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Summary. In [11] we showed that the only proper subcontinua of the simple closed
curve are arcs and single points. In this article we prove that the only proper subcontinua of
the real line are closed intervals. We introduce some auxiliary notions sdatbas, ]a, blig
—intervals consisting of rational and irrational numbers respectively. We show also some basic
topological properties of intervals.
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The articles[[2B],[[27],[[2],[[24],[[22],[125] [128] [ [4] [[5] . [26], [19], 17],[121] [[14]  [17] [18] 1],
[@l, [el, [10], [15], [8], [20], [16], [13], [12], and [3] provide the notation and terminology for this
paper.

1. PRELIMINARIES
One can prove the following propositions:
(ZH For all setsA, B, a such thatA C BandB C AU {a} holdsAu{a} =BorA=B.
(3) For all setsx, X2, X3, X4, X5, Xe holds{x1,X2, X3, X4,Xs5,Xs } = {X1,X3,X6} U{X2,Xa,X5}.

In the sequeky, Xz, X3, X4, X5, Xg, X7 are sets.

Let x1, X2, X3, X4, X5, Xg be sets. We say thai, X0, X3, X4, X5, Xg are mutually different if and
only if the conditions (Def. 1) are satisfied.

(Def. 1) x1 # %2 andxy # X3 andxy # X4 andxy # Xs andx; # Xg andx, # X3z andxy # X4 andxy # Xs
andxz # Xg andxs # X4 andxs # Xs andxs # Xg andxy # X5 andxy # Xg andxs # Xg.

Let xq, X2, X3, X4, X5, Xg, X7 be sets. We say that, x2, X3, X4, Xs, Xg, X7 are mutually different if
and only if the conditions (Def. 2) are satisfied.

(Def. 2) x1 # X2 andxy # Xz andxy £ X4 andxy # X5 andxy # Xg andxy £ X7 andxz # Xz andxy # X4
andx; # X5 andXp # Xg andX # X7 andXs # X4 andXs # X5 andXs # Xg andxs # X7 and
X4 # X5 andxy # Xg andxy # X7 andxs # Xg andxs # X7 andxg # X7.

The following propositions are true:

(4) For all setsxg, X2, X3, X4, X5, Xg SUch thatxy, xo, X3, X4, Xs, Xg are mutually different holds
card{xy, X2, X3, X4, X5, X6 } = 6.

1This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.
1 The proposition (1) has been removed.
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(5) Forall setsq, Xz, X3, X4, X5, X6, X7 Such thaiy, Xz, X3, X4, Xs, Xe, X7 are mutually different
holds cardxy, X2, X3, X4, X5, X6, X7} = 7.

(6) If {x1,%2,%3} misses{xs,xs,Xs}, thenxs # x4 andx; # X5 andx; # xg andx; # x4 and
X2 # X5 andxy # Xg andxz # X4 andxg # Xs andxz # Xg.

(7) Supposexi, X2, X3 are mutually different ands, Xs, Xg are mutually different and
{X1,X%2,X3} misses{X4,Xs,Xs}. Thenxy, X2, X3, X4, X5, Xg are mutually different.

(8) Suppose, X2, X3, Xa, X5, Xg are mutually different andlxi, X2, X3, X4, Xs, X6 } misses{xz}.
Thenxy, X2, X3, X4, X5, X, X7 are mutually different.

(9) If X1, X2, X3, X4, X5, Xg, X7 are mutually different, thery, X1, X2, X3, X4, X5, Xg are mutually
different.

(10) If X1, X2, X3, X4, X5, Xg, X7 are mutually different, thery, X2, Xs, X3, Xs, X7, X4 are mutually
different.

(11) LetT be a non empty topological space amd be points ofT . Given a mapf from I into
T such thatf is continuous and (0) = aandf (1) = b. Then there exists a mapfrom I into
T such thag is continuous and(0) = b andg(1l) = a.

Let us observe tha! is arcwise connected.
Let us observe that there exists a topological space which is connected and non empty.

2. INTERVALS
We now state two propositions:

(12) Every subset dR is a subset oR®.
(13) Qpi=R.

Let a be a real number. We introdute «,a] as a synonym of—co, a]. We introducd — «, a|
as a synonym of—oo, a[. We introduceda, o[ as a synonym ofa, +-o[. We introducda, o[ as a
synonym of]a, +oo|.

