JOURNAL OF FORMALIZED MATHEMATICS
Volume6,  Released 1994,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Categorial Categories and Slice Categories

Grzegorz Bancerek
Institute of Mathematics
Polish Academy of Sciences

Summary. By categorial categories we mean categories with categories as objects
and morphisms of the fornCy1,Cy,F), whereC; andC, are categories anfl is a functor
fromCy into Co.

MML Identifier: CAT_5.
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The articles[[10],[[6],[[13],[11],10],[14],12],13],17],[[12],[15],14],[18], and 1] provide the notation
and terminology for this paper.

1. CATEGORIES WITHTRIPLE-LIKE MORPHISMS

Let D1, D2, D be non empty sets and bebe an element df: D1, D2, DJ. Thenxy i is an element
of D;. Thenxy  is an element oD>.
Let D4, D, be non empty sets and bebe an element dfD1, D, ]. Thenx, is an element oD,.
The following proposition is true

(1) LetC, D be category structures. Suppose the category struct@e-ahe category struc-
ture ofD. If C is category-like, the is category-like.

LetI; be a category structure. We say thahas triple-like morphisms if and only if:
(Def. 1) For every morphisnf of |1 there exists a setsuch thatf = ({domf, codf}, x}.

Let us observe that there exists a strict category which has triple-like morphisms.
One can prove the following proposition

(2) LetC be a category structure with triple-like morphisms &nide a morphism o€. Then
domf = f1; and codf = f, andf = ({domf, codf), f).

Let C be a category structure with triple-like morphisms andfléte a morphism o€. Then
f1 1 is an object oC. Thenfy > is an object ofC.
In this article we present several logical schemes. The sclkatiexdeals with non empty sets
A4, B, a binary functorf yielding a set, and a ternary predicateand states that:
There exists a strict categoBywith triple-like morphisms such that
(i) theobjectsofc =4,
(i) for all elementsa, b of 4 and for every element of B such that?[a,b, f]
holds{(a, b), f) is a morphism o€,
(iii)  for every morphismm of C there exist elements b of 4 and there exists an
elementf of B such thamm= ((a, b), f) and®?[a,b, f], and
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(iv)  for all morphismsmy, m, of C and for all elementsy, ap, ag of 4 and for
all elementsf,, f, of B such thatm = ({as, ap), f1) andm, = ({ap, ag), f») holds
My -My = ((ala &’)); }—(fZ; fl))
provided the parameters have the following properties:
e For all elements, b, c of 4 and for all elementd, g of B such thatP[a, b, f] and
P[b,c,g] holds ¥ (g, f) € Band?P[a,c, F(g, f)],
e Letabe an element ofl. Then there exists an elemehbf B such that
@i Plaa f],and
(i) for every elemenb of 4 and for every elemerg of B holds if P[a, b, g], then
F(g,f)=gandif P[b,a,qg, then¥F (f,g) =g,
and
e Leta, b, c,dbeelementsofl andf, g, hbe elements oB. If P[a,b, f] and?[b,c, ]
and[c,d,h], then (h, 7 (g, ) = F (¥ (h,g), f).
The schem&atUnigdeals with non empty set&, B, a binary functorf yielding a set, and a
ternary predicateP, and states that:
Let Cy, C; be strict categories with triple-like morphisms. Suppose that the objects
of C; = A4 and for all elements, b of 4 and for every element of B such that
Pla,b, f] holds ((a, b), f) is a morphism ofC; and for every morphisnm of C;
there exist elements b of 4 and there exists an elemehbdf B such thaim = ({a,
b), f) and®P[a,b, f] and for all morphismsn, m, of C; and for all elementay, ay,
az of 4 and for all elementd;, f, of B such thatmy = ((a1, a2), f1) andm, = ((az,
az), f2) holdsm,-my = ((a1, az), F (f2, f1)) and the objects df, = 4 and for all
elements, b of 4 and for every elemerit of B such thatP[a, b, f] holds((a, b), f)
is a morphism of, and for every morphismm of C, there exist elements b of 4
and there exists an elemehbf B such tham= {{a, b), f) andP[a,b, f] and for all
morphismsam, mp of C; and for all elementa;y, ap, ag of 2 and for all elementd;,
fy of B such thatmy = ({ay, ap), f1) andmy = ({ag, ag), f2) holdsmy - my = ((au,
a3), f(fz, fl)) ThenCl =G
provided the parameters have the following property:
e Letabe an element ofl. Then there exists an elemehbf B such that
() P[aa f],and
(i) for every elemenb of 4 and for every elemerg of B holds if P[a, b, g], then
F(g,f)=gandifP[b,a,g], thenF(f,g) =0.
The schemé&unctorExdeals with categoried, B, a unary functorf yielding an object ofB,
and a unary functog yielding a set, and states that:
There exists a functdf from 4 to B such that for every morphisrh of 2 holds
F(f)=g(f)
provided the following conditions are met:
e Let f be a morphism ofd. ThenG(f) is a morphism ofB and for every morphism
g of B such thag = G(f) holds dong = 7 (domf) and cody = ¥ (codf),
e For every object of 4 holds G (ida) = idg (), and
e For all morphismd, f of 2 and for all morphismgs, gz of B such that; = G(f1)
andgz = G(f2) and domf, = codfy holdsG(fz- f1) =02 01.
We now state two propositions:

(3) LetC; be a category an@; be a subcategory @;. SupposeC; is a subcategory dofs.
Then the category structure ©f = the category structure @b.

(4) For every categor¢ and for every subcategofy of C holds every subcategory &f is a
subcategory of.

LetCy, C, be categories. Let us assume that there exists a cat€gargh thatC; is a subcate-
gory of C andC; is a subcategory d. And let us assume that there exists an objeaif C; such
thato; is an object ofC,. The functotC; NC, yielding a strict category is defined by the conditions
(Def. 2).
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(Def. 2)(i) The objects o€ NCy = (the objects o) N (the objects o),
(i)  the morphisms o1 NCy = (the morphisms o€;) N (the morphisms of,),
(i)  the dom-map ofC; NC, = (the dom-map o€;)[(the morphisms of,),
(iv) the cod-map o, NC;, = (the cod-map o€;) [(the morphisms oEy),
(v) the composition of2; NCy = (the composition ofS;) [[: the morphisms o€,, the mor-
phisms ofC; ], and
(vi) theid-map ofC; NC, = (the id-map ofC;) [(the objects o).

In the sequeC is a category an@;, C, are subcategories &f
One can prove the following propositions:

(5) If the objects of2; meets the objects @, thenC;NCy = CoNCy.
(6) Suppose the objects Gf meets the objects &. ThenC; NC; is a subcategory af; and
C1NCyis a subcategory df,.

Let C, D be categories and I&t be a functor fronC to D. The functor InF yielding a strict
subcategory ob is defined by the conditions (Def. 3).
(Def. 3)()) The objects of IFF = rng ObjF,
(i)  rngF C the morphisms of Irk, and
(i)  for every subcategonE of D such that the objects d& = rngObjF and rng- C the
morphisms ok holds ImF is a subcategory dt.
The following three propositions are true:

(7) LetC, D be categoriesk be a subcategory dd, andF be a functor fromC to D. If
rngF C the morphisms oE, thenF is a functor fromC to E.

(8) For all categorie€, D holds every functoF from C to D is a functor fromC to ImF.

(9) LetC, D be categoried; be a subcategory @, F be a functor fronC to E, andG be a
functor fromCto D. If F = G, then ImF =ImG.

2. CATEGORIAL CATEGORIES

Letl; be a set. We say thét is categorial if and only if:
(Def. 4) For every set such thaix € I1 holdsx is a category.

One can verify that there exists a non empty set which is categoriaX beta non empty set.
Let us observe thaX is categorial if and only if:

(Def.5) Every element oX is a category.

Let X be a non empty categorial set. We see that the elemefiié category.
LetC be a category. We say thats categorial if and only if the conditions (Def. 6) are satisfied.

(Def. 6)()) The objects of are categorial,
(i) for every objecta of C and for every categorf such thag = A holds id, = ({A, A), ida),
(i) for every morphismm of C and for all categorie, B such thatA = dommandB = codm
there exists a functdf from Ato B such tham= ((A, B), F), and
(iv) for all morphismsm, mp of C and for all categories, B, C and for every functoF from
Ato B and for every functo6 from B to C such thatmy = ((A, B), F) andm, = ((B, C), G)
holdsm,-m; = ({(A,C), G-F).
Let us note that every category which is categorial has also triple-like morphisms.
Next we state two propositions:



CATEGORIAL CATEGORIES AND SLICE CATEGORIES 4

(10) LetC, D be categories. Suppose the category structu@-ethe category structure @.
If Cis categorial, theiD is categorial.

