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Summary. In this article we continue the investigations frdml[10] and [2] of verifica-
tion of a circuit design. We concentrate on the combination of multi cell circuits from given
cells (circuit modules). Namely, we formalize a design of the form

and prove its stability. The formalization proposed consists in a series of schemes which al-
low to define multi cells circuits and prove their properties. Our goal is to achive mathematical
formalization which will allow to verify designs of real circuits.

MML Identifier: CIRCCMB2.

WWW: http://mizar.orqg/JFM/Voll4/circcmb2.html

The articles[[14],[[177],[1],[[8],118],[1B1,15], 141, 16], [[71, 191, [15], [16], [12],[[11],[[1B],[10], and
[2] provide the notation and terminology for this paper.

1. ONE GATE CIRCUITS

Let n be a natural number, Idt be a function fromBoolear® into Boolean and letp be a finite
sequence with length. One can verify that 1GateCirc(f, f) is Boolean.
One can prove the following four propositions:

(1) LetX be a finite non empty sem, be a natural numbep be a finite sequence with length
n, f be a function fronX" into X, o be an operation symbol of 1GateCirc&trf), ands be
a state of 1GateCircuip, f). Thenodepends-on-ia=s- p.
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(2) LetX be afinite non empty sem be a natural numbep be a finite sequence with length
n, f be a function fromX" into X, ands be a state of 1GateCircqjt, f). Then Followings)
is stable.

(3) Let Sbe a non void circuit-like non empty many sorted signatieye a non-empty
circuit of S, ands be a state ofA. If sis stable, then for every natural numhbeiholds
Following(s,n) =s.

(4) LetSbe anon void circuit-like non empty many sorted signatree a non-empty circuit
of S she a state oA, andny, ny be natural numbers. If Followirig, ny) is stable anahy < ny,
then Followingds, nz) = Following(s,nz).

2. DEFINING MULTI CELL CIRCUIT STRUCTURES

In this article we present several logical schemes. The sciRE€CMB2'sch Ideals with a non
empty many sorted signaturg, a setB, a ternary functorf yielding a non empty many sorted
signature, and a binary functdr yielding a set, and states that:

There exist many sorted seftsh indexed byN such that

0 f0)=1

(i) h(0)=3B,and

(iif)  for every natural numben and for every non empty many sorted signatBre

and for every sex such thatS= f(n) andx = h(n) holds f(n+1) = F(Sx,n) and

h(n+1) = G(x,n)
for all values of the parameters.

The schem€IRCCMB2’sch 2leals with a ternary functgf yielding a non empty many sorted
signature, a binary functog yielding a set, many sorted sefs ‘B indexed byN, and a ternary
predicateP, and states that:

For every natural number there exists a non empty many sorted signagiseich
thatS= 4(n) and?[S, B(n),n|
provided the parameters meet the following requirements:

e There exists a non empty many sorted signafiaad there exists a setsuch that
S= 4(0) andx = B(0) and?[S,x, 0],

e Letnbe anatural numbegbe a non empty many sorted signature, aibé a set. If
S= 4(n) andx = B(n), then4(n+1) = F(Sx,n) andB(n+1) = G(x,n), and

e Letnbe anatural numbegbe a non empty many sorted signature, ahe a set. If
S= 4(n) andx = B(n) and?[S x,n], then®[F (S x,n), G(x,n),n+1].

The schem€IRCCMB2'sch 3leals with a non empty many sorted signatdre ternary func-
tor ¥ yielding a non empty many sorted signature, a binary fungtasielding a set, and many
sorted set$, C indexed byN, and states that:

For every natural numberand for every set such thak = C(n) holdsC(n+1) =
G(x.n)
provided the following requirements are met:
e B(0)=A4,and
e Letnbe anatural numbegbe a non empty many sorted signature, aibé a set. If
S= B(n) andx= C(n), thenB(n+1) = F(Sx,n) andC(n+1) = G(x,n).

The schemeCIRCCMB2'sch 4deals with a non empty many sorted signatdrea setB, a
ternary functor¥ yielding a non empty many sorted signature, a binary fungGtgtielding a set,
and a natural numbef, and states that:

There exists a non empty many sorted signaBaad there exist many sorted séts
hindexed byN such that

i) S=1(0),

(i) f(0)=1,
(i) h(0) =B, and
(iv) for every natural numbem and for every non empty many sorted signat8re
and for every sex such thatS= f(n) andx = h(n) holds f(n+ 1) = F(Sx,n) and
h(n+1) = G(x.n)
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for all values of the parameters.

