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Summary. We present the choice function rule in the beginning of the article. In
the main part of the article we formalize the base of cardinal theory. In the first section we
introduce the concept of cardinal numbers and order relations between them. We present here
Cantor-Bernstein theorem and other properties of order relation of cardinals. In the second
section we show that every set has cardinal number equipotence to it. We introduce notion
of alephs and we deal with the concept of finite set. At the end of the article we show two
schemes of cardinal induction. Some definitions are based on [9] and [10].
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The articles [11], [7], [13], [12], [1], [14], [6], [4], [2], [3], [5], and [8] provide the notation and
terminology for this paper.

For simplicity, we adopt the following rules:A, B denote ordinal numbers,X, X1, Y, Y1, Z, x, y
denote sets,Rdenotes a binary relation,f denotes a function, andm, n denote natural numbers.

Let I1 be a set. We say thatI1 is cardinal if and only if:

(Def. 1) There existsB such thatI1 = B and for everyA such thatA≈ B holdsB⊆ A.

Let us observe that there exists a set which is cardinal.
A cardinal number is a cardinal set.
Let us observe that every set which is cardinal is also ordinal.
In the sequelM, N denote cardinal numbers.
We now state the proposition

(4)1 For everyX there existsA such thatX ≈ A.

Let us considerM, N. We introduceM ≤ N as a synonym ofM ⊆ N. We introduceM < N as a
synonym ofM ∈ N.

We now state three propositions:

(8)2 M = N iff M ≈ N.

(13)3 M < N iff M ≤ N andM 6= N.

(14) M < N iff N 6≤M.

Let us considerX. The functorX yields a cardinal number and is defined as follows:

1 The propositions (1)–(3) have been removed.
2 The propositions (5)–(7) have been removed.
3 The propositions (9)–(12) have been removed.

1 c© Association of Mizar Users

http://mizar.org/JFM/Vol1/card_1.html


CARDINAL NUMBERS 2

(Def. 5)4 X ≈ X .

Next we state a number of propositions:

(21)5 X ≈Y iff X = Y .

(22) If R is well-ordering, then fieldR≈ R.

(23) If X ⊆M, thenX ≤M.

(24) A ⊆ A.

(25) If X ∈M, thenX < M.

(26) X ≤ Y iff there existsf such thatf is one-to-one and domf = X and rngf ⊆Y.

(27) If X ⊆Y, thenX ≤ Y .

(28) X ≤ Y iff there existsf such that domf = Y andX ⊆ rng f .

(29) X 6≈ 2X.

(30) X < 2X .

Let us considerX. The functorX+ yields a cardinal number and is defined by:

(Def. 6) X < X+ and for everyM such thatX < M holdsX+ ≤M.

One can prove the following propositions:

(32)6 M < M+.

(33) /0 < X+.

(34) If X = Y , thenX+ = Y+.

(35) If X ≈Y, thenX+ = Y+.

(36) A∈ A+.

In the sequelL denotes a transfinite sequence.
Let us considerM. We say thatM is limit if and only if:

(Def. 7) It is not true that there existsN such thatM = N+.

We introduceM is a limit cardinal number as a synonym ofM is limit.
Let us considerA. The functorℵA yielding a set is defined by the condition (Def. 8).

(Def. 8) There existsL such that

(i) ℵA = lastL,

(ii) domL = succA,

(iii) L( /0) = N ,

(iv) for everyB such that succB∈ succA holdsL(succB) = (
⋃
{L(B)})+, and

(v) for everyB such thatB∈ succA andB 6= /0 andB is a limit ordinal number holdsL(B) =
sup(L�B) .

4 The definitions (Def. 2)–(Def. 4) have been removed.
5 The propositions (15)–(20) have been removed.
6 The proposition (31) has been removed.
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Let us considerA. Note thatℵA is cardinal.
One can prove the following propositions:

(38)7 ℵ0 = N .

(39) ℵsuccA = (ℵA)+.

(40) SupposeA 6= /0 andA is a limit ordinal number. Let givenL. If domL = A and for everyB
such thatB∈ A holdsL(B) = ℵB, thenℵA = supL .

(41) A∈ B iff ℵA < ℵB.

(42) If ℵA = ℵB, thenA = B.

(43) A⊆ B iff ℵA ≤ℵB.

(44) If X ⊆Y andY ⊆ Z andX ≈ Z, thenX ≈Y andY ≈ Z.

(45) If 2Y ⊆ X, thenY < X andY 6≈ X.

(46) X ≈ /0 iff X = /0.

(47) /0 = /0.

(48) X ≈ {x} iff there existsx such thatX = {x}.

(49) X = {x} iff there existsx such thatX = {x}.

(50) {x} = 1.

(51) 0= /0.

(52) succn = n+1.

(54)8 If A is natural, then there existsn such thatn = A.

(56)9 n≤m iff n⊆m.

(58)10 If X missesX1 andY missesY1 andX ≈Y andX1 ≈Y1, thenX∪X1 ≈Y∪Y1.

(59) If x∈ X andy∈ X, thenX \{x} ≈ X \{y}.

(60) If X ⊆ dom f and f is one-to-one, thenX ≈ f ◦X.

(61) If X ≈Y andx∈ X andy∈Y, thenX \{x} ≈Y \{y}.

(64)11 If n≈m, thenn = m.

(65) If x∈ ω, thenx is cardinal.

One can verify that every natural number is cardinal.
Next we state several propositions:

(66) For every natural numbern holdsn = n.

(68)12 If X ≈Y andX is finite, thenY is finite.

(69) n is finite andn is finite.

7 The proposition (37) has been removed.
8 The proposition (53) has been removed.
9 The proposition (55) has been removed.

10 The proposition (57) has been removed.
11 The propositions (62) and (63) have been removed.
12 The proposition (67) has been removed.
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(71)13 If n = m, thenn = m.

(72) n ≤ m iff n≤m.

(73) n < m iff n < m.

(74) If X is finite, then there existsn such thatX ≈ n.

(76)14 n+ = n+1.

Let X be a finite set. ThenX is a natural number and it can be characterized by the condition:

(Def. 11)15 X = X .

We introduce cardX as a synonym ofX .
We now state several propositions:

(78)16 card/0 = 0.

(79) card{x}= 1.

(80) For all finite setsX, Y such thatX ⊆Y holds cardX ≤ cardY.

(81) For all finite setsX, Y such thatX ≈Y holds cardX = cardY.

(82) If X is finite, thenX+ is finite.

In this article we present several logical schemes. The schemeCardinal Indconcerns a unary
predicateP , and states that:

For everyM holdsP [M]
provided the parameters meet the following conditions:

• P [ /0],
• For everyM such thatP [M] holdsP [M+], and
• For everyM such thatM 6= /0 andM is a limit cardinal number and for everyN such

thatN < M holdsP [N] holdsP [M].
The schemeCardinal CompIndconcerns a unary predicateP , and states that:

For everyM holdsP [M]
provided the parameters satisfy the following condition:

• For everyM such that for everyN such thatN < M holdsP [N] holdsP [M].
Next we state three propositions:

(83) ℵ0 = ω.

(84) ω = ω.

(85) ω is a limit cardinal number.

Let us note that every natural number is finite.
Let us observe that there exists a cardinal number which is finite.
Next we state the proposition

(86) For every finite cardinal numberM there existsn such thatM = n.

Let X be a finite set. Note thatX is finite.
13 The proposition (70) has been removed.
14 The proposition (75) has been removed.
15 The definitions (Def. 9) and (Def. 10) have been removed.
16 The proposition (77) has been removed.
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