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Summary. In this paper we prove the well-known binomial theorem for algebraic
structures. In doing so we tried to be as modest as possible concerning the algebraic properties
of the underlying structure. Consequently, we proved the binomial theorem for “commutative
rings” in which the existence of an inverse with respect to addition is replaced by a weaker
property of cancellation.

MML Identifier: BINOM.

WWW: http://mizar.org/JFM/Voll2/binom.html

The articles([12],[[6], [[1r],[[18],[[2],[4],[[5], 1], [16], [[18], 3], [[10], 1], [8], [15],[[9], [14], and
[11] provide the notation and terminology for this paper.

1. PRELIMINARIES

LetL be a non empty loop structure. We say thas add-cancelable if and only if:

(Def. 3&] For all elements, b, c of L holds ifa+b=a+c, thenb=cand ifb+a=c+a, then
b=c.

One can verify the following observations:
x there exists a non empty loop structure which is add-left-cancelable,
x there exists a non empty loop structure which is add-right-cancelable, and
x there exists a non empty loop structure which is add-cancelable.

Let us note that every non empty loop structure which is add-left-cancelable and add-right-
cancelable is also add-cancelable and every non empty loop structure which is add-cancelable is
also add-left-cancelable and add-right-cancelable.

Let us note that every non empty loop structure which is Abelian and add-right-cancelable is also
add-left-cancelable and every non empty loop structure which is Abelian and add-left-cancelable is
also add-right-cancelable.

Let us mention that every non empty loop structure which is right zeroed, right complementable,
and add-associative is also add-right-cancelable.

Let us note that there exists a non empty double loop structure which is Abelian, add-associative,
left zeroed, right zeroed, commutative, associative, add-cancelable, distributive, and unital.

Next we state two propositions:

(1) LetRbe aright zeroed add-left-cancelable left distributive non empty double loop structure
andabe an element dR. Then (;-a= Or.

1This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.
1 The definitions (Def. 1) and (Def. 2) have been removed.
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(2) LetRbe aleft zeroed add-right-cancelable right distributive non empty double loop struc-
ture anda be an element dR. Thena:0Og = Ogr.

In this article we present several logical schemes. The schadi2eleals with a natural number
A4 and a unary predicat®, and states that:
For every natural numbeéisuch thatq < i holds®]i]
provided the parameters have the following properties:
e P[4],and
e For every natural numbgrsuch thatq < j holds if 2[j], then?[j + 1].
The schemdRecDefldeals with non empty setd, B, an elementC of B, and a functionD
from [ 4, B into B, and states that:
There exists a functiog from [N, 4] into B such that for every elemeumtof 4
holds
0(0, a) = ¢ and for every natural numberholdsg(n+1, a) = D(a, g(n, a))
for all values of the parameters.
The schemdRecDef2deals with non empty setd, B, an elementC of B, and a functionD
from [ B, 4] into B, and states that:
There exists a functiog from [ 4, N] into B such that for every elementof 4
holds
o(a, 0) = ¢ and for every natural numberholdsg(a, n+ 1) = D(g(a, n), a)
for all values of the parameters.

2. ON FINITE SEQUENCES
We now state four propositions:

(3) Forevery left zeroed non empty loop structlrand for every elemeratof L holdsy (a) =
a

(4) LetRbe aleft zeroed add-right-cancelable right distributive non empty double loop struc-
ture,a be an element dR, andp be a finite sequence of elements of the carrieRofThen

Y(@p=ajyp.

(5) LetRbe aright zeroed add-left-cancelable left distributive non empty double loop structure,
a be an element oR, and p be a finite sequence of elements of the carrieRofThen

S(pray=3ypa

(6) LetRbe a commutative non empty double loop structaree an element dR, andp be a
finite sequence of elements of the carrieRofTheny (p-a) = Y (a- p).

Let Rbe a non empty loop structure and fefg be finite sequences of elements of the carrier of
R. Let us assume that dopn= domg. The functorp+ q yielding a finite sequence of elements of
the carrier oRRis defined by:

(Def. 4) don{p+q) =domp and for every natural numbéesuch that X i andi < len(p+q) holds
(P+Q)i = pi+0i.

We now state the proposition

(7) LetRbe an Abelian right zeroed add-associative non empty loop structung ar finite
sequences of elements of the carrieRoff domp = domq, theny (p+9) =5 p+ 5 q.

3. ON PowERS INRINGS

Let R be a unital non empty groupoid, latbe an element dR, and letn be a natural number. The
functora” yields an element dR and is defined by:

(Def. 5) a" = powei(a, n).
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One can prove the following propositions:

(8) For every unital non empty groupoRiand for every elemerd of R holdsa® = 1 and
al=a

(9) For every unital non empty groupoitland for every elemerg of R and for every natural
numbem holdsa™! =a"-a.