The schemeCIRCCMB2'sch 5deals with a non empty many sorted signatdrea setB, a
ternary functor¥ yielding a non empty many sorted signature, a binary fungGtgtielding a set,
and a natural numbef, and states that:

Let S, S be non empty many sorted signatures. Suppose that

(i) there exist many sorted setsh indexed byN such tha§, = f(C) andf(0) =
A4 andh(0) = B and for every natural numbarand for every non empty many sorted
signatureS and for every sek such thatS= f(n) andx = h(n) holds f(n+1) =
F(Sx,n) andh(n+1) = G(x,n), and

(i) there exist many sorted setshindexed byN such tha; = f(C) andf(0) =
4 andh(0) = B and for every natural numbarand for every non empty many sorted
signatureS and for every sek such thatS= f(n) andx = h(n) holds f(n+ 1) =
F(Sx,n)andh(n+1) = G(x,n).
ThenS =S
for all values of the parameters.

The schemeCIRCCMB2'sch 6deals with a non empty many sorted signatdrea setB, a
ternary functor¥ yielding a non empty many sorted signature, a binary funGtgtielding a set,
and a natural numbef, and states that:

(i) There exists a non empty many sorted signagaed there exist many sorted
setsf, hindexed byN such thaS= f () andf(0) = 4 andh(0) = B and for every
natural numben and for every non empty many sorted signat8end for every set
xsuch thaS= f(n) andx = h(n) holdsf(n+1) = F(Sx,n) andh(n+1) = G(x,n),
and

(i)  for all non empty many sorted signatur8g, S such that there exist many
sorted setdf, h indexed byN such thatS, = f(C) and f(0) = 4 andh(0) = B
and for every natural numberand for every hon empty many sorted signat8re
and for every sek such thatS= f(n) andx = h(n) holds f(n+1) = F(Sx,n)
andh(n+1) = G(x,n) and there exist many sorted sdtsh indexed byN such
thatS; = f(C) and f(0) = 4 andh(0) = B and for every natural numberand for
every non empty many sorted signat@&and for every set such thaS= f(n) and
x=h(n) holdsf(n+ 1) = F(Sx,n) andh(n+1) = G(x,n) holdsS; = S

for all values of the parameters.

The schem€IRCCMB2'sch ‘Heals with a non empty many sorted signatdre ternary func-
tor ¥ yielding a non empty many sorted signature, a®ea binary functorG yielding a set, and a
natural numbet, and states that:

There exists an unsplit non void non empty non empty strict many sorted signature
Swith arity held in gates and Boolean denotation held in gates and there exist many
sorted setd, h indexed byN such that

i) S=f(0),

(i) f(0)=4,
(i) h(0) =B, and
(iv) for every natural numbem and for every non empty many sorted signat@re
and for every sex such thatS= f(n) andx = h(n) holds f(n+ 1) = (S x,n) and
h(n+1) = G(x,n)

provided the parameters have the following properties:

e 4 is unsplit, non void, non empty, and strict and has arity held in gates and Boolean

denotation held in gates, and

e Let Sbe an unsplit non void strict non empty many sorted signature with arity held

in gates and Boolean denotation held in gatds a set, and be a natural number.
Then ¥ (S,x,n) is unsplit, non void, non empty, and strict and has arity held in gates
and Boolean denotation held in gates.

The schem€IRCCMB2'sch &leals with a non empty many sorted signatdre binary functor
F yielding an unsplit non void non empty many sorted signature with arity held in gates and Boolean
denotation held in gates, a s8t a binary functorG yielding a set, and a natural numhér and
states that:
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There exists an unsplit non void hon empty non empty strict many sorted signature
Swith arity held in gates and Boolean denotation held in gates and there exist many
sorted setd, h indexed byN such that

i) S=f(0),

(i) f(0)=1,
(i) h(0) =3B, and
(iv) for every natural numbem and for every non empty many sorted signat8re
and for every set such thaS= f(n) andx = h(n) holds f (n+ 1) = S+- ¥ (x,n) and
h(n+1) = gG(x,n)

provided the following requirement is met:

e 4 is unsplit, non void, non empty, and strict and has arity held in gates and Boolean
denotation held in gates.
The schemeCIRCCMB2'sch 9deals with a non empty many sorted signatdtea set3, a

ternary functor¥ yielding a non empty many sorted signature, a binary fungGtgtielding a set,
and a natural numbef, and states that:

Let S, S be unsplit non void non empty strict non empty many sorted signatures
with arity held in gates and Boolean denotation held in gates. Suppose that

(i) there exist many sorted setsh indexed byN such thag, = f(C) andf(0) =
A4 andh(0) = B and for every natural numbarand for every non empty many sorted
signatureS and for every sex such thatS= f(n) andx = h(n) holds f(n+1) =
F(Sx,n) andh(n+1) = G(x,n), and

(i) there exist many sorted setshindexed byN such tha, = () andf (0) =
A4 andh(0) = B and for every natural numbarand for every non empty many sorted
signatureS and for every sek such thatS= f(n) andx = h(n) holds f(n+1) =
F(Sx,n)andh(n+1) = G(x,n).