One can prove the following propositions:

(14) For all real numbera, b holdsa €]b, +o[ iff a> b.

(15) For all real numbera, b holdsa € [b, +o| iff a> b.

(16) For all real numbera, b holdsa €] — w0, b] iff a < h.

(17) For all real numbera, b holdsa €] — w0, b[ iff a< b.

(18) For every real numberholdsR \ {a} =] — c,a[U]a, +oo|.

(19) For all real numbers, b, ¢, d such thatt < b andb < ¢ holds|a, b] missedc,d].
(20) For all real numbers, b, ¢, d such thats < b andb < ¢ holds|a, b[ missedc,d].

(21) LetA, B be subsets oR! anda, b, ¢, d be real numbers. Suppoae< b andb < ¢ and
c< dandA=[a,b[ andB =]c,d]. ThenA andB are separated.

(22) For every real numberholdsR\] — o, a[= [a, +0|.
(23) For every real numberholdsR\] — e, a] =]a, +oo|.
(24) For every real numberholdsR\]a, +o[=] — 0, a).

(25) For every real numberholdsR \ [a, +oo[=] — o, a[.
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(26) For every real numberholds] — c, a] missega, +oo|.

(27) For every real numberholds] — o, a] missega, +-oo|.

(28) For all real numbera, b, c such thaa < c andc < b holds|a, b] U [c, +-0o[= [a, +o].
(29) For all real numbers, b, ¢ such that < candc < b holds] — «,c] U [a,b] =] — 0, b].

(30) For every 1-sorted structufeand for every subseét of T holds{A} is a family of subsets
of T.

(31) For every 1-sorted structufie and for all subset#\, B of T holds {A,B} is a family of
subsets of .

(32) For every 1-sorted structuffeand for all subseté, B, C of T holds{A,B,C} is a family
of subsets off .

Let us observe that every element(@fis real.
Let us note that every element of the metric space of real numbers is real.
The following propositions are true:

(33) LetAbe a subset dR! andp be a point of the metric space of real numbers. ThenA
if and only if for every real numbar such thatr > 0 holds Bal(p,r) meetsA.

(34) For all elementy, g of the metric space of real numbers such that p holdsp(p,q) =
q—p.

(35) For every subset of R! such thatA = Q holdsA = the carrier ofR?.

(36) For every subsét of R and for all real numbera, b such thatA = |a, b[ anda # b holds
A=[ab].

3. RATIONAL AND IRRATIONAL NUMBERS

Let us observe thatis irrational.
The subselQ of R is defined as follows:

(Def. 3) IQ =R\Q.
Let a, b be real numbers. The functta, bjg yields a subset dR and is defined by:
(Def. 4) ]a,blg=Qn]a,b[.
The functor]a, b[ig Yyielding a subset dR is defined by:
(Def. 5) Ja,blig =1IQN]a,bl.
One can prove the following proposition
(37) For every real numberholdsx is irrational iff x € 1Q.

Let us observe that there exists a real number which is irrational.
One can verify thalQ is non empty.
Next we state several propositions:

(38) For every rational numberand for every irrational real numbbtholdsa+ b is irrational.
(39) For every irrational real numbarholds—a s irrational.
(40) For every rational numberand for every irrational real numbbtholdsa— b is irrational.

(41) For every rational numberand for every irrational real numbbtholdsb — a is irrational.
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(42) For every rational numberand for every irrational real numbérsuch thata # 0 holds
a-bisirrational.

(43) For every rational numbarand for every irrational real numbérsuch thag # 0 holds%’1
is irrational.

One can verify that every real number which is irrational is also non zero.
Next we state two propositions:

(44) For every rational numberand for every irrational real numbbrsuch that # 0 holds$
is irrational.

(45) For every irrational real numbetolds fraa is irrational.

Letr be an irrational real number. Note that fras irrational.

Letabe an irrational real number. One can check thais irrational.

Let a be a rational number and lbtbe an irrational real number. One can verify the following
observations:

x a4 bisirrational,
x b4 aisirrational,
x a—Dbisirrational, and
x b—alisirrational.

Let us note that there exists a rational number which is non zero.
Let a be a non zero rational number andltetbe an irrational real number. One can verify the
following observations:

* a-bisirrational,
* b-aisirrational,

* is irrational, and

a
b
+  Disirrational.

The following propositions are true:

(46) For every irrational real numbeiholds 0< fracr.

