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Summary. The aim of the paper is to define some basic notions of the theory of
topological spaces like basis and prebasis, and to prove their simple properties. The definition
of the Cantor set is given in terms of countable product of{0,1} and a collection of its subsets
to serve as a prebasis.
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The articles [10], [4], [12], [11], [7], [13], [2], [3], [6], [8], [5], [1], and [9] provide the notation and
terminology for this paper.

Let Y be a set and letx be a non empty set. Note thatY 7−→ x is non-empty.
Let X be a set and letA be a family of subsets ofX. The functor UniCl(A) yields a family of

subsets ofX and is defined as follows:

(Def. 1) For every subsetx of X holdsx∈ UniCl(A) iff there exists a familyY of subsets ofX such
thatY ⊆ A andx =

⋃
Y.

Let X be a topological structure. A family of subsets ofX is said to be a basis ofX if:

(Def. 2) It⊆ the topology ofX and the topology ofX ⊆ UniCl(it).

One can prove the following propositions:

(1) For every setX and for every familyA of subsets ofX holdsA⊆ UniCl(A).

(2) For every topological structureSholds the topology ofS is a basis ofS.

(3) For every topological structureSholds the topology ofS is open.

Let M be a set and letB be a family of subsets ofM. The functor Intersect(B) yielding a subset
of M is defined as follows:

(Def. 3) Intersect(B) =
{ ⋂

B, if B 6= /0,
M, otherwise.

Let X be a set and letA be a family of subsets ofX. The functor FinMeetCl(A) yields a family
of subsets ofX and is defined by the condition (Def. 4).

(Def. 4) Letx be a subset ofX. Thenx ∈ FinMeetCl(A) if and only if there exists a familyY of
subsets ofX such thatY ⊆ A andY is finite andx = Intersect(Y).

We now state the proposition
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(4) For every setX and for every familyA of subsets ofX holdsA⊆ FinMeetCl(A).

Let T be a non empty topological space. One can verify that the topology ofT is non empty.
Next we state several propositions:

(5) For every non empty topological spaceT holds the topology ofT = FinMeetCl(the topol-
ogy ofT).

(6) For every topological spaceT holds the topology ofT = UniCl(the topology ofT).

(7) For every non empty topological spaceT holds the topology ofT = UniCl(FinMeetCl(the
topology ofT)).

(8) For every setX and for every familyA of subsets ofX holdsX ∈ FinMeetCl(A).

(9) For every setX and for all familiesA, B of subsets ofX such thatA⊆ B holds UniCl(A)⊆
UniCl(B).

(10) Let X be a set,R be a family of subsets ofX, and x be a set. Supposex ∈ X. Then
x∈ Intersect(R) if and only if for every setY such thatY ∈ Rholdsx∈Y.

(11) For every setX and for all familiesH, J of subsets ofX such thatH ⊆ J holds Intersect(J)⊆
Intersect(H).

Let X be a set and letRbe a family of subsets of 2X. We see that the element ofR is a family of
subsets ofX. Then

⋃
R is a family of subsets ofX.

One can prove the following proposition

(12) LetX be a set,R be a non empty family of subsets of 2X, andF be a family of subsets of
X. If F = {Intersect(x) : x ranges over elements ofR}, then Intersect(F) = Intersect(

⋃
R).

Let X, Y be sets, letA be a family of subsets ofX, let F be a function fromY into 2A, and letx
be a set. ThenF(x) is a family of subsets ofX.

We now state four propositions:

(13) For every setX and for every family A of subsets ofX holds FinMeetCl(A) =
FinMeetCl(FinMeetCl(A)).

(14) For every setX and for every familyA of subsets ofX and for all setsa, b such that
a∈ FinMeetCl(A) andb∈ FinMeetCl(A) holdsa∩b∈ FinMeetCl(A).

(15) For every setX and for every familyA of subsets ofX and for all setsa, b such that
a⊆ FinMeetCl(A) andb⊆ FinMeetCl(A) holdsaeb⊆ FinMeetCl(A).

(16) For every setX and for all familiesA, B of subsets ofX such thatA ⊆ B holds
FinMeetCl(A)⊆ FinMeetCl(B).

Let X be a set and letA be a family of subsets ofX. One can check that FinMeetCl(A) is non
empty.

Next we state the proposition

(17) For every non empty setX and for every family A of subsets ofX holds 〈X,
UniCl(FinMeetCl(A))〉 is topological space-like.

Let X be a topological structure. A family of subsets ofX is said to be a prebasis ofX if:

(Def. 5) It⊆ the topology ofX and there exists a basisF of X such thatF ⊆ FinMeetCl(it).

One can prove the following propositions:

(18) For every non empty setX holds every familyY of subsets ofX is a basis of〈X,UniCl(Y)〉.
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(19) LetT1, T2 be strict non empty topological spaces andP be a prebasis ofT1. Suppose the
carrier ofT1 = the carrier ofT2 andP is a prebasis ofT2. ThenT1 = T2.

(20) For every non empty setX holds every familyY of subsets ofX is a prebasis of〈X,
UniCl(FinMeetCl(Y))〉.

The strict non empty topological space the Cantor set is defined by the conditions (Def. 6).

(Def. 6)(i) The carrier of the Cantor set= ∏(N 7−→ {0,1}), and

(ii) there exists a prebasisP of the Cantor set such that for every subsetX of ∏(N 7−→ {0,1})
holdsX ∈ P iff there exist natural numbersN, n such that for every elementF of ∏(N 7−→
{0,1}) holdsF ∈ X iff F(N) = n.
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[4] Czesław Bylínski. Some basic properties of sets.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
zfmisc_1.html.

[5] Agata Darmochwał. Families of subsets, subspaces and mappings in topological spaces.Journal of Formalized Mathematics, 1, 1989.
http://mizar.org/JFM/Vol1/tops_2.html.

[6] Agata Darmochwał. Finite sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/finset_1.html.

[7] Beata Padlewska. Families of sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/setfam_1.html.

[8] Beata Padlewska and Agata Darmochwał. Topological spaces and continuous functions.Journal of Formalized Mathematics, 1, 1989.
http://mizar.org/JFM/Vol1/pre_topc.html.

[9] Andrzej Trybulec. Binary operations applied to functions.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/funcop_1.html.

[10] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[11] Andrzej Trybulec. Subsets of real numbers.Journal of Formalized Mathematics, Addenda, 2003.http://mizar.org/JFM/Addenda/
numbers.html.

[12] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

[13] Edmund Woronowicz. Relations and their basic properties.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/relat_1.html.

Received January 9, 1995

Published January 2, 2004

http://mizar.org/JFM/Vol2/card_3.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/tops_2.html
http://mizar.org/JFM/Vol1/finset_1.html
http://mizar.org/JFM/Vol1/setfam_1.html
http://mizar.org/JFM/Vol1/pre_topc.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	the cantor set By alexander yu. shibakov and andrzej trybulec

