with arity held in gates and Boolean denotation
held in gates, and a binary functorH yielding a set, and states that:

Let n be a natural number. Then there exist unsplit non void non empty many
sorted signaturesS1, S2 with arity held in gates and Boolean denotation held in gates
such thatS1 = F (n) andS2 = F (n+1) and InputVertices(S2) = InputVertices(S1)∪
(InputVertices(G(B(n),n))\{B(n)}) and InnerVertices(S1) is a binary relation and
InputVertices(S1) has no pairs

provided the parameters meet the following requirements:
• InnerVertices(A) is a binary relation,
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• InputVertices(A) has no pairs,
• F (0) = A andB(0) ∈ InnerVertices(A),
• For every natural numbern and for every setx holds InnerVertices(G(x,n)) is a

binary relation,
• For every natural numbernand for every setxsuch thatx= B(n) holds InputVertices(G(x,n))\
{x} has no pairs, and

• Let n be a natural number,Sbe a non empty many sorted signature, andx be a set.
SupposeS= F (n) and x = B(n). Then F (n+ 1) = S+·G(x,n) and B(n+ 1) =
H (x,n) andx∈ InputVertices(G(x,n)) andH (x,n) ∈ InnerVertices(G(x,n)).

The schemeCIRCCMB2’sch 11deals with a unary functorF yielding an unsplit non void non
empty many sorted signature with arity held in gates and Boolean denotation held in gates, a many
sorted setA indexed byN, a binary functorG yielding an unsplit non void non empty many sorted
signature with arity held in gates and Boolean denotation held in gates, and a binary functorH
yielding a set, and states that:

For every natural numbern holds InputVertices(F (n+1)) = InputVertices(F (n))∪
(InputVertices(G(A(n),n)) \ {A(n)}) and InnerVertices(F (n)) is a binary relation
and InputVertices(F (n)) has no pairs

provided the parameters have the following properties:
• InnerVertices(F (0)) is a binary relation,
• InputVertices(F (0)) has no pairs,
• A(0) ∈ InnerVertices(F (0)),
• For every natural numbern and for every setx holds InnerVertices(G(x,n)) is a

binary relation,
• For every natural numbernand for every setxsuch thatx= A(n) holds InputVertices(G(x,n))\
{x} has no pairs, and

• Let n be a natural number,Sbe a non empty many sorted signature, andx be a set.
SupposeS= F (n) and x = A(n). Then F (n+ 1) = S+·G(x,n) and A(n+ 1) =
H (x,n) andx∈ InputVertices(G(x,n)) andH (x,n) ∈ InnerVertices(G(x,n)).

4. DEFINING MULTI CELL CIRCUITS

Now we present several schemes. The schemeCIRCCMB2’sch 12deals with a non empty many
sorted signatureA , a non-empty algebraB over A , a setC , a ternary functorF yielding a non
empty many sorted signature, a 4-ary functorG yielding a set, and a binary functorH yielding a
set, and states that:

There exist many sorted setsf , g, h indexed byN such that
(i) f (0) = A ,

(ii) g(0) = B,
(iii) h(0) = C , and
(iv) for every natural numbern and for every non empty many sorted signatureS
and for every non-empty algebraA overSand for every setx such thatS= f (n) and
A = g(n) andx = h(n) holds f (n+1) = F (S,x,n) andg(n+1) = G(S,A,x,n) and
h(n+1) = H (x,n)

for all values of the parameters.
The schemeCIRCCMB2’sch 13deals with a ternary functorF yielding a non empty many

sorted signature, a 4-ary functorG yielding a set, a binary functorH yielding a set, many sorted
setsA , B, C indexed byN, and a 4-ary predicateP , and states that:

Let n be a natural number. Then there exists a non empty many sorted signatureS
and there exists a non-empty algebraA overSsuch thatS= A(n) andA = B(n) and
P [S,A,C (n),n]

provided the following conditions are met:
• There exists a non empty many sorted signatureSand there exists a non-empty alge-

braA overSand there exists a setx such thatS= A(0) andA = B(0) andx = C (0)
andP [S,A,x,0],
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• Let n be a natural number,Sbe a non empty many sorted signature,A be a non-empty
algebra overS, andx be a set. SupposeS= A(n) andA = B(n) andx = C (n). Then
A(n+1) = F (S,x,n) andB(n+1) = G(S,A,x,n) andC (n+1) = H (x,n),

• Let n be a natural number,S be a non empty many sorted signature,A be a non-
empty algebra overS, andx be a set. IfS= A(n) andA = B(n) andx = C (n) and
P [S,A,x,n], thenP [F (S,x,n),G(S,A,x,n),H (x,n),n+1], and

• Let S be a non empty many sorted signature,A be a non-empty algebra overS, x
be a set, andn be a natural number. ThenG(S,A,x,n) is a non-empty algebra over
F (S,x,n).

The schemeCIRCCMB2’sch 14deals with a ternary functorF yielding a non empty many
sorted signature, a 4-ary functorG yielding a set, a binary functorH yielding a set, and many
sorted setsA , B, C , D, E , F indexed byN, and states that:

A = B andC = D andE = F
provided the following conditions are satisfied:

• There exists a non empty many sorted signatureSand there exists a non-empty alge-
braA overSsuch thatS= A(0) andA = C (0),

• A(0) = B(0) andC (0) = D(0) andE(0) = F (0),
• Let n be a natural number,Sbe a non empty many sorted signature,A be a non-empty

algebra overS, andx be a set. SupposeS= A(n) andA = C (n) andx = E(n). Then
A(n+1) = F (S,x,n) andC (n+1) = G(S,A,x,n) andE(n+1) = H (x,n),

• Let n be a natural number,Sbe a non empty many sorted signature,A be a non-empty
algebra overS, andx be a set. SupposeS= B(n) andA = D(n) andx = F (n). Then
B(n+1) = F (S,x,n) andD(n+1) = G(S,A,x,n) andF (n+1) = H (x,n), and

• Let S be a non empty many sorted signature,A be a non-empty algebra overS, x
be a set, andn be a natural number. ThenG(S,A,x,n) is a non-empty algebra over
F (S,x,n).

The schemeCIRCCMB2’sch 15deals with a non empty many sorted signatureA , a non-empty
algebraB overA , a ternary functorF yielding a non empty many sorted signature, a 4-ary functor
G yielding a set, a binary functorH yielding a set, and many sorted setsC , D, E indexed byN,
and states that:

Let n be a natural number,Sbe a non empty many sorted signature, andx be a set. If
S= C (n) andx = E(n), thenC (n+1) = F (S,x,n) andE(n+1) = H (x,n)

provided the parameters meet the following conditions:
• C (0) = A andD(0) = B,
• Let n be a natural number,Sbe a non empty many sorted signature,A be a non-empty

algebra overS, andx be a set. SupposeS= C (n) andA = D(n) andx = E(n). Then
C (n+1) = F (S,x,n) andD(n+1) = G(S,A,x,n) andE(n+1) = H (x,n), and

• Let S be a non empty many sorted signature,A be a non-empty algebra overS, x
be a set, andn be a natural number. ThenG(S,A,x,n) is a non-empty algebra over
F (S,x,n).