ThenS =S

for all values of the parameters.

3. INPUT OFMuULTI CELL CIRCUIT

We now state several propositions:

(5) For all functionsf, g such thatf ~ g holds rnd f+-g) = rngf Urngg.

(6) For all non empty many sorted signatur&s, S such thatS =~ S holds
InputVertice$S+-S) = (InputVerticesS; ) \ InnerVertice$S,) ) U (InputVertice$S) \ InnerVertice$s, ) ).

(7) For every seX with no pairs and for every binary relatidhholdsX \ Y = X.

(8) For every binary relatioiX and for all setsr, Z such thatZ C Y andY \ Z has no pairs
holdsX \Y = X\ Z.

(9) For all setsX, Z and for every binary relatio such thatZz CY andX\ Z has no pairs
holdsX\Y = X\ Z.

Now we present two schemes. The schePi@CCMB2'sch 1@leals with an unsplit non void

non empty many sorted signatufewith arity held in gates and Boolean denotation held in gates,

a unary functor¥ yielding a set, a many sorted sBtindexed byN, a binary functorg yielding an
unsplit non void non empty many sorted signature with arity held in gates and Boolean denotation
held in gates, and a binary funct@f yielding a set, and states that:

Let n be a natural number. Then there exist unsplit non void non empty many
sorted signatureS;, S, with arity held in gates and Boolean denotation held in gates
such thats; = 7 (n) andS; = F (n+ 1) and InputVerticetS,) = InputVerticegS; ) U
(InputVerticegG(B(n),n)) \ {B(n)}) and InnerVertices,) is a binary relation and
InputVertice$S;) has no pairs

provided the parameters meet the following requirements:

e InnerVertice$4) is a binary relation,
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e InputVertice$4) has no pairs,

e F(0)=A4andB(0) € InnerVertice$4),

e For every natural numbar and for every sek holds InnerVerticeg;(x,n)) is a
binary relation,

¢ Forevery natural numberand for every set such thak = B(n) holds InputVertice&G(x,n)) \
{x} has no pairs, and

e Letn be a natural numbe§ be a non empty many sorted signature, ai a set.
SupposeS= F(n) andx = B(n). Then F(n+1) = S+-G(x,n) and B(n+1) =
7 (x,n) andx € InputVertice$ G (x,n)) andH (x,n) € InnerVertice$G (x,n)).

The schem&€IRCCMB2’sch 1eals with a unary functof yielding an unsplit non void non
empty many sorted signature with arity held in gates and Boolean denotation held in gates, a many
sorted setq indexed byN, a binary functorg yielding an unsplit non void non empty many sorted
signature with arity held in gates and Boolean denotation held in gates, and a binary féihctor
yielding a set, and states that:

For every natural numberholds InputVertices7 (n+ 1)) = InputVertice$ ¥ (n)) U
(InputVertice$G(A4(n),n)) \ {A4(n)}) and InnerVerticeF (n)) is a binary relation
and InputVertice§F (n)) has no pairs
provided the parameters have the following properties:

e InnerVertice$7 (0)) is a binary relation,

e InputVertice$ 7 (0)) has no pairs,

e 4(0) € InnerVertice$ (0)),

e For every natural numbar and for every sek holds InnerVerticeg;(x,n)) is a
binary relation,

e For every natural numberand for every set such thak = 4(n) holds InputVertice&G (x,n)) \
{x} has no pairs, and

e Letnbe a natural numbeg be a non empty many sorted signature, ard a set.
SupposeS= F(n) andx = A4(n). Then F(n+1) = S+-G(x,n) and 4(n+1) =
H(x,n) andx € InputVertice$ G (x,n)) andH (x,n) € InnerVertice$G (x,n)).

4. DEFINING MuULTI CELL CIRCUITS

Now we present several schemes. The sch€fRCCMB2'sch 12eals with a non empty many
sorted signatured, a non-empty algebr& over 4, a set(C, a ternary functorf yielding a non
empty many sorted signature, a 4-ary funafpyielding a set, and a binary functgf yielding a
set, and states that:

There exist many sorted settsg, h indexed byN such that

0 fO)=1

(i) 9(0)=3,

(i) h(0)=_c,and

(iv) for every natural numbem and for every non empty many sorted signatre

and for every non-empty algebfeover Sand for every set such thatS= f(n) and

A=g(n) andx = h(n) holds f(n+ 1) = (S x,n) andg(n+ 1) = G(S A,x,n) and

h(n+1) = #H(x,n)
for all values of the parameters.

