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Summary. The main goal of the article is the presentation of the theory of bilinear
functionals in vector spaces. It introduces standard operations on bilinear functionals and
proves their classical properties. It is shown that quotient functionals are non degenerated on
the left and the right. In the case of symmetric and alternating bilinear functionals it is shown
that the left and right kernels are equal.
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The articles([18],[6],[[17],[[12],[[4],[[18],[[11],12],[15],[[8],[[9],[[19],[[5].[[],[1],[[15],[[14],[[10],
and [8] provide the notation and terminology for this paper.

1. Two FORM ONVECTORSPACES ANDOPERATIONS ONTHEM

LetK be a 1-sorted structure and VétW be vector space structures over A form of V, W is a
function from[: the carrier oV, the carrier ofV/] into the carrier oK.

LetK be a non empty zero structure and\etV be vector space structures o¥erThe functor
NulForm(V, W) yields a form ofV, W and is defined as follows:

(Def. ZE] NulForm(V,W) = [:the carrier o/, the carrier ofN ] — Ok.

LetK be a non empty loop structure, MfW be non empty vector space structures d¢gand
let f, g be forms ofv, W. The functorf + g yields a form ofvV, W and is defined by:

(Def. 3) For every vectoy of V and for every vectow of W holds(f +g)({v,w)) = f({v,w)) +
g((v, w)).

Let K be a non empty groupoid, I&t, W be non empty vector space structures d¢elet f be
a form ofV, W, and leta be an element df. The functora- f yields a form oV, W and is defined

by:
(Def. 4) For every vectov of V and for every vectow of W holds(a- f)({v, w)) = a- f({v, w)).

LetK be a non empty loop structure, MfW be non empty vector space structures d¢gand
let f be a form ofv, W. The functor—f yields a form ofV, W and is defined by:

(Def. 5) For every vectov of V and for every vectow of W holds(—f)({v, w)) = —f ({v, w}).

Let K be an add-associative right zeroed right complementable left distributive left unital non
empty double loop structure, Igt, W be non empty vector space structures d¢eand letf be a
form of V, W. Then—f is a form ofV, W and it can be characterized by the condition:
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(Def. 6) —f =(—1«)-f.

LetK be a non empty loop structure, MfW be non empty vector space structures d¢gand
let f, g be forms ofv, W. The functorf — g yielding a form ofV, W is defined by:

(Def.7) f—g=f+-—g.

LetK be a non empty loop structure, ¥tW be non empty vector space structures d<eand
let f, g be forms oV, W. Thenf —gis a form ofV, W and it can be characterized by the condition:

(Def. 8) For every vectoy of V and for every vectow of W holds (f — g)({v, w)) = f({v,w)) —
g((v, w)).

Let K be an Abelian non empty loop structure, \&tW be non empty vector space structures
overK, and letf, g be forms oV, W. Let us notice that the functdr+ g is commutative.
The following propositions are true:

(1) LetK be a non empty zero structuké, W be non empty vector space structures dvey
be a vector oV, andw be a vector oW. Then(NulForm(V,W))({v, w)) = Ok.

(2) LetK be aright zeroed non empty loop structwe W be non empty vector space struc-
tures ovelK, andf be a form oV, W. Thenf + NulForm(V,W) = f.

(3) LetK be an add-associative non empty loop structuréyV be non empty vector space
structures oveK, andf, g, hbe forms oV, W. Then(f +g)+h= f +(g+h).

(4) LetK be an add-associative right zeroed right complementable non empty loop structure,
V, W be non empty vector space structures d¢eandf be a form oV, W. Thenf — f =
NulForm(V,W).

(5) LetK be a right distributive non empty double loop structife\W be non empty vector
space structures ovél, a be an element df, andf, g be forms ofV, W. Thena- (f +g) =
a-f+a-g

(6) LetK be a left distributive non empty double loop structwe W be non empty vector
space structures ovér, a, b be elements oK, andf be a form ofvV, W. Then(a+b)- f =
a-f+b-f.

(7) LetK be an associative non empty double loop struchdr&y be non empty vector space
structures ovekK, a, b be elements ok, andf be a form oV, W. Then(a-b)-f =a- (b- f).

(8) LetK be a left unital non empty double loop structuve,W be non empty vector space
structures oveK, andf be a form oV, W. Thenlk - f = f.

2. FUNCTIONAL GENERATED BY TWO FORM WHEN THE ONE OF ARGUMENTS ISFIXED

Let K be a non empty 1-sorted structure,NetW be non empty vector space structures d¢glet
f be a form oV, W, and letv be a vector o¥/. The functorf (v, -) yields a functional il and is
defined as follows:

(Def.9) f(v,-) = (curryf)(v).

