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Summary. This article is a continuation of an article on defining functions on trees
(see[6]). In this article we develop terminology specialized for binary trees, first defining
binary trees and binary grammars. We recast the induction principle for the set of parse trees
of binary grammars and the scheme of defining functions inductively with the set as domain.
We conclude with defining the scheme of defining such functions by lambda-like expressions.

MML Identifier: BINTREEL.
WWW: http://mizar.org/JFM/Vol5/bintreel . html

The articles[[1P],[[9],[[15],[[14],[[16],[17],[[13],17],.[8],.[5],[[11],[T0] [[1],[[2],[13],[[4], anc.]6]
provide the notation and terminology for this paper.
Let D be a non empty set and lebe a tree decorated with elementdnfThe root label of is

an element oD and is defined by:
(Def. 1) The root label of =t(0).
Next we state two propositions:

(1) LetD be a non empty set ariche a tree decorated with elementdbf Then the roots of
(t) = (the root label of).

(2) LetD be a non empty set ang to be trees decorated with elementdbfThen the roots
of (t1,t2) = (the root label of;, the root label ofy).

Letl; be a tree. We say thét is binary if and only if:

(Def. 2) For every elementof |1 such that ¢ Leavesl;) holds suct = {t ™~ (0),t ™ (1)}.
The following propositions are true:
(3) Forevery tred and for every elemerntof T holdst € LeavesT) iff t~ (0) ¢ T.

(4) Forevery tred and for every elemernttof T holdst € LeavesT) iff it is not true that there
exists a natural numbersuch that ~ (n) € T.

(5) For every tred and for every elemerntof T holds suct = 0 iff t € LeavesT).
(6) The elementary tree of O is binary.

(7) The elementary tree of 2 is binary.

1This work was partially supported by NSERC Grant OGP9207 while the first author visited University
of Alberta, May—June 1993.
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Let us observe that there exists a tree which is binary and finite.
Letl; be a decorated tree. We say thais binary if and only if:

(Def. 3) domly is binary.

Let D be a non empty set. Observe that there exists a tree decorated with eleni@nthich
is binary and finite.

Let us mention that there exists a decorated tree which is binary and finite.

One can check that every tree which is binary is also finite-order.

The following four propositions are true:

P
(8) LetTy, T1 be trees antlbe an element ofp, T1. Then

=
(i) for every elemenp of Tp such that = (0) ~ p holdst € Leave$ Ty, T1) iff p € LeavegTo),
and

=
(i) for every elemenp of Ty such that = (1) ~ p holdst € LeavesTo, T;) iff p € LeavegT:).

=
(9) LetTy, T1 be trees antlbe an element ofp, T;. Then
(i) ift=0,thensuct={t" (0),t~ (1)},

(i)  for every elementp of Tp such that = (0) ~ p and for every finite sequencg holds
s € sucep iff (0) s € sucd, and

(iii)  for every elementp of Ty such that = (1) ~ p and for every finite sequencg holds
s € sucep iff (1) ™ € sucd.

==
(10) For all treed, T, holdsT; is binary andTy is binary iff Ty, T, is binary.

(11) For all decorated treef, T, and for every sek holdsT; is binary andT, is binary iff
x-treg(Ty, To) is binary.

Let D be a non empty set, letbe an element d, and letT;, T» be binary finite trees decorated
with elements oD. Thenx-tregT1, T2) is a binary finite tree decorated with element®of
Letl; be a non empty tree construction structure. We saylihatbinary if and only if:

(Def. 4) For every symbdof I; and for every finite sequengesuch thas=- p there exist symbols
X1, X2 Of I1 such thatp = (x1,x2).

One can check that there exists a non empty tree construction structure which is binary and strict
and has terminals, nonterminals, and useful nonterminals.
The schemdinDTConstrStrExdeals with a non empty set and a ternary predicaté, and
states that:
There exists a binary strict non empty tree construction structuseich that the
carrier ofG = 4 and for all symbols, y, zof G holdsx = (y, 2) iff P[x,y,Z]
for all values of the parameters.
The following proposition is true

(12) LetG be a binary non empty tree construction structure with terminals and nonterminals,
t3 be a finite sequence of elements of(G$, andn; be a symbol ofG. Supposen; = the
roots oftz. Then

(i) ngis anonterminal o6,
(i) domtsz = {1,2},
(i) 1 € domts,
(iv) 2 e domtz, and

(v) there exist elements, ts of TS(G) such that the roots @f = (the root label of4, the root
label ofts) andts = t3(1) andts = t3(2) andn;-tregts) = ni-tregts, ts) andts € rngtz and
ts € rngts.
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Now we present three schemes. The sch&m®TConstrinddeals with a binary non empty
tree construction structur@ with terminals and nonterminals and a unary predicatand states
that:

For every elemerttof TS(.4) holdsP|t]
provided the parameters meet the following requirements:

e For every terminas of 4 holds®[the root tree of], and

e Letn; be a nonterminal off andts, ts be elements of T&2). Supposen; = (the

root label ofts, the root label ofs) and?[ts] andP[ts]. Then®[n;-tregts,ts)].