The schemeCIRCCMB2'sch 13eals with a ternary functof yielding a non empty many
sorted signature, a 4-ary functgryielding a set, a binary functat! yielding a set, many sorted
sets4, B, C indexed byN, and a 4-ary predicat@, and states that:

Let n be a natural number. Then there exists a non empty many sorted sigBature
and there exists a non-empty algeBraver Ssuch thaS= 4(n) andA = 3(n) and
PISA,C(n),N]
provided the following conditions are met:
e There exists a non empty many sorted signaBaad there exists a non-empty alge-
braA overSand there exists a sesuch thalS= 4(0) andA = B(0) andx = C(0)
and?[S A x, 0],
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e Letnbe anatural numbegbe a non empty many sorted signatukéde a non-empty
algebra ovef5, andx be a set. Suppose= A4(n) andA = B(n) andx = C(n). Then
A(n+1) = F(Sx,n)andB(n+1) = G(S A x,n)andC(n+1) = H(x,n),

e Letn be a natural numbef be a non empty many sorted signatufebe a non-
empty algebra oveB, andx be a set. IfS= 4(n) andA = B(n) andx= C(n) and
P[S A % n|, thenP[F (S x,n), G(S A x,n),#(x,n),n+1], and

e Let Sbe a non empty many sorted signatutebe a non-empty algebra ov& x
be a set, and be a natural number. Thaf(S A,x,n) is a non-empty algebra over
F(Sx,n).

The schemeCIRCCMB2'sch 14deals with a ternary functof yielding a non empty many
sorted signature, a 4-ary functgr yielding a set, a binary functaf{ yielding a set, and many
sorted set#, B, C, D, E, F indexed byN, and states that:

A=BandC=DandE=F
provided the following conditions are satisfied:

e There exists a non empty many sorted signaBaad there exists a non-empty alge-
braA overSsuch thaS= 4(0) andA = C(0),

e 4(0)=B(0) and(C(0) = D(0) andE(0) = F(0),

e Letnbe anatural numbegbe a non empty many sorted signatukde a non-empty
algebra ovef5, andx be a set. Supposg= 4(n) andA = C(n) andx = ‘E(n). Then
A(n+1) = F(Sx,n)andC(n+1) = G(S A x,n)andE(n+1) = H(x,n),

e Letnbe anatural numbegbe a non empty many sorted signatukdse a non-empty
algebra oveB, andx be a set. Suppose= B(n) andA = D(n) andx= #(n). Then
B(n+1)=F(Sx,n)andD(n+1) = G(SAx,n)andF (n+1) = #(x,n), and

e Let Sbe a non empty many sorted signatufebe a non-empty algebra ov&r x
be a set, and be a natural number. Tha(S A, x,n) is a non-empty algebra over
F(Sxn).

The schem&€IRCCMB2’sch 1%leals with a non empty many sorted signatdrea non-empty
algebraB over 4, a ternary functorf yielding a non empty many sorted signature, a 4-ary functor
G yielding a set, a binary functag# yielding a set, and many sorted sets?, £ indexed byN,
and states that:

Letn be a natural numbegbe a non empty many sorted signature, aihé a set. If
S=C(n) andx= E(n), thenC(n+ 1) = F(Sx,n) andE(n+ 1) = H(x,n)
provided the parameters meet the following conditions:

e ((0)=4andD(0) = B,

e Letnbe anatural numbegbe a non empty many sorted signatukde a non-empty
algebra oves, andx be a set. Suppose= C(n) andA = D(n) andx= E(n). Then
C(n+1) = F(Sx,n) andD(n+1) = G(SAx,n) andE(n+ 1) = H(x,n), and

e Let Sbe a non empty many sorted signatutebe a non-empty algebra ov&r x
be a set, and be a natural number. Thef(S A,x,n) is a non-empty algebra over
F(Sxn).

The schem&€IRCCMB2'sch 1@leals with a non empty many sorted signatdrea non-empty
algebraB over 4, a setC, a ternary functorf yielding a non empty many sorted signature, a 4-ary
functor G yielding a set, a binary functol yielding a set, and a natural numkBr and states that:

There exists a non empty many sorted signaBmed there exists a non-empty alge-
braA overSand there exist many sorted sétg, h indexed byN such that

() S=f(D),
(i) A=9(D),
(i)  f(0) =24,
(v) 9(0)=13,

(v) h(0)=¢,and
(vi) for every natural numbem and for every non empty many sorted signatBre
and for every non-empty algebfeoverSand for every sex such thasS= f(n) and
A=g(n) andx = h(n) holds f(n+1) = F(Sx,n) andg(n+ 1) = G(S A x,n) and
h(n+1) = H(x,n)
provided the following condition is satisfied:
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e Let Sbe a non empty many sorted signatutebe a non-empty algebra ov& x
be a set, and be a natural number. Thef(S A,x,n) is a hon-empty algebra over
F(SX.n).