The schemeCIRCCMB2’sch 16deals with a non empty many sorted signatureA , a non-empty
algebraB overA , a setC , a ternary functorF yielding a non empty many sorted signature, a 4-ary
functorG yielding a set, a binary functorH yielding a set, and a natural numberD, and states that:

There exists a non empty many sorted signatureSand there exists a non-empty alge-
braA overSand there exist many sorted setsf , g, h indexed byN such that

(i) S= f (D),
(ii) A = g(D),

(iii) f (0) = A ,
(iv) g(0) = B,
(v) h(0) = C , and

(vi) for every natural numbern and for every non empty many sorted signatureS
and for every non-empty algebraA overSand for every setx such thatS= f (n) and
A = g(n) andx = h(n) holds f (n+1) = F (S,x,n) andg(n+1) = G(S,A,x,n) and
h(n+1) = H (x,n)

provided the following condition is satisfied:
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• Let S be a non empty many sorted signature,A be a non-empty algebra overS, x
be a set, andn be a natural number. ThenG(S,A,x,n) is a non-empty algebra over
F (S,x,n).

The schemeCIRCCMB2’sch 17deals with non empty many sorted signaturesA , B, a non-
empty algebraC overA , a setD, a ternary functorF yielding a non empty many sorted signature,
a 4-ary functorG yielding a set, a binary functorH yielding a set, and a natural numberE , and
states that:

There exists a non-empty algebraA overB and there exist many sorted setsf , g, h
indexed byN such that

(i) B = f (E),
(ii) A = g(E),

(iii) f (0) = A ,
(iv) g(0) = C ,
(v) h(0) = D, and

(vi) for every natural numbern and for every non empty many sorted signatureS
and for every non-empty algebraA overSand for every setx such thatS= f (n) and
A = g(n) andx = h(n) holds f (n+1) = F (S,x,n) andg(n+1) = G(S,A,x,n) and
h(n+1) = H (x,n)

provided the parameters meet the following conditions:
• There exist many sorted setsf , h indexed byN such that

(i) B = f (E),
(ii) f (0) = A ,

(iii) h(0) = D, and
(iv) for every natural numbern and for every non empty many sorted signatureS
and for every setx such thatS= f (n) andx = h(n) holds f (n+1) = F (S,x,n) and
h(n+1) = H (x,n),

and
• Let S be a non empty many sorted signature,A be a non-empty algebra overS, x

be a set, andn be a natural number. ThenG(S,A,x,n) is a non-empty algebra over
F (S,x,n).

The schemeCIRCCMB2’sch 18deals with non empty many sorted signaturesA , B, a non-
empty algebraC overA , a setD, a ternary functorF yielding a non empty many sorted signature,
a 4-ary functorG yielding a set, a binary functorH yielding a set, and a natural numberE , and
states that:

Let A1, A2 be non-empty algebras overB. Suppose that
(i) there exist many sorted setsf , g, h indexed byN such thatB = f (E) and

A1 = g(E) and f (0) = A andg(0) = C andh(0) = D and for every natural number
n and for every non empty many sorted signatureSand for every non-empty algebra
A over S and for every setx such thatS= f (n) andA = g(n) andx = h(n) holds
f (n+1) = F (S,x,n) andg(n+1) = G(S,A,x,n) andh(n+1) = H (x,n), and
(ii) there exist many sorted setsf , g, h indexed byN such thatB = f (E) and

A2 = g(E) and f (0) = A andg(0) = C andh(0) = D and for every natural number
n and for every non empty many sorted signatureSand for every non-empty algebra
A over S and for every setx such thatS= f (n) andA = g(n) andx = h(n) holds
f (n+1) = F (S,x,n) andg(n+1) = G(S,A,x,n) andh(n+1) = H (x,n).

ThenA1 = A2

provided the parameters satisfy the following condition:
• Let S be a non empty many sorted signature,A be a non-empty algebra overS, x

be a set, andn be a natural number. ThenG(S,A,x,n) is a non-empty algebra over
F (S,x,n).