(10) LetRbe a unital associative commutative non empty groupmitl,be elements oR, and
n be a natural number. Théa-b)" =a"-b".

(11) LetRbe a unital associative non empty group@idhe an element dR, andn, mbe natural
numbers. Thea™™M = a".a™.

(12) LetRbe a unital associative non empty group@idhe an element dR, andn, mbe natural
numbers. Theiga")™ =a"M.

4, ON NATURAL PRODUCTS INRINGS

Let R be a non empty loop structure. The functor Nat-multfefields a function from|: N, the
carrier ofR] into the carrier oR and is defined as follows:

(Def. 6) For every elemerat of R holds (Nat-mult-leftR) (0, a) = Og and for every natural number
n holds(Nat-mult-leftR) (n+ 1, a) = a+ (Nat-mult-leftR)(n, a).

The functor Nat-mult-righR yielding a function from]:the carrier ofR, N into the carrier oR is
defined as follows:

(Def. 7) For every elemeratof R holds(Nat-mult-rightR) (a, 0) = Og and for every natural number
n holds(Nat-mult-rightR) (a, n+ 1) = (Nat-mult-rightR) (a, n) + a.

LetRbe a non empty loop structure, Eebe an element dR, and letn be a natural number. The
functorn-ayields an element dR and is defined as follows:

(Def. 8) n-a= (Nat-mult-leftR)(n, a).
The functora- nyielding an element dR is defined as follows:
(Def. 9) a-n= (Nat-mult-rightR)(a, n).
One can prove the following propositions:

(13) For every non empty loop structuReand for every elemerd of R holds 0-a = Ogr and
a-0=0r.

(14) For every right zeroed non empty loop structiR@nd for every elemerd of R holds
l-a=a.

(15) Forevery left zeroed non empty loop structRi@nd for every elemertof Rholdsa-1=a.

(16) LetRbe a left zeroed add-associative non empty loop struciuse,an element dR, and
n, mbe natural numbers. Thén+m)-a=n-a+m-a.

(17) LetRbe aright zeroed add-associative non empty loop struciure an element dR, and
n, mbe natural numbers. Then (n+m) =a-n+a-m.

(18) LetRbe a left zeroed right zeroed add-associative non empty loop struathesan ele-
ment ofR, andn be a natural number. Thena=a-n.

(19) LetR be an Abelian non empty loop structugebe an element oR, andn be a natural
number. Them-a=a-n.
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(20) LetRbe a left zeroed right zeroed add-left-cancelable add-associative left distributive non

empty double loop structure, b be elements dR, andn be a natural number. Thén-a)-b=
n-(a-h).

(21) LetR be a left zeroed right zeroed add-right-cancelable add-associative distributive non

empty double loop structure, b be elements dR, andn be a natural number. Thén(n-a) =
(b-a)-n.

(22) LetRbe a left zeroed right zeroed add-associative add-cancelable distributive non empty

double loop structureg, b be elements oR, andn be a natural number. The@-n)-b =
a-(n-h).

5. THE BINOMIAL THEOREM

Letk, n be natural numbers. The#) is a natural number.

Let Rbe a unital non empty double loop structure dgb be elements dR, and letn be a natural

number. The functot(5)a%b", ..., (7)a"h®) yields a finite sequence of elements of the carrieR of
and is defined by the conditions (Def. 10).

(Def. 10)(i) len((D)a%",..., (Ma"P) = n+1, and

(i) for all natural numbers, |, msuch thai € dom((g)a%",..., (7)a"o°®) andm=i—1 and

| =n—mholds{(§)a%",..., (7)a"m%; = (1) -a -b™

Next we state four propositions:

(23) For every right zeroed unital non empty double loop strudtuaad for all elements, b

of Rholds((3)a%?,..., (3)a%h?) = (1r).

(24) LetRbe aright zeroed unital non empty double loop structaré,be elements oR, and

n be a natural number. Theifg)ab", ..., (7)a"h% (1) = a".

(25) LetRbe aright zeroed unital non empty double loop structare,be elements oR, and

n be a natural number. Theifg)ab", ..., (7)a"h%(n+1) = b".

(26) LetRbe an Abelian add-associative left zeroed right zeroed commutative associative add-

(1

2]

(3]
[4]

(5]

(6]

[7]

8l

[

cancelable distributive unital non empty double loop structar®, be elements oR, andn
be a natural number. Théa+b)" = 5 ((§)a%",..., (7)a"h).
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