(11) For every categor@ holdsO(C, {{C, C}, idc)) is categorial.

Let us observe that there exists a strict category which is categorial.
Next we state two propositions:

(12) For every categorial categd@yholds every object of is a category.

(13) For every categorial catego@/and for every morphisni of C holds donmf = f;; and
codf = fq .

LetC be a categorial category and fatbe a morphism of. Thenmy 1 is a category. Theny »
is a category.
We now state the proposition

(14) LetCqy, C, be categorial categories. Suppose the objec® of the objects o, and the
morphisms ofC; = the morphisms o€;. Then the category structure 6f = the category
structure ofCo.

LetC be a categorial category. One can verify that every subcateg@ysofategorial.
The following proposition is true

(15) LetC, D be categorial categories. Suppose the morphisngs ©fthe morphisms oD.
ThenC is a subcategory db.

Let a be a set. Let us assume tlais a category. The functor catyields a category and is
defined as follows:

(Def. 7) can=a.

The following proposition is true
(16) For every categorial categd@yand for every objeat of C holds cat = c.

LetC be a categorial category and labe a morphism of. Thenny, is a functor from catdom
to catcodn.
Next we state two propositions:
(17) LetX be a categorial non empty set aridhe a non empty set. Suppose that

(i) for all elementsA, B, C of X and for every functoF from A to B and for every functo
fromBtoC such thaF € Y andG €Y holdsG-F €Y, and

(i) for every elemen® of X holds idh € Y.
Then there exists a strict categorial categdrsuch that
(iii)  the objects ofC = X, and
(iv) for all elementsA, B of X and for every functoF from A to B holds {((A, B), F) is a
morphism ofC iff F €Y.
(18) LetX be a categorial non empty s&tbe a non empty set, ari@i, C, be strict categorial
categories. Suppose that
(i) the objects ofZ; = X,

(i) for all elementsA, B of X and for every functoF from A to B holds {((A, B),F) is a
morphism ofC; iff F €,

(i)  the objects ofC, = X, and

(iv) for all elementsA, B of X and for every functoF from A to B holds ((A, B), F) is a
morphism ofC; iff F €Y.

ThenCy = Cos.
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Let I; be a categorial category. We say thais full if and only if the condition (Def. 8) is
satisfied.

(Def. 8) Leta, b be categories. Supposes an object ofl; andb is an object ofl;. LetF be a
functor fromato b. Then{(a, b), F) is a morphism of;.

Let us note that there exists a categorial strict category which is full.
The following four propositions are true:

(19) LetCy, C, be full categorial categories. Suppose the objectS;of the objects ofC;.
Then the category structure ©f = the category structure @b.

(20) For every categorial non empty sethere exists a full categorial strict categdysuch
that the objects of = A.

(21) LetC be a categorial category amrbe a full categorial category. Suppose the objects of
C C the objects oD. ThenC is a subcategory db.

(22) LetC be a categonpi, D, be categorial categorieB; be a functor fronC to D4, andF,
be a functor fronC to D,. If F; = F, then ImF, = ImF.

3. SLICE CATEGORIES

Let C be a category and let be an object of. The functor Honfo) yielding a subset of the
morphisms ofC is defined as follows:

(Def. 9) Hon{o) = (the cod-map o€)~*({o}).
The functor honfo, ) yields a subset of the morphisms®#fnd is defined by:
(Def. 10) honfo,d) = (the dom-map o€)~*({o}).
Let C be a category and lei be an object ofC. Observe that Hoifo) is non empty and
hom(o,0) is non empty.
Next we state several propositions:

(23) For every categor¢ and for every objeca of C and for every morphisni of C holds
f € Hom(a) iff cod f = a.

(24) For every categor¢ and for every objeca of C and for every morphisni of C holds
f € homa,0) iffdomf =a.
(25) For every categor@ and for all objects, b of C holds honfa, b) = hom(a, ) "Hom(b).

(26) For every categor¢ and for every morphisnf of C holds f € homdomf,[0) and f €
Hom(codf).