LetK be a non empty 1-sorted structure \letW be non empty vector space structures d<ver
let f be a form ofv, W, and letw be a vector ofV. The functorf (-,w) yields a functional iV and
is defined by:

(Def. 10) f(-,w) = (curry f)(w).
The following propositions are true:

(9) LetK be a non empty 1-sorted structux&,W be non empty vector space structures over
K, f be a form ofV, W, andv be a vector ol/. Then donf(v,-) = the carrier ofW and
rngf(v,-) C the carrier oK and for every vectow of W holds(f(v,-))(w) = f({v, w}).
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(10) LetK be a non empty 1-sorted structuxe,W be non empty vector space structures over
K, f be a form ofV, W, andw be a vector ofN. Then don¥(-,w) = the carrier ofV and
rngf(-,w) C the carrier oK and for every vectov of V holds(f(-,w))(v) = f({v, w)).

(11) LetK be a non empty zero structuké, W be non empty vector space structures d<ef
be a form ofV, W, andv be a vector o¥/. Then NulFornfV,W)(v, -) = OFunctionaWV.

(12) LetK be a non empty zero structuké, W be non empty vector space structures d<ef
be a form oV, W, andw be a vector oWW. Then NulFornfV,W)(-,w) = OFunctionaV/.

(13) LetK be a non empty loop structuié, W be non empty vector space structures d<ef,
g be forms ofV, W, andw be a vector oWW. Then(f +g)(-,w) = f(-,w) +g(-,w).

(14) LetK be a non empty loop structuié, W be non empty vector space structures d<ef,
g be forms ofv, W, andv be a vector o¥. Then(f +g)(v,-) = f(v,-) +9(v,-).

(15) LetK be a non empty double loop structuké, W be non empty vector space structures
overK, f be aform oV, W, abe an element df, andw be a vector ofV. Then(a- f)(-,w) =
a-f(-,w).

(16) LetK be a non empty double loop structux&, W be non empty vector space structures
overK, f be aform oV, W, abe an element df, andv be a vector o¥/. Then(a- f)(v,-) =
a-f(v,).

(17) LetK be a non empty loop structuré, W be non empty vector space structures d<ef
be a form ofV, W, andw be a vector oWW. Then(—f)(-,w) = —f (-, w).

(18) LetK be a non empty loop structuré, W be non empty vector space structures d<ef
be a form ofV, W, andv be a vector o¥/. Then(—f)(v,-) = —f(v,-).

(19) LetK be a non empty loop structuié, W be non empty vector space structures d<ef,
g be forms ofv, W, andw be a vector ofV. Then(f —g)(-,w) = f(-,w) —g(-,w).

(20) LetK be a non empty loop structuré, W be non empty vector space structures d<ef,
g be forms oV, W, andv be a vector o¥. Then(f —g)(v,-) = f(v,-) — g(v,-).

3. Two FORM GENERATED BY FUNCTIONALS

Let K be a non empty groupoid, I&t, W be non empty vector space structures d¢etet f be a
functional inV, and letg be a functional ifW. The functorf @ g yielding a form ofV, W is defined
by:

(Def. 11) For every vector of V and for every vectow of W holds f @ g({v, w)) = f(v) - g(w).

The following propositions are true:

(21) LetK be an add-associative right zeroed right complementable right distributive non empty

double loop structuré/, W be non empty vector space structures dieff be a functional
inV, v be a vector oV, andw be a vector ofV. Thenf ® (OFunctionalW) ({v, w)) = Ok.

(22) LetK be an add-associative right zeroed right complementable left distributive non empty

double loop structure/, W be non empty vector space structures d<gg be a functional in
W, v be a vector oV, andw be a vector oW. Then(OFunctional/) ® g({v, w)) = Ok.

(23) LetK be an add-associative right zeroed right complementable right distributive non empty

double loop structuré/, W be non empty vector space structures dvgaindf be a functional
inV. Thenf ® (OFunctionalV) = NulForm(V,W).

(24) LetK be an add-associative right zeroed right complementable left distributive non empty

double loop structurd/, W be non empty vector space structures a¢<gandg be a functional
in W. Then(OFunctionaV/) ® g = NulForm(V,W).
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(25) LetK be a non empty groupoit,, W be non empty vector space structures d¢ef be a
functional inV, g be a functional itW, andv be a vector o¥. Then(f ® g)(v,-) = f(v)-g.