The schemeCIRCCMB2’sch 19deals with unsplit non void strict non empty many sorted signa-
turesA , B with arity held in gates and Boolean denotation held in gates, a Boolean strict circuitC
of A with denotation held in gates, a ternary functorF yielding a non empty many sorted signature,
a 4-ary functorG yielding a set, a setD, a binary functorH yielding a set, and a natural number
E , and states that:
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There exists a Boolean strict circuitA of B with denotation held in gates and there
exist many sorted setsf , g, h indexed byN such that

(i) B = f (E),
(ii) A = g(E),

(iii) f (0) = A ,
(iv) g(0) = C ,
(v) h(0) = D, and

(vi) for every natural numbern and for every non empty many sorted signatureS
and for every non-empty algebraA overSand for every setx such thatS= f (n) and
A = g(n) andx = h(n) holds f (n+1) = F (S,x,n) andg(n+1) = G(S,A,x,n) and
h(n+1) = H (x,n)

provided the parameters satisfy the following conditions:
• Let Sbe an unsplit non void strict non empty many sorted signature with arity held

in gates and Boolean denotation held in gates,x be a set, andn be a natural number.
ThenF (S,x,n) is unsplit, non void, and strict and has arity held in gates and Boolean
denotation held in gates,

• There exist many sorted setsf , h indexed byN such that
(i) B = f (E),

(ii) f (0) = A ,
(iii) h(0) = D, and
(iv) for every natural numbern and for every non empty many sorted signatureS
and for every setx such thatS= f (n) andx = h(n) holds f (n+1) = F (S,x,n) and
h(n+1) = H (x,n),

• Let S be a non empty many sorted signature,A be a non-empty algebra overS, x
be a set, andn be a natural number. ThenG(S,A,x,n) is a non-empty algebra over
F (S,x,n), and

• Let S, S1 be unsplit non void strict non empty many sorted signatures with arity
held in gates and Boolean denotation held in gates,A be a Boolean strict circuit of
S with denotation held in gates,x be a set, andn be a natural number. Suppose
S1 = F (S,x,n). ThenG(S,A,x,n) is a Boolean strict circuit ofS1 with denotation
held in gates.

Let Sbe a non empty many sorted signature and letA be a set. Let us assume thatA is a non-
empty algebra overS. The functor MSAlg(A,S) yielding a non-empty algebra overS is defined as
follows:

(Def. 1) MSAlg(A,S) = A.

Now we present two schemes. The schemeCIRCCMB2’sch 20deals with unsplit non void
strict non empty many sorted signaturesA , B with arity held in gates and Boolean denotation held
in gates, a Boolean strict circuitC of A with denotation held in gates, a binary functorF yielding an
unsplit non void non empty many sorted signature with arity held in gates and Boolean denotation
held in gates, a binary functorG yielding a set, a setD, a binary functorH yielding a set, and a
natural numberE , and states that:

There exists a Boolean strict circuitA of B with denotation held in gates and there
exist many sorted setsf , g, h indexed byN such that

(i) B = f (E),
(ii) A = g(E),

(iii) f (0) = A ,
(iv) g(0) = C ,
(v) h(0) = D, and

(vi) for every natural numbern and for every non empty many sorted signatureS
and for every non-empty algebraA1 over S and for every setx and for every non-
empty algebraA2 overF (x,n) such thatS= f (n) andA1 = g(n) andx = h(n) and
A2 = G(x,n) holds f (n+ 1) = S+·F (x,n) andg(n+ 1) = A1+·A2 andh(n+ 1) =
H (x,n)

provided the parameters satisfy the following conditions:
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• There exist many sorted setsf , h indexed byN such that
(i) B = f (E),

(ii) f (0) = A ,
(iii) h(0) = D, and
(iv) for every natural numbern and for every non empty many sorted signatureS
and for every setx such thatS= f (n) andx= h(n) holds f (n+1) = S+·F (x,n) and
h(n+1) = H (x,n),

and
• Let x be a set andn be a natural number. ThenG(x,n) is a Boolean strict circuit of

