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Summary. This article contains basic ordinal topology: closed unbounded and sta-
tionary sets and necessary theorems about them, completness of the centered system of Clubs
of M, Mahlo and strongly Mahlo cardinals, the proof that (strongly) Mahlo is (strongly) inac-
cessible, and the proof that Rank of strongly inaccessible is a model of ZF.

MML Identifier: CARD_LAR.

WWW: http://mizar.org/JEM/Voll2/card_lar.html

The articlesl[15],[[11],[[17],[16]/[19] [ 17]/19]114] [112] [3] [110] . [4] [ 11] [16],[18] [18],[15],[{13],
and [2] provide the notation and terminology for this paper.

1. CLuBSs AND MAHLO CARDINALS

Let Sbe a set, leK be a set, and leéf be a subset d& ThenXNY is a subset of.

Let us note that every ordinal number which is cardinal and infinite is also limit.

Let us observe that every ordinal number which is non empty and limit is also infinite.

One can check that every aleph which is non limit is also non countable.

Let us observe that there exists an aleph which is regular and non countable.

We adopt the following conventiomd, B denote limit infinite ordinal number®, By, B3, C
denote ordinal numbers, adddenotes a set.

Let us consideA, X. We say thaKX is unbounded irA if and only if:

(Def.1) XCAandsuX =A.
We say thak is closed inA if and only if:
(Def. 2) X C Aand for everyB such thaB € A holds if sugX N B) = B, thenB € X.
Let us consideA, X. We say thaK is club inAif and only if:
(Def. 3) Xis closed inAandX is unbounded irA.

In the sequeK denotes a subset Bt
Let us consideA, X. We say thaK is unbounded if and only if:

(Def. 4) suX =A

We introduceX is bounded as an antonym Xfis unbounded. We say th&tis closed if and only
if:

(Def. 5) For everyB such thaB € A holds if sugX NB) = B, thenB € X.

The following propositions are true:

1 © Association of Mizar Users


http://mizar.org/JFM/Vol12/card_lar.html

MAHLO AND INACCESSIBLE CARDINALS 2

@[] Xis clubinAiff X is closed and unbounded.
(3) X CsupX.

(4) Suppos« is non empty and for ever; such thaB; € X there exist8, such thaB, € X
andB; € B,. Then suX is limit infinite ordinal number.

(5) X is bounded iff there exist®; such thaB; € AandX C Bj.

(6) If sup(XNB) # B, then there existB; such thaB; € BandXNB C B;.

(7) Xis unbounded iff for ever; such thaB; € Athere exist€ such thaC € X andB; CC.
(8) If X is unbounded, theK is non empty.

(9) If X'is unbounded anB; € A, then there exists an elemeBy of A such thaBs € {By; B,
ranges over elements Af B, € X A By € By}.

Let us consideA, X, B;. Let us assume thaf is unbounded. And let us assume tBatc A.
The functor LBoundB;, X) yields an element oX and is defined by:

(Def. 6) LBoundBgi,X) =inf{By; B, ranges over elements &f B, € X A By € By}.
The following propositions are true:
(10) If X is unbounded anB; € A, then LBoundB1,X) € X andB; € LBound(By, X).

(11) Qais closed and unbounded.

Let Abe a set, leX be a subset of, and letY be a set. TheX\ Y is a subset oA.
We now state two propositions:

(12) If By € AandX is closed and unbounded, th¥n Bs is closed and unbounded.
(13) IfB; € A, thenA\ By is closed and unbounded.
Let us consideA, X. We say thaK is stationary if and only if:
(Def. 7) For every subsat of A such thaty is closed and unbounded hold$VY is non empty.
Next we state the proposition
(14) For all subsetX, Y of A such thaiX is stationary an& C Y holdsY is stationary.
Let us consideA and letX be a set. We say that is stationary imA if and only if:

(Def. 8) X C Aand for every subsét of A such that is closed and unbounded holE$1Y is non
empty.

One can prove the following proposition

(15) For all set, Y such thaiX is stationary inA andX CY andY C A holdsY is stationary
in A

Let X be a set and I be a family of subsets of. We see that the element 8is a subset of
X.
The following proposition is true

(16) If X is stationary, theix is unbounded.

Let us consideA, X. The functor limpointX yielding a subset oA is defined by:

1 The proposition (1) has been removed.
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(Def. 9) limpointsX = {B1;B; ranges over elements Af B, is infinite and limitA supfXNB;) =
B:1}.

The following four propositions are true:
(17) If XN B3 C By, thenBzNlimpointsX C sucd;.
(18) If X C By, then limpointsX C sucd;.
(19) limpointsX is closed.

(20) Suppos is unbounded and limpoinkis bounded. Then there exifg such thaB; € A
and{sucdy; B, ranges over elements &f B, € X A By € sucd,} is club inA.

In the sequeM is a non countable aleph axdis a subset oM.

Let us consideM. One can check that there exists an elementoivhich is cardinal and
infinite.

In the sequeN denotes a cardinal infinite elementidf

Next we state several propositions:

(21) For every alepM and for every subsét of M such thai is unbounded holds &4 < X.

(22) For every familyS of subsets oM such that every element &is closed hold§\S is
closed.

(23) If Og < cfM, then for every functiorf from N into X holds suprng € M.

(24) Supposélg < cfM. Let Sbe a non empty family of subsets bf. If S<cfMand every
element ofSis closed and unbounded, thgrSis closed and unbounded.

(25) If Op < cfM andX is unbounded, then for eveBs such thaB; € M there exist8 such
thatB € M andB; € B andB € limpointsX.

(26) If Og < cfM andX is unbounded, then limpoinkis unbounded.
Let us consideM. We say thaM is Mahlo if and only if:
(Def. 10) {N: Nis regulat is stationary inM.

We introduceM is Mahlo as a synonym dfl is Mahlo. We say tha¥l is strongly Mabhlo if and only
if:

(Def. 11) {N: Nis strongly inaccessibleis stationary irM.

We introduceM is strongly Mahlo as a synonym M is strongly Mahlo.
One can prove the following propositions:

(27) If M is strongly Mahlo, thetM is Mahlo.

(28) If M is Mahlo, thenM is regular.

(29) If M is Mahlo, therM is limit.

(30) If M is Mahlo, thenM is inaccessible.

(81) If Mis strongly Mahlo, theiM is strong limit.

(832) If M is strongly Mahlo, theiM is strongly inaccessible.
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2. PROOF THAT STRONGLY INACCESSIBLE ISMODEL OFZF

We follow the rulesAis an ordinal numbel, y are sets, an¥, Y are sets.
Next we state several propositions:

(33) Suppose that for everysuch that € X there existy such thaty € X andx C y andy is a
cardinal number. Thep X is a cardinal number.

(34) Forevery alepM such thatX < cfM and for everyy such thaty € X holdsY < M holds
UXeM.

(35) If Mis strongly inaccessible amle M, thenR:A <M.

(36) If M is strongly inaccessible, theﬁa:M: M.
(37) If M is strongly inaccessible, thdRy is a Tarski class.

(38) For every non empty ordinal numb&holdsR4 is non empty.

Let A be a non empty ordinal number. Note tfgtis non empty.
We now state two propositions:

(39) If Mis strongly inaccessible, thé®y, is a universal class.

(40) If M is strongly inaccessible, thé®y, is model of ZF.
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