(47) For all real numbera, b such that < b there exist rational numbeps, pz such that < p;
andp; < pz andpz < b.

(48) For all real numbersy, s3, &4, | such thats) < s3 ands; < 54 and 0< | andl < 1 holds
s<(1-1)-s3+1-s.

(49) For all real numbersy, s3, &4, | such thatss < 51 andsy < 5 and 0< | andl < 1 holds
(1-1)-ss+1-s4 < s1.

(50) For all real numbers, b such that < b there exists an irrational real numbesuch that
a< pandp<h.

(51) For every subsét of R! such thatA = IQ holdsA = the carrier ofR?.

(52) For all real numbers, b, ¢ such thata < b holdsc €]a, b[y iff cis rational anda < c and
c<b.

(53) For all real numbers, b, ¢ such that < b holdsc €]a, by iff cis irrational anda < c and
c<b.
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(54) For every subsét of R and for all real numbera, b such tha < b andA =]a, b[ holds
A=[ab].

(55) For every subsét of R! and for all real numbera, b such thaa < b andA =]a, b[i holds
A=[ab].

(56) For every connected topological spdcend for every closed open subgebf T holds
A=00orA= Q.

(57) For every subset of R? such thatA is closed and open holds= 0 or A=R.

4. TOPOLOGICALPROPERTIES OHNTERVALS

Next we state a number of propositions:

(58) For every subsét of R and for all real numbers, b such thatA = [a, b[ anda # b holds
A=[a,b].

(59) For every subset of R and for all real numbera, b such thatA = ]a, b] anda # b holds
A=[ab].

(60) For every subsek of R! and for all real numbera, b, ¢ such thatA = [a, b[U]b, c] and
a<bandb < choldsA = [a,c|.

(61) For every subsét of R* and for every real numbersuch thatA = {a} holdsA = {a}.

(62) For every subse of R and for every subsé of R such thatA = B holdsA is open iffB
is open.

(63) For every subseX of R* and for every real numbersuch thath =]a, +o[ holdsA is open.

(64) For every subsétof R and for every real numbersuch thaiA =] — 0, a[ holdsA is open.
(65) For every subset of R and for every real numbea such thatA =] — c,a] holdsA is
closed.

(66) For every subset of R and for every real numbex such thatA = [a, +oo[ holdsA is
closed.

(67) For every real numberholds|a, +o[= {a}U]a, +|.
(68) For every real numberholds] — w0, a) = {a}U] — 0, a].
(69) For every real numberholds]a, +|[C [a,+].
(70) For every real numberholds] — o, a[C] — o0, a].
Letabe a real number. One can check the following observations:
% |a,+oo[ is non empty,
* | —oco,@] IS non empty,
% ] —co,a[is non empty, and
% [a,4oo[ IS non empty.
Next we state a number of propositions:
(71) For every real numberholds]a, +o[# R.
(72) For every real numberholds|a, +o[# R.

(73) For every real numberholds] — «,a] # R.
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(74) For every real numberholds] — «, a[# R.

(75) For every subseh of R! and for every real numbea such thatA =]a, +[ holdsA =
3, +oo].

(76) For every real numberholds]a, o[ = [a,+].

(77) For every subsek of R and for every real numbea such thatA =] — c,a[ holdsA =
] - ooaa}'
(78) For every real numberholds] — «,a] =] — 0, a].

(79) For all subsets, B of R and for every real numbdrsuch thatA =] — e, b[ andB =]b, oo
holdsA andB are separated.

(80) For every subsétof R* and for all real numbera, b such thag < b andA = [a, b[U]b, 4|
holdsA = [a, +].

(81) For every subsétof R* and for all real numbera, b such thag < b andA = ]a, b[U]b, 40|
holdsA = [a, +].

(82) For every subset of R and for all real numbera, b, ¢ such thata < b andb < ¢ and
A =l]a,blgU]b,c[U]c,+oo[ holdsA = [a,+].

(83) For every subseét of R! holdsA® = R\ A.

(84) For all real numbera, b such thas < b holds]a, b[ig misseda, b[g.

(85) For all real numbera, b such that < b holdsR\|a, bjg =] — 0, a]U]a, b[ig U [b, +.
(86) For all real numbers, b, c such thatn < b andb < ¢ holdsa ¢ |b, c[U]c, +o].

(87) For all real numbera, b such that < b holdsb ¢ a, b[U]b, +oo].