The schemeCIRCCMB2'sch 17deals with non empty many sorted signaturgsB, a non-
empty algebra’ over 4, a setD, a ternary functorf yielding a non empty many sorted signature,
a 4-ary functorG yielding a set, a binary functat yielding a set, and a natural numbgr and
states that:

There exists a non-empty algelkaver B and there exist many sorted sdtsy, h
indexed byN such that

() B=1(F),
(i)  A=9(Z),
(i)  f(0) =24,
(iv) 9(0)=C,

(v) h(0)=2D,and
(vi) for every natural numbemn and for every non empty many sorted signatBre
and for every non-empty algebfeover Sand for every set such thaS= f(n) and
A=g(n) andx = h(n) holds f(n+ 1) = F(Sx,n) andg(n+ 1) = G(S A,x,n) and
h(n+1) = #H(x,n)
provided the parameters meet the following conditions:
e There exist many sorted seftsh indexed byN such that
() B=1f(E)
(i) f(0)=1,
(i)  h(0) =D, and
(iv) for every natural numbem and for every non empty many sorted signatBre
and for every sex such thatS= f(n) andx = h(n) holds f(n+1) = F(Sx,n) and
h(n+1) = H(x,n),
and
e Let Sbe a non empty many sorted signatutebe a non-empty algebra ov& x
be a set, and be a natural number. Thaf(S A,x,n) is a non-empty algebra over
F(Sxn).

The schemeCIRCCMB2'sch 1&eals with non empty many sorted signaturgsB, a non-
empty algebra” over 4, a setD, a ternary functorf yielding a non empty many sorted signature,
a 4-ary functorgG yielding a set, a binary functat yielding a set, and a natural numbgr and
states that:

Let A1, A, be non-empty algebras ov#: Suppose that

(i) there exist many sorted sefs g, h indexed byN such thatB = f(E) and
A1 =9g(E) andf(0) = 4 andg(0) = ¢ andh(0) = D and for every natural number
n and for every non empty many sorted signatiend for every non-empty algebra
A over S and for every sek such thatS= f(n) andA = g(n) andx = h(n) holds
f(n+1) = F(Sx,n) andg(n+ 1) = G(S A x,n) andh(n+1) = #(x,n), and

(i) there exist many sorted sefs g, h indexed byN such thatB = f(E) and
A =9g(E) andf(0) = 4 andg(0) = ¢ andh(0) = D and for every natural number
n and for every non empty many sorted signatiend for every non-empty algebra
A over S and for every sek such thatS= f(n) andA = g(n) andx = h(n) holds
f(n+1) = F(Sx,n) andg(n+ 1) = G(S A x,n) andh(n+1) = #(x,n).

ThenA; = A
provided the parameters satisfy the following condition:

e Let Sbe a non empty many sorted signatutebe a non-empty algebra ov&r x

be a set, and be a natural number. Thef(S A,x,n) is a non-empty algebra over
F(Sxn).

The schem€IRCCMB2'sch 1%@leals with unsplit non void strict non empty many sorted signa-
tures4, B with arity held in gates and Boolean denotation held in gates, a Boolean strict gircuit
of 4 with denotation held in gates, a ternary funcfoyielding a non empty many sorted signature,
a 4-ary functorG yielding a set, a seD, a binary functor# yielding a set, and a natural number
‘£, and states that:
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There exists a Boolean strict circditof B with denotation held in gates and there
exist many sorted seff§ g, h indexed byN such that

0 B=1f(%),
(i)  A=9(Z),
(i)  f(0) =24,
(iv) 9(0)=C,

(v) h(0)=D,and
(vi) for every natural numbem and for every non empty many sorted signatBre
and for every non-empty algebfeoverSand for every sex such thaS= f(n) and
A=g(n) andx = h(n) holds f(n+1) = F(Sx,n) andg(n+ 1) = G(S A ,x,n) and
h(n+1) = H(x,n)
provided the parameters satisfy the following conditions:

e Let Sbhe an unsplit non void strict non empty many sorted signature with arity held
in gates and Boolean denotation held in gaxdse a set, and be a natural number.
Then¥ (S x,n) is unsplit, non void, and strict and has arity held in gates and Boolean
denotation held in gates,

e There exist many sorted seftsh indexed byN such that

() B=f(E),

(i) f(0)=21,
(i)  h(0)=D, and
(iv) for every natural numbem and for every non empty many sorted signatBre
and for every sex such thatS= f(n) andx = h(n) holds f (n+ 1) = 7 (S,x,n) and
h(n+1) = H(x,n),

e Let Sbe a non empty many sorted signatufebe a non-empty algebra ov&r x
be a set, and be a natural number. Thaf(S A, x,n) is a non-empty algebra over
F(Sx,n), and

e LetS S be unsplit non void strict non empty many sorted signatures with arity
held in gates and Boolean denotation held in gadse a Boolean strict circuit of
S with denotation held in gatex be a set, andh be a natural number. Suppose
S = F(Sx,n). ThenG(S A x,n) is a Boolean strict circuit 08, with denotation
held in gates.

