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The articles[[14],[18], 1], T11],112],115],183],[15],02],118],[16],[14], [10],09], and[7] provide the
notation and terminology for this paper.

1. BINARY ARITHMETICS
One can prove the following propositions:

(1) For every non empty natural numbarand for everyn-tuple F of Boolean holds
AbsvalF) < 2".

(2) For every non empty natural numbernd for alln-tuplesF;, F> of Booleansuch that
AbsvalF1) = Absval ) holdsF, = F».

(3) For all finite sequencds, t; such that Reft;) = Reut;) holdst; = t,.
(4) For every natural numberholds(0,...,0) = (0,...,0) "~ (0).
S~—— N——

n+1 n

(5) For every natural numberholds(0,...,0) € Booleari.
N——
n

(6) For every natural numberand for everyn-tupley of Booleansuch thay = (0, ... ,0) holds
N——
n
—y=n~ 1
(7) For every non empty natural numbeand for everyn-tuple F of Booleansuch that- =
(0,...,0) holds AbsvalF) = 0.
N——

n

(8) For every non empty natural numbeand for everyn-tuple F of Booleansuch that- =
(0,...,0) holds Absval—F) =2"—1.
N——

n

(9) For every natural numberholds Rey(0,...,0)) = (0,...,0).
N—— N——
n n

(10) For every natural numbarand for everyn-tupley of Booleansuch thay = (0, .. .,0) holds
N——
n

Rev(—y) = .
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(11) BinX(1) = (true).
(12) For every non empty natural numbsehnolds AbsvalBinl(n)) = 1.

(13) For all elements, y of BooleanholdsxVy = trueiff x=trueory = trueandxVvy = false
iff x=falseandy = false

(14) For all elements, y of Booleanholds addovfl((x), (y)) = trueiff x = true andy = true.
(15) —(false = (true).

(16) —(true) = (false.

(17) (false + (false) = (false.

(18) (false + (true) = (true) and(true) + (false = (true).

(19) (true) + (true) = (false.

(20) Letn be a non empty natural number axdy be n-tuples ofBoolean Suppose, = true
and (carry(x,Bin1(n))), = true. Let k be a non empty natural number. Ki£ 1 andk < n,
thenx, = true and(carry(x, Binl(n)))x = true.

(21) Forevery non empty natural numimeand for evenyn-tuplex of Booleansuch thak, = true
and(carry(x,Bin1(n)))n = true holds carryx, Binl(n)) = =Bin1(n).

(22) Letn be a non empty natural number axg ben-tuples ofBoolean If y= (0,...,0) and

——"
n

Xn = trueand(carry(x, Bin1(n))), = true, thenx = —y.
(23) For every non empty natural numbeand for everyn-tupley of Booleansuch thaty =
(0,...,0) holds carry—y,Binl(n)) = —=Binl(n).
N——
n

(24) Letnbe a non empty natural number ang ben-tuples ofBoolean If y= (0,...,0), then
——

n

addovfl(x,Binl(n)) = trueiff x=—y.

(25) For every non empty natural numbeand for everyn-tuple z of Booleansuch thatz =
(0,...,0) holds—z+ Binl(n) = z
N——

n

2. BINARY SEQUENCES

Let n, k be natural numbers. The functorBinarySequendg) yields an-tuple of Booleanand is
defined as follows:

(Def. 1) For every natural numbersuch thati € Segn holds (n-BinarySequendd)); = (k=
21y mod 2= 0 — false true).

The following propositions are true:

(26) For every natural numberholdsn-BinarySequena®) = (0, ...,0).
N——

n

(27) For all natural numbers k such thak < 2" holds((n+ 1) -BinarySequendg))(n+1) =
false

(28) For every non empty natural numbeand for every natural numbérsuch thatk < 2"
holds(n+1)-BinarySequendg) = (n-BinarySequend)) ~ (false.
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(29) For every non empty natural numbeholds (n+ 1) -BinarySequend@") = (0,...,0) °

——
n

(true).

(30) For every non empty natural numiseand for every natural numbé&rsuch that 2 < k and

k < 2™ holds((n+ 1)-BinarySequendg) ) (n+ 1) = true.

(31) Letn be a non empty natural number akte a natural number. If"2< k andk < 2"1,

then(n+ 1) -BinarySequendé) = (n-BinarySequendd&—'2")) ™ (true).

(32) Letnbe a non empty natural number akte a natural number. Suppdse: 2". Let x be

an-tuple ofBoolean If x= (0,...,0), thenn-BinarySequendg) = —x iff k=2"—1.
——

n

(33) For every non empty natural numiyeand for every natural numbeé&rsuch thak+1 < 2"

holds addovfl(n-BinarySequend), Binl(n)) = false

(34) For every non empty natural numbeand for every natural numbérsuch thak +1 < 2"

holdsn-BinarySequend&+ 1) = (n-BinarySequendd)) + Bin1(n).

(35) For all natural numbersn, i holds (n + 1)-BinarySequendg¢) = (i mod 2 ~

(n-BinarySequende--2)).

(36) For every non empty natural numbeand for every natural numbérsuch thatk < 2"

holds Absvaln-BinarySequendg)) = k.

(37) For every non empty natural numbarand for everyn-tuple x of Boolean holds
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n-BinarySequendébsvalx)) = x.
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