(88) For all real numbera, b such that < b holds[a, +[\ (]a, b[U]b, +[) = {a} U {b}.

(89) For every subseé¥ of R! such thatA =]2, 3[g U]3, 4[U]4, +o[ holdSAC® =] — o0, 2]U]2, 3[1o U
{3ru{4}.

(90) For every subsek of R! and for every real numbex such thatA = {a} holdsA® =] —
o0, a[U]a, +ool.

(91) For all real numbera, b such that < b holds]a, 4+-[N] — o0, b] = ]a, b].

92) (|- o, 2[U]L,+oo]) N (] — ,2U]2, 3[1q U {3} U {4}) =] - 0, 1[U]L,2U]2, 3[sq U{3} U {4}.
(93) For all real numbers, b such thata < b holds] — c, b[\{a} =] — «,a[U]a, b].

(94) For all real numbera, b such thai < b holds]a, o[\ {b} = ]a, b[U]b, +].

(95) For every subsétof R and for all real numbera, b such thatt < bandA = {a} U[b, 4|
holdsA® =] — e, a[U]a, b|.

(96) For every subsétof R and for all real numbera, b such thag < bandA =] — 0, a[U]a, b|
holdsA =] — o, b).

(97) For every subsetof R* and for all real numbera, b such thati < b andA =] —, a[U]a, b
holdsA =] — o, b).

(98) For every subsek of R and for every real numbex such thatA =] — o, a] holdsA® =
]a, +ool.

(99) For every subsek of R and for every real numbex such thatA = [a, +oo[ holdsA® =
] — %, a['
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(100) For every subsét of R! and for all real numbera, b, ¢ such thata < b andb < ¢ and
A =] —,a[U]a, bju]b, c[1p U {c} holdsA =] — (.

(101) LetA be a subset oR! anda, b, ¢, d be real numbers. 1& < b andb < ¢ andA =
] — 0, aluja,bjulb, g U{c}U{d}, thenA =] — o, c]U{d}.

(102) For every subsétof R and for all real numbera, b such that < b andA =] —,a]uU{b}
holdsA® = ]a, b[U]b, 4-oo].

(103) For all real numbers, b holds[a, +-[U{b} # R.
(104) For all real numbers, b holds] — «,a] U {b} # R.

(105) For every topological structufg and for all subseté\, B of T; such thatA # B holds
AC £ BC.

(106) For every subsétof R* such thalR = A° holdsA = 0.

5. SUBCONTINUA OF A REAL LINE

Let us note that is arcwise connected.
One can prove the following propositions:

(107) LetX be a compact subset &' and X’ be a subset oR. If X' = X, thenX' is upper
bounded and lower bounded.

(108) LetX be a compact subset Bf, X’ be a subset dR, andx be a real number. ¥ € X’ and
X' =X, then infX’ < x andx < supX’.

(109) LetC be a non empty compact connected subs&o&indC’ be a subset dR. If C=C
and[infC’,supC’] C C/, then(infC’,supC’| =C'.

(110) LetAbe a connected subset®t anda, b, c be real numbers. K< bandb < candac A
andc € A, thenb € A.

(111) For every connected subgesf R and for all real numbers, b such thatte Aandb € A
holds[a,b] C A.

(112) Every non empty compact connected subs&dé a non empty closed-interval subset of
R.

(113) For every non empty compact connected subse#tR® there exist real numbegs b such
thata < bandA= [a,b].

6. SETS WITH PROPERSUBSETSONLY

Let T, be a topological structure and [Etbe a family of subsets of;. We say thaF has proper
subsets if and only if:

(Def. 6) The carrier off; ¢ F.

The following proposition is true

(114) LetT; be a topological structure arfe, G be families of subsets df; such thatF has
proper subsets ar@ C F. ThenG has proper subsets.

Let T; be a non empty topological structure. Note that there exists a family of subsé&ts of
which has proper subsets.
The following proposition is true

(115) LetTy be a non empty topological structure aAdB be families of subsets df; with
proper subsets. ThelU B has proper subsets.
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Let T be a topological structure and Iletbe a family of subsets of. We say thafF is open if

and only if:

(Def. 7) For every subsé& of T such thaP € F holdsP is open.

We say thaF is closed if and only if:

(Def. 8) For every subsé& of T such thaP € F holdsP is closed.

Let T be a topological space. Observe that there exists a family of subseta/lbich is open,

closed, and non empty.
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