F (x,n) with denotation held in gates.
The schemeCIRCCMB2’sch 21deals with a non empty many sorted signatureA , an unsplit non

void strict non empty many sorted signatureB with arity held in gates and Boolean denotation held
in gates, a non-empty algebraC overA , a setD, a ternary functorF yielding a non empty many
sorted signature, a 4-ary functorG yielding a set, a binary functorH yielding a set, and a natural
numberE , and states that:

Let A1, A2 be Boolean strict circuits ofB with denotation held in gates. Suppose that
(i) there exist many sorted setsf , g, h indexed byN such thatB = f (E) and

A1 = g(E) and f (0) = A andg(0) = C andh(0) = D and for every natural number
n and for every non empty many sorted signatureSand for every non-empty algebra
A over S and for every setx such thatS= f (n) andA = g(n) andx = h(n) holds
f (n+1) = F (S,x,n) andg(n+1) = G(S,A,x,n) andh(n+1) = H (x,n), and
(ii) there exist many sorted setsf , g, h indexed byN such thatB = f (E) and

A2 = g(E) and f (0) = A andg(0) = C andh(0) = D and for every natural number
n and for every non empty many sorted signatureSand for every non-empty algebra
A over S and for every setx such thatS= f (n) andA = g(n) andx = h(n) holds
f (n+1) = F (S,x,n) andg(n+1) = G(S,A,x,n) andh(n+1) = H (x,n).

ThenA1 = A2

provided the following condition is met:
• Let S be a non empty many sorted signature,A be a non-empty algebra overS, x

be a set, andn be a natural number. ThenG(S,A,x,n) is a non-empty algebra over
F (S,x,n).

5. STABILITY OF MULTI CELL CIRCUIT

We now state a number of propositions:

(10) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InnerVertices(S1) misses InputVertices(S2) andS= S1+·S2. Let C1 be a non-empty circuit
of S1, C2 be a non-empty circuit ofS2, andC be a non-empty circuit ofS. SupposeC1 ≈C2

andC = C1+·C2. Let s2 be a state ofC2 ands be a state ofC. If s2 = s�the carrier ofS2, then
Following(s2) = Following(s)�the carrier ofS2.

(11) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) andS= S1+·S2. Let C1 be a non-empty circuit
of S1, C2 be a non-empty circuit ofS2, andC be a non-empty circuit ofS. SupposeC1 ≈C2

andC = C1+·C2. Let s1 be a state ofC1 ands be a state ofC. If s1 = s�the carrier ofS1, then
Following(s1) = Following(s)�the carrier ofS1.

(12) Let S1, S2, S be non void circuit-like non empty many sorted signatures. SupposeS1 ≈
S2 and InnerVertices(S1) misses InputVertices(S2) andS= S1+·S2. Let C1 be a non-empty
circuit of S1, C2 be a non-empty circuit ofS2, andC be a non-empty circuit ofS. Suppose
C1 ≈C2 andC = C1+·C2. Let s1 be a state ofC1, s2 be a state ofC2, ands be a state ofC.
Supposes1 = s�the carrier ofS1 ands2 = s�the carrier ofS2 ands1 is stable ands2 is stable.
Thens is stable.

(13) Let S1, S2, S be non void circuit-like non empty many sorted signatures. SupposeS1 ≈
S2 and InputVertices(S1) misses InnerVertices(S2) andS= S1+·S2. Let C1 be a non-empty
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circuit of S1, C2 be a non-empty circuit ofS2, andC be a non-empty circuit ofS. Suppose
C1 ≈C2 andC = C1+·C2. Let s1 be a state ofC1, s2 be a state ofC2, ands be a state ofC.
Supposes1 = s�the carrier ofS1 ands2 = s�the carrier ofS2 ands1 is stable ands2 is stable.
Thens is stable.

(14) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) andS= S1+·S2. Let A1 be a non-empty circuit
of S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. SupposeA1 ≈ A2

andA = A1+·A2. Let s be a state ofA ands1 be a state ofA1. Supposes1 = s�the carrier of
S1. Let n be a natural number. Then Following(s,n)�the carrier ofS1 = Following(s1,n).