(26) LetK be a commutative non empty groupoid, W be non empty vector space structures
over K, f be a functional inv, g be a functional inW/, andw be a vector oW. Then

(feg)(,w) =g(w)-f.
4., BILINEAR FORMS AND THEIR PROPERTIES

LetK be a non empty loop structure, MfW be non empty vector space structures d¢gand let
f be a form oV, W. We say thaff is additive wrt. second argument if and only if:

(Def. 12) For every vector of V holdsf (v, ) is additive.

We say thaff is additive wrt. first argument if and only if:

(Def. 13) For every vector of W holds f(-,w) is additive.

Let K be a non empty groupoid, Ist, W be non empty vector space structures d¢gand let
f be a form ofV, W. We say thatf is homogeneous wrt. second argument if and only if:

(Def. 14) For every vector of V holdsf (v, -) is homogeneous.

We say thatf is homogeneous wrt. first argument if and only if:

(Def. 15) For every vectow of W holds f (-,w) is homogeneous.

Let K be a right zeroed non empty loop structure andMeW be non empty vector space
structures oveK. Note that NulFornV,W) is additive wrt. second argument and NulFO¥W)
is additive wrt. first argument.

Let K be a right zeroed non empty loop structure andMeWW be non empty vector space
structures oveK. Observe that there exists a form\bfW which is additive wrt. second argument
and additive wrt. first argument.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure and let, W be non empty vector space structures d¢eOne can verify that
NulForm(V,W) is homogeneous wrt. second argument and Nulfdrii) is homogeneous wrt.
first argument.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure and Ist, W be non empty vector space structures d¢erNote that there
exists a form oV, W which is additive wrt. second argument, homogeneous wrt. second argument,
additive wrt. first argument, and homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure and Ist, W be non empty vector space structures d<erA bilinear form
of V, W is an additive wrt. first argument homogeneous wrt. first argument additive wrt. second
argument homogeneous wrt. second argument forvh, b¥.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, 1&f, W be non empty vector space structures deetet f be an additive
wrt. second argument form ®f, W, and letv be a vector o¥/. One can verify thaf (v, -) is additive.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, lat, W be non empty vector space structures dvetet f be an additive
wrt. first argument form o¥/, W, and letw be a vector o¥W. Observe thaf (-, w) is additive.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, I&t, W be non empty vector space structures d<get f be a homogeneous
wrt. second argument form df, W, and letv be a vector o¥/. Observe thaf (v, ) is homogeneous.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, I&, W be non empty vector space structures d<get f be a homogeneous
wrt. first argument form o¥, W, and letw be a vector ofV. Observe thaf(-,w) is homogeneous.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, |&t, W be non empty vector space structures d¥¢glet f be a functional in
V, and letg be an additive functional iW/. Note thatf ® g is additive wrt. second argument.
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Let K be an add-associative right zeroed right complementable commutative right distributive
non empty double loop structure, { W be non empty vector space structures d<etet f be
an additive functional iV, and letg be a functional inW. Observe thaf ® g is additive wrt. first
argument.

Let K be an add-associative right zeroed right complementable commutative associative right
distributive non empty double loop structure,¥etW be non empty vector space structures d<er
let f be a functional iV, and letg be a homogeneous functionalW. One can verify that ® g is
homogeneous wrt. second argument.

Let K be an add-associative right zeroed right complementable commutative associative right
distributive non empty double loop structure,¥etW be non empty vector space structures d<er
let f be a homogeneous functional\ih and letg be a functional inW. One can verify that ® g is
homogeneous wrt. first argument.

Let K be a non degenerated non empty double loop structur¥, et a non trivial non empty
vector space structure ovér, let W be a non empty vector space structure aderlet f be a
functional inV, and letg be a functional i'WW. One can check thdt® g is non trivial.

LetK be a non degenerated non empty double loop structuré,beta non empty vector space
structure oveK, letW be a non trivial non empty vector space structure éydet f be a functional
inV, and letg be a functional i’W. One can verify thaf ® g is non trivial.

LetK be afield, le, W be non trivial vector spaces ov€r let f be a non constant O-preserving
functional inV, and letg be a non constant O-preserving functionai\in Observe that ® gis non
constant.

LetK be afield and le¥, W be non trivial vector spaces ovér One can verify that there exists
a form ofV, W which is non trivial, non constant, additive wrt. second argument, homogeneous
wrt. second argument, additive wrt. first argument, and homogeneous wrt. first argument.

Let K be an Abelian add-associative right zeroed non empty loop structuré, \atbe non
empty vector space structures okerand letf, g be additive wrt. first argument forms uf, W.
Observe thaf + g is additive wrt. first argument.

Let K be an Abelian add-associative right zeroed non empty loop structurd, W&t be non
empty vector space structures o¥erand letf, g be additive wrt. second argument formsavgiw.