Let Sbe a non empty many sorted signature andilee a set. Let us assume thats a non-
empty algebra ove®. The functor MSAIgA, S) yielding a non-empty algebra ov&iis defined as
follows:

(Def. 1) MSAIgA,S) =A.

Now we present two schemes. The scheaBiBCCMB2'sch 2Qdeals with unsplit non void

strict non empty many sorted signaturg@s3 with arity held in gates and Boolean denotation held
in gates, a Boolean strict circuitof 4 with denotation held in gates, a binary funcgpryielding an
unsplit non void non empty many sorted signature with arity held in gates and Boolean denotation
held in gates, a binary funct@f yielding a set, a seD, a binary functor# yielding a set, and a
natural numbef, and states that:

There exists a Boolean strict circditof B with denotation held in gates and there

exist many sorted seffs g, hindexed byN such that

) B=1(%),
(i) A=9(E),
(iiy  (0) =4,
(v) 9(0)=C,

(v) h(0)=D,and
(vi) for every natural numben and for every non empty many sorted signatBre
and for every non-empty algebra over S and for every sex and for every non-
empty algebrah, over F (x,n) such thatS= f(n) andA; = g(n) andx = h(n) and
Ay = G(x,n) holds f(n+ 1) = S+ ¥ (x,n) andg(n+ 1) = A;+-A2 andh(n+ 1) =
H(x,n)
provided the parameters satisfy the following conditions:
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e There exist many sorted seftsh indexed byN such that
() B=f(E),
(i) f(0)=21,
(i)  h(0)=D,and
(iv) for every natural numbem and for every non empty many sorted signatBre
and for every set such thaS= f(n) andx = h(n) holds f (n+ 1) = S+- ¥ (x,n) and
h(n+1) = H(x,n),
and
e Letxbe a set and be a natural number. Thagi(x, n) is a Boolean strict circuit of
F (x,n) with denotation held in gates.

The schem€IRCCMB2’sch 2Heals with a non empty many sorted signatdren unsplit non
void strict non empty many sorted signat@evith arity held in gates and Boolean denotation held
in gates, a non-empty algebgaover 4, a setD, a ternary functorf yielding a non empty many
sorted signature, a 4-ary functgryielding a set, a binary functat yielding a set, and a natural
numberE, and states that:

Let A1, Az be Boolean strict circuits aB with denotation held in gates. Suppose that
(i) there exist many sorted sefs g, h indexed byN such thatB = (%) and
A1 =g(E) andf(0) = 4 andg(0) = C andh(0) = 9D and for every natural number
n and for every non empty many sorted signataend for every non-empty algebra
A over Sand for every sek such thatS= f(n) andA = g(n) andx = h(n) holds
f(n+1) = F(Sx,n) andg(h+1) = G(S A x,n) andh(n+1) = #(x,n), and
(i) there exist many sorted sefs g, h indexed byN such thatB = f(£) and
Az =g(E) andf(0) = 4 andg(0) = C andh(0) = D and for every natural number
n and for every non empty many sorted signataend for every non-empty algebra
A over S and for every sex such thatS= f(n) andA = g(n) andx = h(n) holds
f(n+1) = F(Sx,n) andg(n+1) = G(S A x,n) andh(n+1) = #H(x,n).
ThenA1 =A2
provided the following condition is met:

e Let Sbe a non empty many sorted signatutebe a non-empty algebra ov&r x

be a set, and be a natural number. Tha(S A,x,n) is a non-empty algebra over

F(Sx,n).

5. SraBILITY OF MuULTI CELL CIRCUIT
We now state a number of propositions:

(10) LetS), S, S be non void circuit-like non empty many sorted signatures. Suppose
InnerVertice$S;) misses InputVerticdSy) andS= S;+-S,. Let C; be a non-empty circuit
of S, Cz be a hon-empty circuit 0%, andC be a non-empty circuit ob. SupposeC; ~ C;
andC = C;+-C,. Let s, be a state of, ands be a state of. If s, = s[the carrier ofS;, then
Following(s;) = Following(s) [the carrier ofS,.

(11) Let S, S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S;) misses InnerVerticéSy) andS= S+-$. Let C; be a non-empty circuit
of S, C, be a non-empty circuit 0%, andC be a non-empty circuit ob. SupposeC; ~ C;
andC = C;+-C,. Let s be a state of; ands be a state of. If s; = s[the carrier ofS;, then
Following(s;) = Following(s) [the carrier ofS;.

