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1. PRELIMINARIES

Let| be a set and leA, f be functions. The functof [, A yields a many sorted function indexed by
| and is defined as follows:

(Def. 1) For every setsuch thai € | holds(f[,A)(i) = fTA(i).

One can prove the following propositions:

(1) For every sel and for every many sorted s&tindexed byl holds id o[, A = ida.

(2) Letl be a set,A, B be many sorted sets indexed by and f, g be functions. If
g (f1A)(K) C B, then(g- f)[;A=(g[;B)o (f[}A).

(8) Letf be afunction] be a set, and, B be many sorted sets indexed lbySuppose that for
every sei such thai € | holdsA(i) C domf and f°A(i) C B(i). Thenf[,Ais a many sorted
function fromA into B.

(4) LetAbe a setj be a natural number, arbe a finite sequence. Thene A' if and only if
lenp=iandrngp C A

(5) LetAbe a setj be a natural number, arglbe a finite sequence of elements/of Then
p e A'ifand only if lenp=i.

(6) For every sef and for every natural numbeholdsA' C A*.

(7) For every sef and for every natural numbéeholdsi # 0 andA = 0 iff A' = 0.
(8) For all setsA, x holdsx € Al iff there exists a sed such that € A andx = (a).
(9) For all setsA, asuch thata) € Al holdsa c A.

(10) For all sets, x holdsx € A? iff there exist sets, b such thata € Aandb € Aandx = (a,
b).

(11) For all sets\, a, b such thata,b) € A holdsa € Aandb € A.
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(12) For all setg\, x holdsx € A® iff there exist sets, b, c such thaic Aandb € Aandce A
andx= (a,b,c).

(13) For all set#\, a, b, ¢ such thata,b,c) € A> holdsac Aandb € Aandc € A.

Let Sbe a non empty many sorted signature anddliée an algebra oves. We say tha#\ is
empty if and only if:

(Def. 3E] The sorts ofA are empty yielding.

Let Sbe a non empty many sorted signature. Note that every algebr&exrech is non-empty
is also non empty.

Let Sbe a non empty non void many sorted signature any le¢ a non-empty many sorted set
indexed by the carrier @& Observe that FréX) is disjoint valued.

Let Sbe a non empty non void many sorted signature. One can check that there exists an algebra
overSwhich is strict, non-empty, and disjoint valued.

Let Sbe a non empty non void many sorted signature and et a non empty algebra ovEr
Observe that the sorts éfis non empty yielding.

Let us observe that there exists a function which is non empty yielding.

2. SIGNATURE OF A CATEGORY

Let A be a set. The functor CatSigh) yielding a strict many sorted signature is defined by the
conditions (Def. 5).

(Def. Sﬂi) The carrier of CatSigfA) = [ {0}, A?],
(i)  the operation symbols of CatSigh) = [ {1}, AL]JU[ {2}, A%],
(i)  for every seta such that € A holds (the arity of CatSigih\)) ({1, (a))) = 0 and (the result
sort of CatSigifA))((1, (a))) = (0, (a,a)}, and

(iv) for all setsa, b, c such thata € A andb € Aandc € A holds (the arity of CatSigif\)) ({2,
(a,b,c))) = ((0, (b,c)), (0, (a,b))) and (the result sort of CatSigh))((2, (a,b,c))) = (0,
(a,c)).

Let Abe a set. One can verify that CatS{én is feasible.

Let Abe a non empty set. One can verify that Cat&gns non empty and non void.
Instead of a feasible many sorted signature we will use a signature.

Let Sbe a signature. We say thats categorial if and only if:

(Def. 6) There exists a sétsuch that CatSigm\) is a subsignature @and the carrier o6= [: {0},
A2,

One can verify that every non empty signature which is categorial is also non void.
One can verify that there exists a signature which is categorial, non empty, and strict.
A cat-signature is a categorial signature.

Let A be a set. A signature is called a cat-signatura of

(Def. 7) CatSigiA) is a subsignature of it and the carrier oft: {0}, A%].
One can prove the following proposition

(14) For all set#\;, Ay and for every cat-signatuigof A; such thatSis a cat-signature o,
holdsA; = Ao.

