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Summary. We present the choice function rule in the beginning of the article. In
the main part of the article we formalize the base of cardinal theory. In the first section we
introduce the concept of cardinal numbers and order relations between them. We present here
Cantor-Bernstein theorem and other properties of order relation of cardinals. In the second
section we show that every set has cardinal number equipotence to it. We introduce notion
of alephs and we deal with the concept of finite set. At the end of the article we show two
schemes of cardinal induction. Some definitions are based on [9] and [10].
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The articles[[11], 171, T1B],[12],11],[[14],[16],14], 12], [[8], [[5], andL[8] provide the notation and
terminology for this paper.
For simplicity, we adopt the following ruleg, B denote ordinal numberX, Xi, Y, Y1, Z, X, y
denote setR denotes a binary relatiori,denotes a function, and, n denote natural numbers.
Letl1 be a set. We say thét is cardinal if and only if;

(Def. 1) There exist8 such that; = B and for everyA such thatA ~ B holdsB C A.

Let us observe that there exists a set which is cardinal.

A cardinal number is a cardinal set.

Let us observe that every set which is cardinal is also ordinal.
In the sequeM, N denote cardinal numbers.

We now state the proposition

(4f] For everyX there exist# such thaiX ~ A.

Let us consideM, N. We introduceM < N as a synonym o1 C N. We introduceM < N as a
synonym ofM € N.
We now state three propositions:

(8F M=Niff M~N.
(13F] M < Niff M <N andM # N.
(14) M <Niff N £ M.

Let us consideK. The functorX yields a cardinal number and is defined as follows:

1 The propositions (1)—(3) have been removed.
2 The propositions (5)-(7) have been removed.
3 The propositions (9)—-(12) have been removed.
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(Def. 5] X ~X.
Next we state a number of propositions:
1] x~Yif X =Y.
(22) If Ris well-ordering, then fiel®@ ~ R.

(23) IfXC M, thenX <M.

p

(24) ACA.

(25) IfX €M, thenX < M.

(26) X <Y iff there existsf such thatf is one-to-one and dofin= X and rngf CY.
(27) X CY,thenX <Y,

(28) X <Y iff there existsf such that donf =Y andX C rngf.

(29) Xz 2X.

(30) X < 2X.

Let us consideK. The functorX™ yields a cardinal number and is defined by:
(Def. 6) X < X* and for everyM such thatX < M holdsX* < M.
One can prove the following propositions:
(32 M <™.
(33) 0 <X*+.
(34) If X =Y, thenX* =Y+,
(35) IfX~Y,thenXt =Y+,
(36) Ac AT,

In the sequel denotes a transfinite sequence.
Let us consideM. We say thaM is limit if and only if:

(Def. 7) Itis not true that there existésuch thaM = NT.

We introduceM is a limit cardinal number as a synonymbdfis limit.
Let us consideA. The functorl yielding a set is defined by the condition (Def. 8).

(Def. 8) There exists such that

(i) Oa=lastL,
(i) domL = succA,
(i) L(0)=N,

(iv) for everyB such that sucB € succA holdsL(sucdB) = (J{L(B)})", and
(v) for everyB such thaB € succA andB = 0 andB is a limit ordinal number holdk(B) =

supL[B).

4 The definitions (Def. 2)—(Def. 4) have been removed.
5 The propositions (15)—(20) have been removed.
6 The proposition (31) has been removed.



CARDINAL NUMBERS 3

Let us consideA. Note that] 4 is cardinal.
One can prove the following propositions:

@8] oo=T.
(39) Dsucc>A:(DA)+-

(40) Suppos@ # 0 andAis a limit ordinal number. Let giveh. If domL = A and for evenB
such thaB € A holdsL(B) = Og, thenOa = supl.

(41) AeBiff Oa< Op.

(42) 1f0a=0g, thenA=B.

(43) ACBIff Oa< Op.

(44) IfXCYandY CZandX ~Z,thenX~Y andY =~ Z.
(45) 1f2Y C X, thenY < X andY % X.

(46) X=~0iff X=0.

47) 0

(48) X = {x} iff there existsx such thaiX = {x}.

(49) X = {x} iff there exists such thaX = {x}.

(50) {x} =1.

(51) 0=0.

(52) sucaa=n+1.

(54F] If Ais natural, then there existssuch than = A.

(56 n<miff nCm.

(58@ If X missesxX; andY missesy; andX ~Y andX; ~ Y;, thenXUX; ~ Y UY;.
(59) IfxeXandye X, thenX\ {x} = X\ {y}.

(60) If X € domf andf is one-to-one, theKX ~ f°X.

(61) IfX~Y andxe X andy €Y, thenX\ {x} =Y\ {y}.

(647 1f n~m, thenn=m.

(65) If x € w, thenxis cardinal.

One can verify that every natural number is cardinal.
Next we state several propositions:

(66) For every natural numberholdsn = 1.
(683 If X ~Y andX is finite, thenY is finite.

(69) nis finite andm is finite.

7 The proposition (37) has been removed.
8 The proposition (53) has been removed.
9 The proposition (55) has been removed.
10 The proposition (57) has been removed.
11 The propositions (62) and (63) have been removed.
12 The proposition (67) has been removed.
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(718 1 m=m, thenn=m.

(72) n<miff n<m.

(73) m<miff n<m.

(74) If X is finite, then there existssuch thaX ~ n.
6] 7 =n+1.

Let X be a finite set. TheiX is a natural number and it can be characterized by the condition:

(Def. 11@ X -X.

We introduce cari{ as a synonym oK.
We now state several propositions:

(7819 cardo = 0.

(79) cardx} =1.

(80) For all finite setx, Y such thaiX C Y holds carX < cardY.
(81) For all finite setx, Y such thaiX ~ Y holds carX = cardY.
(82) If X is finite, thenX is finite.

In this article we present several logical schemes. The scli@arginal Ind concerns a unary
predicateP, and states that:
For everyM holds?[M]
provided the parameters meet the following conditions:
o P[0],
e For everyM such thatP[M] holds®P[M*], and
e For everyM such thaM # 0 andM is a limit cardinal number and for evel such
thatN < M holds?[N] holds?[M].
The schem&ardinal Complndconcerns a unary predicafe and states that:
For everyM holds?[M]
provided the parameters satisfy the following condition:
e For everyM such that for everid such thalN < M holds®[N] holds?[M].
Next we state three propositions:

(83) Uo=w.
(84) ®=uw.
(85) W is a limit cardinal number.

Let us note that every natural number is finite.
Let us observe that there exists a cardinal number which is finite.
Next we state the proposition

(86) For every finite cardinal numb#t there exists1 such thai = 1.

Let X be a finite set. Note tha is finite.

13 The proposition (70) has been removed.
14 The proposition (75) has been removed.
15 The definitions (Def. 9) and (Def. 10) have been removed.
18 The proposition (77) has been removed.
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