(12) LetS, S, Sbe non void circuit-like non empty many sorted signatures. Supfpse
S and InnerVerticelsS;) misses InputVerticdSy) andS= S+-S. Let C; be a non-empty
circuit of S, C; be a non-empty circuit 0%, andC be a non-empty circuit 0. Suppose
C1 ~Cy andC = C1+-C,. Let s be a state o€, s, be a state o€,, ands be a state o€.
Supposes; = sfthe carrier ofS; ands, = s|the carrier ofS; ands; is stable and; is stable.
Thensis stable.

(13) LetS, S, Sbe non void circuit-like non empty many sorted signatures. Supfpse
S and InputVertice€S;) misses InnerVertic€S,) andS= S +-S. Let C; be a non-empty
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circuit of S, C; be a non-empty circuit 0%, andC be a non-empty circuit 08 Suppose
Cy =~ Cy andC =C1+-Cy. Let 5 be a state o€, s, be a state o€, ands be a state o€.
Supposes; = s[the carrier ofS; ands, = s[the carrier ofS; ands; is stable and; is stable.
Thensis stable.

(14) LetS), S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S;) misses InnerVertic€S,) andS= S+-S,. Let A; be a non-empty circuit
of S, A, be a non-empty circuit 0%, andA be a non-empty circuit db. Supposed; ~ Ay
andA = A;+-A. Let sbe a state oA ands; be a state oA;. Supposes; = s[the carrier of
Si. Letn be a natural number. Then Followifgn) [the carrier ofS; = Following(s, n).

(15) Let$S, S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S,) misses InnerVerticéS;) andS= S+-S. Let A; be a non-empty circuit
of S, A, be a non-empty circuit 0%, andA be a non-empty circuit db. Supposed; ~ A,
andA = A;+-A. Let sbe a state o ands, be a state oA,. Supposes, = s[the carrier of
S. Letn be a natural number. Then Followifggn) [the carrier ofS; = Following(sp, n).

(16) LetS), S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S;) misses InnerVerticéSy) andS= S+-S,. Let A; be a non-empty circuit
of S, Az be a non-empty circuit o, andA be a non-empty circuit 05 Supposed; ~ A
andA = A1 +-A. Let sbe a state of ands; be a state oA;. Supposes; = s[the carrier of
S ands; is stable. Letk; be a state of,. If s, = s|the carrier ofS;, then Followings) [the
carrier ofS, = Following(s,).

(17) LetS, S, Sbe non void circuit-like non empty many sorted signatures. Supfese
S+-S. Let A; be a non-empty circuit 0%, Ay be a non-empty circuit 0%, andA be a
non-empty circuit ofS. Supposed; =~ A, andA = A;+-A. Let sbe a state oA ands; be
a state ofA;. Supposes; = s[the carrier ofS; ands; is stable. Lets, be a state of\,. If
sp = s[the carrier ofS; ands; is stable, thes is stable.

(18) LetS;, S, Sbe non void circuit-like non empty many sorted signatures. Suppese
S+-S. Let A; be a non-empty circuit 0§, A, be a non-empty circuit 0%, andA be a
non-empty circuit ofS. Supposed; ~ A; andA = Aj+-Ay. Letsbe a state oA. Supposeis
stable. Then

(i) for every states; of A; such thas; = s[the carrier ofS; holdss; is stable, and
(i)  for every states, of Ay such that, = s[the carrier ofS; holdss; is stable.

(19) LetS, S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVerticegS;) misses InnerVerticéSy) andS= S+-S. Let A; be a non-empty circuit
of S, A, be a non-empty circuit 0%, andA be a non-empty circuit db. Supposed; ~ A,
andA = A;+-Ay. Let s be a state of\, s be a state of\,, ands be a state oA. Suppose
s1 = s[the carrier ofS; ands, = s[the carrier ofS, ands; is stable. Let be a natural number.
Then Followings, n) [the carrier ofS, = Following(s,, n).

(20) LetS;, &, S be non void circuit-like non empty many sorted signatures. Suppose
InputVerticegS;) misses InnerVerticéSy) and S= S+-S. Let A; be a non-empty cir-
cuit of S, A; be a non-empty circuit 08, andA be a non-empty circuit 08. Suppose
Al ~ Ay andA = A +-Ax. Let ny, np be natural numberss be a state ofA, s; be a state
of A;, ands, be a state ofA,. Supposes; = s[the carrier ofS; and Followindsi,n;)
is stable ands, = Following(s, n;)[the carrier ofS, and Followindsy,ny) is stable. Then
Following(s,n; + ny) is stable.