Let A be a set. Note that every cat-sighaturé\a$ categorial.

Let Abe a non empty set. Observe that every cat-signatuaohon empty.

Let A be a set. Observe that there exists a cat-signatutendfich is strict.

Let Abe a set. Then CatSigh) is a strict cat-signature @.

Let Sbe a many sorted signature. The functor undeslisydefined by the condition (Def. 8).

1 The definition (Def. 2) has been removed.
2 The definition (Def. 4) has been removed.
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(Def. 8) Letx be a set. Thex € underlays if and only if there exists a set and there exists a
function f such that{a, f) € (the carrier ofS) U (the operation symbols &) andx € rngf.

One can prove the following proposition
(15) For every sef holds underlay CatSigA) = A.

Let She a many sorted signature. We say ®atd-concrete if and only if the condition (Def. 9)
is satisfied.

(Def. 9) There exists a functiohfrom N into N such that

(i) forevery sessuch thas e the carrier ofSthere exists a natural numbieand there exists a
finite sequence such thas= (i, p) and lerp= f(i) and[: {i}, (underlays)"() ] C the carrier
of S and

(i) for every seto such thato € the operation symbols db there exists a natural num-
beri and there exists a finite sequengesuch thato = (i, p) and lerp = f(i) and [ {i},
(underlays)'() ] C the operation symbols &

Let A be a set. One can verify that CatS{é is d-concrete.

One can check that there exists a cat-signature whidft@crete, non empty, and strict. L&t
be a set. One can verify that there exists a cat-signatubendfich isd-concrete and strict.

We now state four propositions:

(16) LetSbe ad-concrete many sorted signature atloe a set. Supposec the carrier ofSor
X € the operation symbols & Then there exists a natural numbhemnd there exists a finite
sequence such tha = (i, p) and rngp C underlays.

(17) LetSbe ad-concrete many sorted signaturehe a set, ang;, p2 be finite sequences.
Suppose that

() (i, p1) € the carrier ofSand(i, p2) € the carrier ofS, or
(i) (i, p1) € the operation symbols &and(i, p2) € the operation symbols &
Then lenp; = lenpy.

(18) LetSbe ad-concrete many sorted signaturége a set, ang;, p; be finite sequences such
that lenp, = lenp; and rngp, C underlayS. Then

(i) if (i, p1) € the carrier ofS, then(i, p2) € the carrier ofS, and
(i) if (i, p1) € the operation symbols @, then(i, p,) € the operation symbols &

(19) Everyd-concrete categorial non empty signat@is a cat-signature of underl&y

3. SYMBOLS OF CATEGORIAL SIGNATURES

Let Sbe a non empty cat-signature andddte a sort symbol 0. Observe thas; is relation-like
and function-like.

Let Sbhe a non empty-concrete many sorted signature andslbe a sort symbol o6. Observe
thats; is relation-like and function-like.

Let Sbe a non voib-concrete many sorted signature andddte an element of the operation
symbols ofS. One can check tha is relation-like and function-like.

Let Sbe a non empty cat-signature and ¢die a sort symbol o6 Observe thas; is finite
sequence-like.

Let Sbe a non emptg-concrete many sorted signature andslbe a sort symbol of. One can
verify thats; is finite sequence-like.

Let Sbe a non voib-concrete many sorted signature andddte an element of the operation
symbols ofS. Observe thab; is finite sequence-like.

Letabe a set. The functor idsyais defined by:

(Def. 10) idsyma= (1, (a)).
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Letb be a set. The functor homsymb) is defined as follows:
(Def. 11) homsynfia,b) = (0, (a,b)).
Let c be a set. The functor compsyayb,c) is defined as follows:
(Def. 12) compsyra,b,c) = (2, (a,b,c)).
The following proposition is true
(20) LetAbe a non empty se§be a cat-signature &, anda be an element oA. Then

(i) idsyma € the operation symbols @& and

(i) for every elemenb of A holds homsyr(a, b) € the carrier ofSand for every elemert of
A holds compsyrta, b, ¢) € the operation symbols &

Let A be a non empty set and latbe an element oA. Then idsyna is an operation symbol of
CatSigr{A). Letb be an element oA. Then homsyrta,b) is a sort symbol of CatSigh). Letc be
an element oA. Then compsyrta, b, c) is an operation symbol of CatSigh).