(15) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S2) misses InnerVertices(S1) andS= S1+·S2. Let A1 be a non-empty circuit
of S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. SupposeA1 ≈ A2

andA = A1+·A2. Let s be a state ofA ands2 be a state ofA2. Supposes2 = s�the carrier of
S2. Let n be a natural number. Then Following(s,n)�the carrier ofS2 = Following(s2,n).

(16) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) andS= S1+·S2. Let A1 be a non-empty circuit
of S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. SupposeA1 ≈ A2

andA = A1+·A2. Let s be a state ofA ands1 be a state ofA1. Supposes1 = s�the carrier of
S1 ands1 is stable. Lets2 be a state ofA2. If s2 = s�the carrier ofS2, then Following(s)�the
carrier ofS2 = Following(s2).

(17) Let S1, S2, S be non void circuit-like non empty many sorted signatures. SupposeS=
S1+·S2. Let A1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2, andA be a
non-empty circuit ofS. SupposeA1 ≈ A2 andA = A1+·A2. Let s be a state ofA ands1 be
a state ofA1. Supposes1 = s�the carrier ofS1 ands1 is stable. Lets2 be a state ofA2. If
s2 = s�the carrier ofS2 ands2 is stable, thens is stable.

(18) Let S1, S2, S be non void circuit-like non empty many sorted signatures. SupposeS=
S1+·S2. Let A1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2, andA be a
non-empty circuit ofS. SupposeA1 ≈ A2 andA = A1+·A2. Let sbe a state ofA. Supposes is
stable. Then

(i) for every states1 of A1 such thats1 = s�the carrier ofS1 holdss1 is stable, and

(ii) for every states2 of A2 such thats2 = s�the carrier ofS2 holdss2 is stable.

(19) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) andS= S1+·S2. Let A1 be a non-empty circuit
of S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. SupposeA1 ≈ A2

andA = A1+·A2. Let s1 be a state ofA1, s2 be a state ofA2, ands be a state ofA. Suppose
s1 = s�the carrier ofS1 ands2 = s�the carrier ofS2 ands1 is stable. Letn be a natural number.
Then Following(s,n)�the carrier ofS2 = Following(s2,n).

(20) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) and S = S1+·S2. Let A1 be a non-empty cir-
cuit of S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. Suppose
A1 ≈ A2 and A = A1+·A2. Let n1, n2 be natural numbers,s be a state ofA, s1 be a state
of A1, and s2 be a state ofA2. Supposes1 = s�the carrier ofS1 and Following(s1,n1)
is stable ands2 = Following(s,n1)�the carrier ofS2 and Following(s2,n2) is stable. Then
Following(s,n1 +n2) is stable.

(21) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) andS= S1+·S2. Let A1 be a non-empty circuit
of S1, A2 be a non-empty circuit ofS2, andA be a non-empty circuit ofS. SupposeA1 ≈ A2

and A = A1+·A2. Let n1, n2 be natural numbers. Suppose for every states of A1 holds
Following(s,n1) is stable and for every states of A2 holds Following(s,n2) is stable. Let
s be a state ofA. Then Following(s,n1 +n2) is stable.



COMBINING OF MULTI CELL CIRCUITS 11

(22) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) and InputVertices(S2) misses InnerVertices(S1)
andS= S1+·S2. Let A1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2, andA
be a non-empty circuit ofS. SupposeA1≈A2 andA= A1+·A2. Let sbe a state ofA ands1 be a
state ofA1. Supposes1 = s�the carrier ofS1. Lets2 be a state ofA2. Supposes2 = s�the carrier
of S2. Letn be a natural number. Then Following(s,n) = Following(s1,n)+·Following(s2,n).

