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Summary. Inthe first section the results 6f]18, axiom (@)]e. the correspondence
between natural and ordinal (cardinal) numbers are shown. The next section is concerned
with the concepts of infinity and cofinality (se¢€ [8]), and introduces alephs as infinite cardinal
numbers. The arithmetics of alephs, i.e. some facts about addition and multiplication, is
present in the third section. The concepts of regular and irregular alephs are introduced in the
fourth section, and the fact thalty and every non-limit cardinal number are regular is proved
there. Finally, for every aleptes andf3

28, if a <P,
aP={ Jy<a Ve, if B < cfa anda is limit cardinal

(Zy<<x VB>Cfa7 ifcfa <pB<a.

Some proofs are based on[16].

MML Identifier: CARD_5.
WWW: http://mizar.org/JFM/Vol4d/card_5.html

The articles([19],[[14],[20],[12],[121], [12][T11] TA5] 131 T23] 15] 161/ 141,141, T71,[1i7],[120],[19],
and [8] provide the notation and terminology for this paper.

1. REsSULTS OF[18, Axiom (30)]

For simplicity, we adopt the following convention:is a natural numbeA, B are ordinal numbers,
X is a set, ana, y are sets.
One can prove the following propositions:

(1) 1={0}and 2= {0,1}.
BF seg=(n+1)\{0}.
2. INFINITY, ALEPHS AND COFINALITY

We adopt the following conventiorf. is a function,K, M, N are cardinal numbers, ard, p; are
sequences of ordinal numbers.
Next we state several propositions:

@ X =Xt

1Axiom (30) — n={ke& N:k< n} for every natural numben.
2 The propositions (2)—(7) have been removed.
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(10) ye U f iff there existsx such tha € domf andy € f(x).
(11) Oaisinfinite.
(12) If Mis infinite, then there exist& such thaM = O .

(13) There exists such thatM = T or there exist#\ such that = O a.

Let us considep;. Observe thatt) p; is ordinal.
We now state a number of propositions:

(14) Suppos& C A. Then there existp; such thatp; = the canonical isomorphism between
gg and<x andp; is increasing and dogmy, = Sx and rngp; = X.

(15) If X C A, then sugX is cofinal with<y.

(16) IfX CA thenX = .
(17) There exist8 such thaB C A andA s cofinal withB.

(18) There exist such thatM < A andA is cofinal withM and for everyB such thatA is
cofinal withB holdsM C B.

(19) Ifrngp1 = rngp2 andps is increasing ang, is increasing, theip; = po.
(20) If py isincreasing, themp; is one-to-one.

(21) (p1” p2)[dompy = p;.

p— :M
(22) If X # 0, then{Y;Y ranges over elements of2Y <M} <M-X .
(23) M<2M,
Let us observe that there exists a set which is infinite and there exists a cardinal number which
is infinite.
One can verify that every set which is infinite is also non empty.

An aleph is an infinite cardinal number. Let us consiélerThe functor cM yielding a cardinal
number is defined by:

(Def. 2 M is cofinal with cfM and for everyN such thatM is cofinal withN holds ¢fM < N.

Let us consideN. The functor(a — aN)qem yielding a function yielding cardinal numbers is
defined by the conditions (Def. 3).

(Def. 3)(i) For everyx holdsx € dom((a — aN)4ewm) iff x € M andx is a cardinal number, and
(i) for everyK such thakK € M holds(a — aN)gem(K) = KN.

Let us consideA. One can check thal 4 is infinite.

3. ARITHMETICS OF ALEPHS

In the sequed, b are alephs.
The following propositions are true:

(24) There exist&\ such that = Oa.
(25) a#0anda#1anda#2anda#nandn <aanddp<a.
(26) Ifa<Mora< M,thenM is an aleph.

3 The definition (Def. 1) has been removed.
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(27) Ifa<Mora< M,thena+M =M andM+a=M anda-M =M andM-a= M.
(28) at+a=aanda-a=a.

(31f] M <wma

(32) Ya=a

Let us considea, M. Observe thaa+ M is infinite.
Let us consideM, a. One can check tha + a is infinite.
Let us consides, b. Observe thaa- b is infinite andaP is infinite.

4. REGULAR ALEPHS
Letl; be an aleph. We say thhtis regular if and only if:
(DEf. 4) Cf|1 =I;.

We introducd is irregular as an antonym of is regular.
Let us considea. Observe thaa™ is infinite and every element afis ordinal.
The following propositions are true:

34f] cf(0o) = Oo.

(35) cfla™)=ar.

(36) Op < cfa

(37) cf0=0and ch+1=1

(38) IfXgMand?<ch,then suX € M andyX € M.

(39) Ifdompis =M and rngp; € N andM < cfN, then sug; € N and{J p1 € N.

Let us considea. Observe that d is infinite.
The following three propositions are true:

(40) If cfa < a, thenais a limit cardinal number.

(41) Suppose @ < a. Then there exists a sequengeof ordinal numbers such that dom=
cfaand rng«; C a andxg is increasing ana = supx; andx; is a function yielding cardinal
numbers and @ rngx;.

(42) Ogis regular andh™ is regular.

5. INFINITE POWERS

In the sequed, b are alephs.
One can prove the following propositions:

(43) Ifa<b, thena? =2°.

(44) (at)P=al.at.

(45) y((or aP)gea) <P

(46) Ifais alimit cardinal number anid < cfa, thena® = 5 ((a + a°)qea).

(47) Ifcfa<bandb < a, thenal = (3 ((a — aP)gea))*2.

4 The propositions (29) and (30) have been removed.
5 The proposition (33) has been removed.
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