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Summary. This article is a continuation of [6] and presents the concepts of binary
arithmetic operations for integers. There is introduced 2’s complement representation of in-
tegers and natural numbers to integers are expanded. The binary addition and subtraction for
integers are defined and theorems on the relationship between binary and numerical operations
presented.
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The articles [8], [11], [1], [3], [9], [12], [7], [4], [2], [5], [10], and [6] provide the notation and
terminology for this paper.

Let X be a non empty set, letD be a non empty subset ofX, let x, y be sets, and leta, b be
elements ofD. Then(x = y→ a,b) is an element ofD.

In the sequeli, n are natural numbers andm is a non empty natural number.
Let n be a natural number. The functor Bin1(n) yields an-tuple of Booleanand is defined as

follows:

(Def. 1) For everyi such thati ∈ Segn holds(Bin1(n))i = (i = 1→ true, false).

Let n be a non empty natural number and letx be an-tuple ofBoolean. The functor Neg2(x)
yields an-tuple ofBooleanand is defined by:

(Def. 2) Neg2(x) = ¬x+Bin1(n).

Let n be a natural number and letx be an-tuple of Boolean. The functor Intval(x) yields an
integer and is defined by:

(Def. 3) Intval(x) =
{

Absval(x), if xn = false,
Absval(x)−2n, otherwise.

Let n be a non empty natural number and letz1, z2 be n-tuples of Boolean. The functor
Int addovfl(z1,z2) yielding an element ofBooleanis defined by:

(Def. 4) Int addovfl(z1,z2) = ¬((z1)n)∧¬((z2)n)∧ (carry(z1,z2))n.

Let n be a non empty natural number and letz1, z2 be n-tuples of Boolean. The functor
Int addudfl(z1,z2) yields an element ofBooleanand is defined by:

(Def. 5) Int addudfl(z1,z2) = (z1)n∧ (z2)n∧¬((carry(z1,z2))n).
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Next we state a number of propositions:

(3)1 For every 2-tuplez1 of Booleansuch thatz1 = 〈false〉a 〈false〉 holds Intval(z1) = 0.

(4) For every 2-tuplez1 of Booleansuch thatz1 = 〈true〉a 〈false〉 holds Intval(z1) = 1.

(5) For every 2-tuplez1 of Booleansuch thatz1 = 〈false〉a 〈true〉 holds Intval(z1) =−2.

(6) For every 2-tuplez1 of Booleansuch thatz1 = 〈true〉a 〈true〉 holds Intval(z1) =−1.

(7) For everyi such thati ∈ Segn andi = 1 holds(Bin1(n))i = true.

(8) For everyi such thati ∈ Segn andi 6= 1 holds(Bin1(n))i = false.

(9) Bin1(m+1) = (Bin1(m))a 〈false〉.

(10) For everym holds Intval((Bin1(m))a 〈false〉) = 1.

(11) For everym-tuple z of Booleanand for every elementd of Booleanholds¬(za 〈d〉) =
(¬z)a 〈¬d〉.

(12) For everym-tuplezof Booleanand for every elementd of Booleanholds Intval(za 〈d〉) =
Absval(z)− ((d = false→ 0,2m) qua natural number).

(13) Let z1, z2 be m-tuples ofBooleanandd1, d2 be elements ofBoolean. Then(Intval(z1
a

〈d1〉+z2
a 〈d2〉)+(Int addovfl(z1

a 〈d1〉,z2
a 〈d2〉) = false→ 0,2m+1))−(Int addudfl(z1

a

〈d1〉,z2
a 〈d2〉) = false→ 0,2m+1) = Intval(z1

a 〈d1〉)+ Intval(z2
a 〈d2〉).

(14) Let z1, z2 be m-tuples ofBooleanandd1, d2 be elements ofBoolean. Then Intval(z1
a

〈d1〉 + z2
a 〈d2〉) = ((Intval(z1

a 〈d1〉) + Intval(z2
a 〈d2〉)) − (Int addovfl(z1

a 〈d1〉,z2
a

〈d2〉) = false→ 0,2m+1))+(Int addudfl(z1
a 〈d1〉,z2

a 〈d2〉) = false→ 0,2m+1).

(15) For everymand for everym-tuplex of Booleanholds Absval(¬x) = (−Absval(x)+2m)−
1.

(16) For everym-tuplezof Booleanand for every elementd of Booleanholds Neg2(za 〈d〉) =
(Neg2(z))a 〈¬d⊕addovfl(¬z,Bin1(m))〉.

(17) For everym-tuplez of Booleanand for every elementd of Booleanholds Intval(Neg2(za

〈d〉))+(Int addovfl(¬(za 〈d〉),Bin1(m+1)) = false→ 0,2m+1) =−Intval(za 〈d〉).

(18) For everym and for everym-tuplez of Booleanand for every elementd of Booleanholds
Neg2(Neg2(za 〈d〉)) = za 〈d〉.

Let n be a non empty natural number and letx, y be n-tuples ofBoolean. The functorx− y
yielding an-tuple ofBooleanis defined as follows:

(Def. 6) For everyi such thati ∈ Segn holds(x−y)i = xi ⊕ (Neg2(y))i ⊕ (carry(x,Neg2(y)))i .

One can prove the following propositions:

(19) For allm-tuplesx, y of Booleanholdsx−y = x+Neg2(y).

(20) For allm-tuplesz1, z2 of Booleanand for all elementsd1, d2 of Booleanholdsz1
a 〈d1〉−

z2
a 〈d2〉= (z1 +Neg2(z2))a 〈d1⊕¬d2⊕addovfl(¬z2,Bin1(m))⊕addovfl(z1,Neg2(z2))〉.

(21) Letz1, z2 bem-tuples ofBooleanandd1, d2 be elements ofBoolean. Then((Intval(z1
a

〈d1〉 − z2
a 〈d2〉) + (Int addovfl(z1

a 〈d1〉,Neg2(z2
a 〈d2〉)) = false → 0,2m+1)) −

(Int addudfl(z1
a 〈d1〉,Neg2(z2

a 〈d2〉))= false→0,2m+1))+(Int addovfl(¬(z2
a 〈d2〉),Bin1(m+

1)) = false→ 0,2m+1) = Intval(z1
a 〈d1〉)− Intval(z2

a 〈d2〉).
1 The propositions (1) and (2) have been removed.
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[4] Czesław Bylínski. A classical first order language.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/Vol2/cqc_
lang.html.
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