(21) LetS, S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVerticegS;) misses InnerVerticéSy) andS= S+-S. Let A; be a non-empty circuit
of S, A, be a non-empty circuit 0%, andA be a non-empty circuit db. Supposed; ~ A,
and A = Aj+-Ay. Let ng, np be natural numbers. Suppose for every statd A; holds
Following(s,n;) is stable and for every stateof A, holds Followings, n,) is stable. Let
sbe a state oA. Then Followings, n; + ny) is stable.
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(22) LetS), S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S;) misses InnerVertic€S,) and InputVerticeES,) misses InnerVertic€S,; )
andS= S +-$. Let A; be a non-empty circuit o, Ao be a non-empty circuit d&, andA
be a non-empty circuit & Supposé\; ~ A, andA= A;+-Ay. Letsbe a state oA ands; be a
state ofA;. Suppose; = s[the carrier of5;. Lets, be a state of,. Supposes, = s[the carrier
of S. Letn be a natural number. Then Followifggn) = Following(sy, n)+- Following(sz, n).

(23) LetS;, &, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S;) misses InnerVertic€S,) and InputVerticeES,) misses InnerVertic€S, )
andS= S +-S$. Let A; be a non-empty circuit o, Ao be a non-empty circuit d&, andA
be a non-empty circuit db. Supposé\; =~ A, andA = Ay +-Az. Letng, ny be natural numbers,
shbe a state oA, ands; be a state oA;. Supposes; = sfthe carrier of5;. Lets, be a state of
Ay. Supposes, = s|the carrier ofS; and Followindsi, n;) is stable and Following, n2) is
stable. Then Following, max(ny, ny)) is stable.

(24) LetS), S, S be non void circuit-like non empty many sorted signatures. Suppose
InputVertice$S;) misses InnerVertic€S,) and InputVerticeES,) misses InnerVertic€S, )
andS= S +-$. Let A; be a non-empty circuit o, Ao be a non-empty circuit d&, andA
be a non-empty circuit db. Supposéd; ~ A, andA = A;+-Az. Let n be a natural numbes,
be a state oA, ands; be a state of\;. Supposes; = s[the carrier ofS;. Lets, be a state of
Ay. Supposes; = s[the carrier ofS; but Followings;, n) is not stable or Followingsy, n) is
not stable. Then Followir(g, n) is not stable.

(25) LetS), &, S be non void circuit-like non empty many sorted signatures. Suppose
InputVerticegS;) misses InnerVertic€S,) and InputVerticeES,) misses InnerVertic€S, )
andS= S +-$. Let A; be a non-empty circuit d8;, A, be a non-empty circuit o, andA
be a non-empty circuit 0. Supposed; ~ A, andA = A;+-Ax. Let ng, np be natural num-
bers. Suppose for every statef A; holds Followings, n;) is stable and for every staseof
A, holds Followinds, n,) is stable. Let be a state oA. Then Followings, max(ny,ny)) is
stable.

The schem&IRCCMB2'sch 22leals with unsplit non void strict non empty many sorted sig-
naturesq, B with arity held in gates and Boolean denotation held in gates, a Boolean strict circuit
C of 4 with denotation held in gates, a Boolean strict cireibf 8 with denotation held in gates,

a binary functor¥ yielding an unsplit non void strict non empty many sorted signature with arity
held in gates and Boolean denotation held in gates, a binary fugcog@lding a set, a many sorted
setZ indexed byN, a set¥, a binary functor# yielding a set, and a unary functéryielding a
natural number, and states that:
For every stats of 9 holds Followingds, 1(0) + I(2) - I(1)) is stable
provided the following requirements are met:
e Letxbe a set and be a natural number. Theafi(x,n) is a Boolean strict circuit of
F (x,n) with denotation held in gates,
e For every stats of ¢ holds Followingds, 1(0)) is stable,
e Letn be a natural numbek be a set, ané\ be a non-empty circuit off (x,n). If
x= E(n) andA = G(x,n), then for every stats of A holds Followingds, I(1)) is
stable,
e There exist many sorted seftsg indexed byN such that
0 B=1f(1(2),
(i) D=g(1(2),
@iy f(0)=24,
) 90)=c,
(v) Z(0)=#%,and
(vi) for every natural numben and for every non empty many sorted signat8re
and for every non-empty algebfa over S and for every sex and for every non-
empty algebrah, over ¥ (x,n) such thatS= f(n) andA; = g(n) andx = £(n) and
Az = G(x,n) holds f(n+1) = S+ F(x,n) andg(n+1) = A;+-A; andE(n+1) =
H(x,n),
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InnerVertice$4) is a binary relation and InputVerticeg) has no pairs,
E(0) = F and¥ € InnerVertice$4),
For every natural number and for every sek holds InnerVertice§F (x,n)) is a
binary relation,
¢ Forevery natural numberand for every set such thak = Z£(n) holds InputVertice§F (x,n)) \
{x} has no pairs, and
e For every natural numberand for every set such thak = £(n) holdsE(n+1) =
(x,n) andx € InputVertice$ ¥ (x,n)) andH (x,n) € InnerVertice$¥ (x,n)).
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