(23) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) and InputVertices(S2) misses InnerVertices(S1)
andS= S1+·S2. Let A1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2, andA
be a non-empty circuit ofS. SupposeA1≈A2 andA= A1+·A2. Let n1, n2 be natural numbers,
s be a state ofA, ands1 be a state ofA1. Supposes1 = s�the carrier ofS1. Let s2 be a state of
A2. Supposes2 = s�the carrier ofS2 and Following(s1,n1) is stable and Following(s2,n2) is
stable. Then Following(s,max(n1,n2)) is stable.

(24) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) and InputVertices(S2) misses InnerVertices(S1)
andS= S1+·S2. Let A1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2, andA
be a non-empty circuit ofS. SupposeA1 ≈ A2 andA = A1+·A2. Let n be a natural number,s
be a state ofA, ands1 be a state ofA1. Supposes1 = s�the carrier ofS1. Let s2 be a state of
A2. Supposes2 = s�the carrier ofS2 but Following(s1,n) is not stable or Following(s2,n) is
not stable. Then Following(s,n) is not stable.

(25) Let S1, S2, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertices(S1) misses InnerVertices(S2) and InputVertices(S2) misses InnerVertices(S1)
andS= S1+·S2. Let A1 be a non-empty circuit ofS1, A2 be a non-empty circuit ofS2, andA
be a non-empty circuit ofS. SupposeA1 ≈ A2 andA = A1+·A2. Let n1, n2 be natural num-
bers. Suppose for every states of A1 holds Following(s,n1) is stable and for every states of
A2 holds Following(s,n2) is stable. Lets be a state ofA. Then Following(s,max(n1,n2)) is
stable.

The schemeCIRCCMB2’sch 22deals with unsplit non void strict non empty many sorted sig-
naturesA , B with arity held in gates and Boolean denotation held in gates, a Boolean strict circuit
C of A with denotation held in gates, a Boolean strict circuitD of B with denotation held in gates,
a binary functorF yielding an unsplit non void strict non empty many sorted signature with arity
held in gates and Boolean denotation held in gates, a binary functorG yielding a set, a many sorted
setE indexed byN, a setF , a binary functorH yielding a set, and a unary functorI yielding a
natural number, and states that:

For every states of D holds Following(s,I (0)+ I (2) · I (1)) is stable
provided the following requirements are met:

• Let x be a set andn be a natural number. ThenG(x,n) is a Boolean strict circuit of
F (x,n) with denotation held in gates,

• For every states of C holds Following(s,I (0)) is stable,
• Let n be a natural number,x be a set, andA be a non-empty circuit ofF (x,n). If

x = E(n) andA = G(x,n), then for every states of A holds Following(s,I (1)) is
stable,

• There exist many sorted setsf , g indexed byN such that
(i) B = f (I (2)),

(ii) D = g(I (2)),
(iii) f (0) = A ,
(iv) g(0) = C ,
(v) E(0) = F , and

(vi) for every natural numbern and for every non empty many sorted signatureS
and for every non-empty algebraA1 over S and for every setx and for every non-
empty algebraA2 overF (x,n) such thatS= f (n) andA1 = g(n) andx = E(n) and
A2 = G(x,n) holds f (n+1) = S+·F (x,n) andg(n+1) = A1+·A2 andE(n+1) =
H (x,n),
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• InnerVertices(A) is a binary relation and InputVertices(A) has no pairs,
• E(0) = F andF ∈ InnerVertices(A),
• For every natural numbern and for every setx holds InnerVertices(F (x,n)) is a

binary relation,
• For every natural numbernand for every setxsuch thatx= E(n) holds InputVertices(F (x,n))\
{x} has no pairs, and

• For every natural numbern and for every setx such thatx = E(n) holdsE(n+1) =
H (x,n) andx∈ InputVertices(F (x,n)) andH (x,n) ∈ InnerVertices(F (x,n)).
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[4] Czesław Bylínski. Functions from a set to a set.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/funct_
2.html.
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