Next we state several propositions:

(21) For all sets, b such that idsym = idsymb holdsa = b.

(22) For all setsy, by, ap, by such that homsy(as,a2) = homsynibs, by) holdsa; = by and
ap = bz.

(23) Forallsetsy, by, a, by, as, bs such that compsyfay , ap,a3) = compsyntbs, by, bz) holds
a; = by anday = by andag = bs.

(24) LetAbe a non empty se§be a cat-signature &, andsbe a sort symbol o6 Then there
exist elements, b of A such thas = homsynia,b).

(25) For every non empty sétand for every operation symbolof CatSigr{A) holdso; =1
and ler{op) =1 oro; = 2 and lerjoy) = 3.

(26) LetA be a non empty set anal be an operation symbol of CatSigh). If op =1 or
len(o,) = 1, then there exists an elemembf A such thab = idsyma.

(27) LetA be a non empty set anol be an operation symbol of CatSigh). If o =2 or
len(oz) = 3, then there exist elemengsb, ¢ of A such thab = compsynia, b, c).

(28) For every non empty sétand for every elemerg of A holds Arity(idsyma) = 0 and the
result sort of idsyna = homsynia, a).

(29) For every non empty sétand for all elementa, b, c of A holds Arity(compsynia,b,c)) =
(homsynib, c),homsynia, b)) and the result sort of compsymb, c) = homsyn{a,c).

4. S GNATURE HOMOMORPHISM GENERATED BY A FUNCTOR

LetCy, C, be categories and |€tbe a functor fronC,; to C,. The functorYg yields a function from
the carrier of CatSigfthe objects o€;) into the carrier of CatSigithe objects o€;) and is defined
by:

(Def. 13) For every sort symbalof CatSigrithe objects oC;) holdsYg(s) = (0, ObjF - s,).

The functorPe yields a function from the operation symbols of Cat$the objects o€,) into the
operation symbols of CatSigtie objects 0€;) and is defined as follows:

(Def. 14) For every operation symbobf CatSigrithe objects 0€;) holdsWg (0) = {01, ObjF - 0z).

The following propositions are true:
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(30) For all categorie€;, C, and for every functoF from C; to C, and for all objects, b of
C; holdsYg (homsynia, b)) = homsyniF (a),F(b)).

(31) For all categorie€;, C, and for every functoF from C; to C; and for every objech of C;
holdsWr (idsyma) = idsymF (a).

(32) LetCqy, C;, be categories; be a functor fronC, to Cy, anda, b, ¢ be objects of;. Then
We (compsynta, b, ¢)) = compsyniF (a), F (b), F (c)).

(33) LetCq, Cy be categories arfd be a functor fronC; to C,. ThenYg andWg form morphism
between CatSigithe objects o€;) and CatSigfthe objects of;).

5. ALGEBRA OF MORPHISMS
One can prove the following proposition

(34) For every non empty s€tand for every algebra over CatSigfC) and for every element
aof C holds Arggidsyma, A) = {0}.

The schem€atAlgExdeals with non empty set8, B, a binary functorf yielding a set, a 5-ary
functor G yielding a set, and a unary functéf yielding a set, and states that:
There exists a strict algebfaover CatSigi4) such that
(i) for all elementsa, b of 4 holds (the sorts of\)(homsynia,b)) = ¥ (a,h),
(i) for every element of 4 holds(Den(idsyma, A))(0) = # (a), and
(iii)  forall elementsa, b, c of 2 and for all element$, g of B such thatf € 7 (a,b)
andg € ¥ (b, c) holds(Den(compsynfa,b,c),A))({(g, f}) = G(a,b,c,g, f)
provided the parameters satisfy the following conditions:
e For all elements, b of 4 holds ¥ (a,b) C B,
e For every elemerd of 4 holds# (a) € ¥ (a,a), and
e For all elements, b, c of 4 and for all elements, g of B such thatf € 7 (a,b) and
ge F(b,c) holdsG(a,b,c,g, f) € F(a,c).
Let C be a category. The functor MSAIG) yields a strict algebra over CatSighe objects of
C) and is defined by the conditions (Def. 15).