(27) For every categoryC and for every morphismf of C and for every elemeng of
Hom(domf) holds f - g € Hom(codf).

(28) For every categoryC and for every morphismf of C and for every elemeng of
hom(codf,) holdsg- f € hom(domf,).
LetC be a category and letbe an object o€. The functor SliceC4C, o) yields a strict category
with triple-like morphisms and is defined by the conditions (Def. 11).
(Def. 11)(i) The objects of SliceC@,0) = Hom(0),
(i) for all elementsa, b of Hom(o) and for every morphisni of C such that dorb = codf
anda=b- f holds((a, b), f) is a morphism of SliceC&E, 0),
(iiiy  for every morphismm of SliceCafC, o) there exist elements, b of Hom(o) and there
exists a morphisnf of C such tham= ((a, b}, f) and donb = codf anda=Db- f, and
(iv) for all morphismsmy, m, of SliceCafC, 0) and for all elementsy, a,, az of Hom(o) and
for all morphismsfy, f, of C such thatm = {{a1, &), f1) andm, = ({ap, as), f») holds
mp-my = ((ay, ag), f2- f1).
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The functor SliceC4b,C) yielding a strict category with triple-like morphisms is defined by the
conditions (Def. 12).

(Def. 12)(i) The objects of SliceC@t,C) = hom(o,0),
(i) for all elementsa, b of hom(o, ) and for every morphisnfi of C such that donfi = coda
andf-a=bholds{(a, b), f) is a morphism of SliceCét,C),

(iiiy  for every morphismm of SliceCato,C) there exist elemenis, b of hom(o,J) and there
exists a morphisni of C such tham= {(a, b}, f) and domf = codaandf-a=b, and

(iv)  for all morphismsmy, mp of SliceCato,C) and for all elementsy, az, ag of hom(o,J)
and for all morphismd;, f» of C such thatm = ((a1, a2), f1) andmp = ((ap, ag), f2) holds
mp-my = ((ag, ag), f2- f1).

LetC be a category, lat be an object o€, and letm be a morphism of SliceC@,0). Thenm,

is a morphism o€. Thenmy ; is an element of Hotfo). Thenm » is an element of Hoifo).
The following two propositions are true:

(29) LetC be a categorya be an object o2, andm be a morphism of SliceC@Z,a). Then
m= ({my1, M ), M) and donimy ») = cod(my) andmy 1 = my > - My and donm=my ; and
codm=my».

(30) LetC be a category be an object o€, f be an element of Hofw), anda be an object of
SliceCatC,0). If a= f, thenid, = {(a, &), iddomf)-

LetC be a category, let be an object o€, and letmbe a morphism of SliceCgat,C). Thenm,
is a morphism o€. Thenmy ; is an element of ho(o, ). Thenmy » is an element of holo, ).
One can prove the following two propositions:

(31) LetC be a categorya be an object o, andm be a morphism of SliceC@,C). Then
m= {({mMy,1, My 2), M) and donfimy) = cod(my 1) andm, - My 1 = My » and domm=m ; and
codm=my ».

(32) LetC be a category be an object o€, f be an element of hofn,J), anda be an object
of SliceCato,C). If a= f, thenid, = ({a, &), idcodt )-

4, FUNCTORSBETWEEN SLICE CATEGORIES

Let C be a category and Idt be a morphism o€. The functor SliceFunct¢f) yields a functor
from SliceCafC,domf) to SliceCatC,codf) and is defined by:

(Def. 13)  For every morphism of SliceCafC,domf) holds(SliceFunctoff))(m) = ((f-my 1, f-
ml,2)7 m2)

The functor SliceContraFunctdh) yielding a functor from SliceCétodf,C) to SliceCatdomf,C)
is defined by:

(Def. 14) For every morphism of SliceCatcodf,C) holds(SliceContraFunctdif))(m) = ({m 1 -
f,mz-f), mp).

Next we state two propositions:

(33) For every categor€ and for all morphismsf, g of C such that dorg = codf holds
SliceFunctofg- f) = SliceFunctofg) - SliceFunctoff).

(34) For every categor€ and for all morphismsf, g of C such that dorg = codf holds
SliceContraFunctdg- f) = SliceContraFunctdf ) - SliceContraFunctdg).
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