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Summary. The paper introduces some preliminary notions concerning the homotopy
theory according td [15]: paths and arcwise connected to topological spaces. The basic op-
erations on paths (addition and reversing) are defined. In the last section the pre@iQate:
are homotopids defined. We also showed some properties of the product of two topological
spaces needed to prove reflexivity and symmetry of the above predicate.
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The articles[[20],[[10],[[22],[[16],[23],17].[19],.[8],.[19] . [13],.[4],[12],[[12] [[18] [[11]/ [17]/[21],
[24], [14], [€], [5], [2], and [3] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papefT, T1, T2, Sare non empty topological spaces.
The schemé&rCard deals with a non empty sét, a setB, a unary functorf yielding a set, and
a unary predicat®, and states that:

{¥F (w);wranges over elements gf:.w e B A P[w]} < B
for all values of the parameters.
Next we state the proposition

(1) Letf be amap fronT; into Sandg be a map fronT; into S. Suppose thal; is a subspace
of T andT; is a subspace of andQ(Tl) UQ,) =Qr andT; is compact and is compact
andT is aT, space and is continuous andj is continuous and for every setsuch that

p € Q) NQ(r,) holds f(p) = g(p). Then there exists a mapfrom T into S such that
h= f+-gandhis continuous.

LetS T be non empty topological spaces. Observe that there exists a mafrdoil which
is continuous.

Let T be a non empty topological structure. Note thatigslopen and continuous.

Let T be a non empty topological structure. One can verify that there exists a mag fioio
T which is continuous and one-to-one.

We now state the proposition

(SH LetS T be non empty topological spaces ahtle a map fronSinto T. If f is a homeo-
morphism, therf 1 is open.

1 The proposition (2) has been removed.
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2. PATHS AND ARCWISE CONNECTED SPACES

Let T be a topological structure and ketb be points ofT . Let us assume that there exists a nfiap
fromIinto T such thatf is continuous and (0) =aandf (1) =b. A map froml into T is said to
be a path frona to bif:

(Def. 1) lItis continuous and(®) =aand if1) =b.

We now state the proposition

(4) LetT be a non empty topological space anbe a point ofT. Then there exists a mafp
fromTinto T such thatf is continuous and (0) =aandf(1) =a.

LetT be a non empty topological space anddék a point off . One can verify that there exists
a path froma to a which is continuous.
Let T be a topological structure. We say tffaits arcwise connected if and only if:

(Def. 2) For all pointsa, b of T there exists a majp from I into T such thatf is continuous and
f(0)=aandf(1l) =h.

One can verify that there exists a topological space which is arcwise connected and non empty.
Let T be an arcwise connected topological structure and, lebe points ofT. Let us note that
the path froma to b can be characterized by the following (equivalent) condition:

(Def. 3) Itis continuous and(®) =aand i{1) = b.

Let T be an arcwise connected topological structure and, letre points ofT. Note that every
path fromato b is continuous.
Next we state the proposition

(5) For every non empty topological spa@e such thatG; is arcwise connected hold3; is
connected.

One can verify that every non empty topological space which is arcwise connected is also con-
nected.

3. BASIC OPERATIONS ON PATHS

Let T be a non empty topological space, &b, c be points ofT, let P be a path fronato b, and
let Q be a path fronb to c. Let us assume that there exist mdpg from I into T such thatf is
continuous and (0) = aandf(1) = bandg is continuous and(0) = b andg(1) = c. The functor
P+ Qyielding a path frormra to c is defined by the condition (Def. 4).

(Def. 4) Lett be a point ofl andt’ be a real number such thatt’. Then
(i) ifo <t'andt' < 3, then(P+Q)(t)=P(2-t"), and
(i) if 3 <t andt’ <1 then(P+Q)(t)=Q(2-t' —1).

Let T be a non empty topological space andddte a point ofT. Note that there exists a path
from a to a which is constant.
The following propositions are true:

(6) LetT be anon empty topological spaeghe a point ofT, andP be a constant path from
toa. ThenP=1+— a.

(7) LetT be anon empty topological spa@ghe a point ofT, andP be a constant path from
toa. ThenP+P=P.

Let T be a non empty topological space, ddte a point ofT, and letP be a constant path from
atoa. Observe thalP + P is constant.

Let T be a non empty topological space, d&b be points ofT, and letP be a path fronato b.
Let us assume that there exists a nfafpom I into T such thatf is continuous and (0) = a and
f(1) = b. The functor—P yielding a path fronb to a is defined as follows:
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(Def. 5) For every point of I and for every real numbétrsuch that =t holds(—P)(t) = P(1—-t').

One can prove the following proposition

(8) LetT be anon empty topological spaeghe a point ofT, andP be a constant path from
toa. Then—P=P.

Let T be a non empty topological space, ddte a point ofT, and letP be a constant path from
ato a. Note that—P is constant.

4, THE PRODUCT OF TWO TOPOLOGICAL SPACES
We now state the proposition

(9) LetX,Y be non empty topological spacespe a family of subsets of, and f be a map
from X intoY. Thenf~1(JA) = U(f1(A)).

Let S, S, T1, T> be non empty topological spaces, febe a map frong; into S, and letg be
a map fromTy into To. Then[: f, g]isamap from: S, Ty ] into [ S, T2 1.
One can prove the following three propositions:

(10) LetS;, S, Ty, T be non empty topological spacddye a continuous map fro into Ty, g
be a continuous map fro® into T,, andPy, P, be subsets dfTi, T2 . If P, € BaseApp(Py),
thenf: f, g]~1(P,) is open.

(11) LetS, S, Ty, T2 be non empty topological spacdshe a continuous map fro into T,
g be a continuous map fro® into T, andP, be a subset df Ty, T2 . If P, is open, thert f,
g]~%(P) is open.

(12) LetS, S, T1, T2 be non empty topological spacdshe a continuous map fro® into Ty,
andg be a continuous map fro® into T,. Then|[: f, g] is continuous.

One can check that every topological structure which is empty isTglso
Let Ty, T» be discernible non empty topological spaces. Note[tfigtT, ] is discernible.
One can prove the following proposition

(14E] For all non empty topological spac&g T, such thafl; is aT; space and is aT; space
holds[ T1, T, ] is aT; space.

Let Ty, T2 beT1 non empty topological spaces. Observe fHgt T, is Ti.

Let Ty, T, be T, non empty topological spaces. Observe fHigt T, is To.

One can check thdtis compact and>.

Letn be a natural number. Note thaf is To.

Let T be a non empty arcwise connected topological space, lebe points ofT, and letP,
Q be paths froma to b. We say thaP, Q are homotopic if and only if the condition (Def. 6) is
satisfied.

(Def. 6) There exists a mapfrom [, I] into T such that
(i) fiscontinuous, and
(i) for every points of I holds f(s, 0) = P(s) and f (s, 1) = Q(s) and for every point of I
holdsf(0,t) =aandf(1,t) =h.

Let us notice that the predica®e Q are homotopic is reflexive and symmetric.

2 The proposition (13) has been removed.
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