(Def. 15)(i)  For all objects, b of C holds (the sorts of MSAIL)) (homsynia, b)) = hom(a, b),
(i) for every objecta of C holds(Den(idsyma, MSAIg(C)))(0) = id,, and
(iii)  for all objectsa, b, c of C and for all morphismg, g of C such that donfi = aand codf =b
and dong = b and cody = ¢ holds(Den(compsynta, b, c), MSAIg(C)))({(g, f)) =g- f.

Next we state two propositions:

(36 For every categonA and for every object of A holds Resultidsyma, MSAIg(A)) =
hom(a, a).

(37) Forevery categoriand for all objects, b, c of Aholds Arggcompsynfa, b, c), MSAIg(A)) =
[1(hom(b,c),hom(a,b)) and Resultcompsynta, b, c), MSAIg(A)) = hom(a, c).

Let C be a category. Observe that MSAR) is disjoint valued and feasible.
The following propositions are true:

(88) Let Ci, Cp, be categories andF be a functor from C; to Co,. Then

F lthe carrier ofCatSigrithe objects oc;)th€ sorts of MSAIGCy) is a many sorted function from
MSAIg(Cy) into MSAIg(C2) [ v; we) CatSigrithe objects oCy ).

(39) Let C be a category,a, b, c be objects ofC, and x be a set. Thenx €
Args(compsynia, b, c), MSAIg(C)) if and only if there exist morphismg, f of C such that
x= (g, f) and dont = aand codf = b and domg=band codj=c.

3 The proposition (35) has been removed.
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(40) LetC4, C, be categoriesk be a functor fromC; to Cp, a, b, ¢ be objects ofC;, and
f, g be morphisms ofZ;. Supposef € hom(a,b) and g € hom(b,c). Let x be an ele-
ment of Arggcompsynfa, b, c), MSAIg(C1)). Supposex= (g, f). Let H be a many sorted
function from MSAIgC,) into MSAIQ(C) [ v; ;) CatSigrithe objects ofCy). Suppose
H=F rthe carrier of CatSigrithe objects oCl)the sorts of MSA@C]_). ThenH#x = <F (g)’ F (f)>

(42@ Let C be a categoryg, b, ¢ be objects o€, andf, g be morphisms of. If f € hom(a,b)
andg € hom(b, c), then(Den(compsynta, b, c), MSAIg(C)))({(g, f)) =g- f.
(43) LetC be a categorya, b, c, d be objects ofC, and f, g, h be morphisms oC. Sup-
pose f € hom(a,b) and g € hom(b,c) and h € hom(c,d). Then (Den(compsynta,c,d),
MSAIg(C)))((h, (Den(compsynta, b, c), MSAIg(C)))((g, f)))) = (Den(compsynta, b,d), MSAIg(C))) (((Den(comp
MSAIg(C)))((h,g)), ).
(44) Let C be a category,a, b be objects of C, and f be a morphism of

C. If f € hom(a,b), then (Den(compsynta,b,b), MSAIg(C)))({idp, f)) = f and
(Den(compsynia, a,b), MSAIg(C)))((f,ida)) = f.

(45) LetCy, C, be categories anid be a functor fronC; to Cp. Then there exists a many sorted
functionH from MSAIg(Cy) into MSAIG(C2) [ v; ) CatSigrithe objects 0€;) such that

(i) H=F rthe carrier ofCatSigr{the objects oCl)the sorts of MSA|QC1), and
(i) His ahomomorphism of MSAIE:) into MSAIG(C2) [ v; ) CatSigrithe objects o€).
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