The schemé@inDTConstrindDefleals with a binary non empty tree construction structéire
with terminals, nonterminals, and useful nonterminals, a non empt®,setinary functorf yield-
ing an element of8, and a 5-ary functog yielding an element of3, and states that:

There exists a functiofi from TS(4) into B such that
(i) for every terminat of 4 holds f (the root tree of) = 7 (t), and
(i) for every nonterminah; of 4 and for all elements, ts of TS(42) and for alll
symbolsry, ro of 4 such thatr; = the root label ot4 andr, = the root label ofs
andn; = (rq,r) and for all elementss, x4 of B such thats = f(t4) andxq = f(ts)
holds f (n1-tre€(ts,ts)) = G(N1,r1,r2,%3,Xa)
for all values of the parameters.

The schem®inDTConstrUnigDefleals with a binary non empty tree construction strucfiire
with terminals, nonterminals, and useful nonterminals, a non emptg sktnctionsC, D from
TS(A4) into B, a unary functorf yielding an element of8, and a 5-ary functoig yielding an
element ofB, and states that:

C=9D
provided the parameters satisfy the following conditions:

e (i) Foreveryterminat of 4 holdsC(the root tree of) = ¥ (t), and
(i) for every nonterminah; of 4 and for all elementty, ts of TS(.4) and for all
symbolsrq, r2 of 4 such thatr; = the root label ot4 andr, = the root label ots
andny = (rq,r2) and for all elementsgs, x4 of B such thaks = C(t4) andxq = C(ts)
holds C(ni-tregts,ts)) = G(N1,r1,r2,X3, Xa),

and

e (i) Foreveryterminat of 4 holdsD(the root tree of) = 7 (t), and
(i) for every nonterminah; of 4 and for all elementty, ts of TS(4) and for all
symbolsry, r2 of 4 such thaty = the root label of4 andr, = the root label ofs and
ny = (ry,r2) and for all elementss, x4 of B such thatxs = D(t4) andxs = D(ts)
holds D(n;-tre€ts,ts)) = G(N1,r1,r2,X3,%a).

Let A, B, C be non empty sets, lethe an element oA, letb be an element dB, and letc be an
element ofC. Then(a, b, c) is an element of A, B, C .

Now we present two schemes. The sch&meDTC DefLambdaleals with a binary non empty
tree construction structur@ with terminals, nonterminals, and useful nonterminals, non empty sets
B, C, abinary functorf yielding an element of’, and a 4-ary functog yielding an element of’,
and states that:

There exists a functiofi from TS(4) into % such that

(i) for every terminalt of 4 there exists a functiog from B into ¢ such that
g = f(the root tree of) and for every elemerg of B holdsg(a) = ¥ (t,a), and

(i) for every nonterminah; of 4 and for all elements;, t, of TS(4) and for
all symbolsry, r» of 4 such thatr; = the root label ot; andr, = the root label
of t; andny = (rq,r2) there exist functionsg, f1, f2 from B into C such thatg =
f(n-treets,tz)) and fy = f(t1) and f; = f(t2) and for every elemera of B holds
g(a) = g(nlv f1, f2,a)

for all values of the parameters.

The schem&inDTC DefLambdaUnigleals with a binary non empty tree construction structure
A with terminals, nonterminals, and useful nonterminals, non empty®et3, functions D, £
from TS(4) into 2, a binary functorf yielding an element of", and a 4-ary functog yielding
an element of”, and states that:

D=E
provided the following conditions are satisfied:
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e (i) Forevery terminat of 4 there exists a functiog from 3 into C such that
g = D(the root tree of) and for every elemera of B holdsg(a) = ¥ (t,a), and
(i)  for every nonterminah; of 4 and for all elements;, to of TS(4) and for
all symbolsry, ro of 4 such thatr; = the root label oft; andr, = the root label
of t; andny = (rq,r2) there exist functionsg, f1, f2 from B into C such thatg =
D(ny-treqty,tp)) and f1 = D(t1) and f, = D(t) and for every elemera of B holds
g(a) = G(nlv f1, f2,a),

and

e (i) Forevery terminat of 4 there exists a functiog from B into C such that
g = Z(the root tree of) and for every elemera of B holdsg(a) = ¥ (t,a), and
(i)  for every nonterminah; of 4 and for all elements;, t, of TS(4) and for
all symbolsri, rp of 4 such thatr; = the root label oft; andr, = the root label
of t andny = (rq,rp) there exist functiong, f1, f, from B into C such thatg =
E(n-treety, tp)) and f1 = £(t1) and f, = ‘E(t2) and for every elemera of B holds
g(a) = G(ny, f1, fz, ).

Let G be a binary non empty tree construction structure with terminals and nonterminals. Note

that every element of T®) is binary.
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