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Summary. The concept of countable sets is introduced and there are shown some
facts which deal with finite and countable sets. Besides, the article includes theorems and
lemmas on the sum and product of infinite cardinals. The most important of them is Hes-
senberg’s theorem which says that for every infinite cardiméthe productm - m is equal to
m.
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The articles[[15],[[10],[[18],[[17],[[2],.[19],.18],17],[112] [13],.[6],[14],[161,[1],[I6], [T1A],[1®], 113],
and [14] provide the notation and terminology for this paper.

For simplicity, we adopt the following rulesX, Y, x denote setd) denotes a non empty set,
m, n, Ny, Ny, N3, N, My denote natural numbera, B denote ordinal numbers, K, M, N denote
cardinal numbers, anfldenotes a function.

We now state a number of propositions:

(1) X is finite iff X is finite.

(2) Xis finite iff X < Oo.

(3) If Xisfinite, thenX € O andX € w.

(4) Xisfinite iff there exists1 such thatX = T.

(5) sucA\{A} =A

(6) If A=n,thenA=n.

(7) Aisfinite iff A€ w.

(8) Aisnotfinite iffw C A.

(9) Miisfinite iff M € Og.
(11§] M is not finite iff 0o € M.
(13E] If N is finite andM is not finite, therN < M andN < M.
(14) Xis not finite iff there exist¥ such thaty C X andY = Oo.

(15) wis not finite andN is not finite.

1 The proposition (10) has been removed.
2 The proposition (12) has been removed.
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o is not finite.

X =0iff X =0.

(19F o<m.

(20)
(21)
(22)
(23)
(24)
(25)
(26)

X =Y iff Xt =Y+,
M = N iff N* =M+,
N < M iff N* < M.
N < M* iff N <M.
0<Miff1 <M.
1< Miff2 <M.

If M is finite and ifN < M or N < M, thenN is finite.

We now state a number of propositions:

(27)
(28)
(29)
(30)
(1)
(32)
(33)
(34)
(39)
(36)
(37)
(38)
(39)
(40)
(41)

Ais a limit ordinal number iff for alB, n such thaB € A holdsB+n € A.
A+ sucan = succA+nandA+ (n+ 1) = succA+n.

There exista such thatA- succl = A+n.

If Ais a limit ordinal number, theA-succl = A.

IfwC A thenl+A=A.

If M is infinite, thenM is a limit ordinal number.

If M is not finite, therM + M = M.

If M is not finite and ifN <M or N < M, thenM +N =M andN +M = M.

If X is not finite and iX ~ Y orY =~ X, thenXUY ~ X and X UY =X.

If X is not finite andy is finite, thenXUY ~ X andXUY = X.

If X is not finite and ifY < X or Y. < ?, thenX UY ~ X andXUY = X.
For all finite cardinal numbeid, N holdsM + N is finite.

If M is not finite, therM + N is not finite andN + M is not finite.

For all finite cardinal numbeid, N holdsM - N is finite.

IfK<LandM <NorK<LandM <NorK <LandM <NorK <L andM <N, then

K+M<L+NandM+K <L-+N.

(42)

IfM<NorM<N, thenK+M<K+NandK+M <N+K andM+K <K+ N and

M+K <N+K.

Let us consideX. We say thaK is countable if and only if:

(Def. 1)

?S Oo.

The following propositions are true:

(43)

If X is finite, thenX is countable.

3 The proposition (18) has been removed.



(44)
(45)
(46)
(47)
(48)
(49)
(50)
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wis countable andl is countable.

X is countable iff there existé such that donf = N andX C rngf.
If Y C X andX is countable, theli is countable.

If X is countable anlt is countable, theXX UY is countable.

If X is countable, theiXX NY is countable and N X is countable.
If X is countable, theXX \ Y is countable.

If X is countable and is countable, theXX~Y is countable.

In the sequet is a real number.
One can prove the following proposition

(51)

r#£0orn=0iff r" #£0.

Let m, n be natural numbers. Them is a natural number.
We now state a number of propositions:

(52)
(53)
(54)
(59)
(56)
(67)
(58)
(59)
(60)
(61)

f2m.(2-m+1)=2".(2-mp+1), thenny = ny andmy = mp.

[N,N] ~NandN = [N, NJ.
Oo-0o = Oo.
If X is countable and is countable, thef X, Y ] is countable.

D!~ DandD! = D.

(D", D™] ~ D™ and D", DM] = DA,

If D is countable, the®" is countable.

If domf <M and for every such tha € domf holds f(x) <N, thenﬁ <M-N.

If X < M and for everyy such thaty € X holdsY <N, thenJX <M-N.

For everyf such that donf is countable and for evenysuch tha € domf holds f (x) is

countable holdg) f is countable.

(62) If X is countable and for evely such thaty € X holdsY is countable, thefy X is count-
able.
(63) For everyf such that donf is finite and for every such tha € domf holds f (x) is finite

holds|J f is finite.

(65§] If D is countable, the®* is countable.

(66)

Dogﬁ.

In this article we present several logical schemes. The scireaemCounldeals with a unary
functor ¥ yielding a set and a unary predicafeand states that:

{F(n): P[n]} is countable

for all values of the parameters.
The schemé&raenCounXeals with a binary functof yielding a set and a binary predicake
and states that:

{F (ny,ny) : P[ng,ny]} is countable

for all values of the parameters.

4 The proposition (64) has been removed.
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The scheméraenCoun3deals with a ternary functof yielding a set and a ternary predicate
P, and states that:

{F (ng,nz,n3) : P[ny,nz,Nn3]} is countable

for all values of the parameters.
The following propositions are true:

(67)
(68)

Oo-NM< Ogandf-Og < Oo.

IfK<LandM <NorK<LandM <NorK <LandM <NorK <L andM <N, then

K-M<L-NandM-K <L-N.

(69)
(70)

IfM<NorM<N,thenK-M<K-NandK-M <N-KandM-K <K-NandM-K <N-K.
IfK<LandM <NorK<LandM <NorK <LandM <NorK <L andM <N, then

K=0orkM <N,

(71)
(72)
(73)
(74)
(75)
(76)
(77)
(78)
(79)
(80)
(81)
(82)
(83)
(84)
(85)
(86)
(87)

IfM < NorM <N, thenK =0 orkKM < KN andMK < NX.

M<M+NandN <M-+N.

If N #0,thenM <M-NandM < N-M.

If K <LandM < N, thenK+M < L+NandM+K < L+ N.
IfK+M < K+ N, thenM < N.

FX+Y =X andY < X, thenﬁ:?.

If M is not finite, therM - M = M.

If M is not finite and if 0< N and ifN <M or N < M, thenM-N =M andN-M = M.
If M is not finite and iN <M or N < M, thenM-N <M andN-M < M.

If X is not finite, ther: X, X ~ X and [ X, X ] =X.

If X is not finite andy is finite andY # 0, then[ X, Y] ~ X andW: X.
If K <LandM < N, thenK-M <L-NandM-K < L-N.

IfK-M < K-N, thenM < N.

If X is not finite, thenX = Do-?.

If X #£ 0 andX is finite andY is not finite, theny - X =Y.

If D is not finite anch 0, thenD" ~ D and D" = D.

If D is not finite, therD = D~.
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