One can check thdt+ g is additive wrt. second argument.

Let K be a right distributive right zeroed non empty double loop structurey |é/ be non
empty vector space structures o¥erlet f be an additive wrt. first argument form gf W, and let
abe an element dk. One can verify thaa- f is additive wrt. first argument.

Let K be a right distributive right zeroed non empty double loop structurey &/ be non
empty vector space structures oterlet f be an additive wrt. second argument formvgiwW, and
leta be an element df. One can check that- f is additive wrt. second argument.

Let K be an Abelian add-associative right zeroed right complementable non empty loop struc-
ture, letV, W be non empty vector space structures d¥erand letf be an additive wrt. first
argument form o¥/, W. Observe that-f is additive wrt. first argument.

Let K be an Abelian add-associative right zeroed right complementable non empty loop struc-
ture, letV, W be non empty vector space structures dveand letf be an additive wrt. second
argument form o¥/, W. Observe that-f is additive wrt. second argument.

Let K be an Abelian add-associative right zeroed right complementable non empty loop struc-
ture, letV, W be non empty vector space structures o¥erand letf, g be additive wrt. first
argument forms o¥, W. One can verify thaf — g is additive wrt. first argument.

Let K be an Abelian add-associative right zeroed right complementable non empty loop struc-
ture, letV, W be non empty vector space structures dveand letf, g be additive wrt. second
argument forms o/, W. One can verify thaf — g is additive wrt. second argument.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, 1&t, W be non empty vector space structures d¢eand letf, g be homo-
geneous wrt. first argument forms\bfW. Observe thaf + g is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, l&f, W be non empty vector space structures d¢ernd letf, g be ho-
mogeneous wrt. second argument form&/o0W. Note thatf + g is homogeneous wrt. second
argument.
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Let K be an add-associative right zeroed right complementable associative commutative right
distributive non empty double loop structure,\etW be non empty vector space structures d<ger
let f be a homogeneous wrt. first argument formVoiW, and leta be an element oK. Observe
thata- f is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable associative commutative right
distributive non empty double loop structure,¥etW be non empty vector space structures d<ger
let f be a homogeneous wrt. second argument fori, &, and leta be an element df. Observe
thata- f is homogeneous wrt. second argument.

LetK be an add-associative right zeroed right complementable right distributive non empty dou-
ble loop structure, lef, W be non empty vector space structures d¢eand letf be a homogeneous
wrt. first argument form of/, W. One can check that f is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, |&t, W be non empty vector space structures d¢eand letf be a homo-
geneous wrt. second argument fornMgiW. One can verify that- f is homogeneous wrt. second
argument.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, l&t, W be non empty vector space structures d¢eand letf, g be homo-
geneous wrt. first argument forms\éfW. Observe thaf — g is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, l&f, W be non empty vector space structures d¢erand letf, g be ho-
mogeneous wrt. second argument form8/ofW. Note thatf — g is homogeneous wrt. second
argument.

Next we state a number of propositions:

(27) LetK be a non empty loop structuré, W be non empty vector space structures der
Vv, U be vectors oV, w be a vector oV, andf be a form ofv, W. If f is additive wrt. first
argument, therf ({v+u, w)) = f({v,w)) + f({u, w}).

(28) LetK be a non empty loop structuié, W be non empty vector space structures dvev
be a vector o¥, u, w be vectors oW, andf be a form ofV, W. If f is additive wrt. second
argument, therf ({v, u+w)) = f({v, u)) + f({v, w}).

(29) LetK be aright zeroed non empty loop structiwe W be non empty vector space struc-
tures overK, v, u be vectors oV, w, t be vectors ofV/, and f be an additive wrt. first argu-
ment additive wrt. second argument formMoW. Thenf ({v+u, w+t)) = f({v, w)) + f({v,

t)) + (F({u, w)) + F({u, 1))).

(30) LetK be an add-associative right zeroed right complementable non empty double loop
structure V, W be right zeroed non empty vector space structures Kydr be an additive
wrt. second argument form &, W, andv be a vector o¥/. Thenf ({v, Ow)) = Ok.

(81) LetK be an add-associative right zeroed right complementable non empty double loop
structure VvV, W be right zeroed non empty vector space structures Kydr be an additive
wrt. first argument form o¥, W, andw be a vector oV. Thenf ({Oy, w)) = Ok.

(32) LetK be a non empty groupoi®,, W be non empty vector space structures d<ev be
a vector ofV, w be a vector oiV, a be an element ok, and f be a form ofvV, W. If f is
homogeneous wrt. first argument, thef{a- v, w)) = a- f({v, w}).

(33) LetK be a non empty groupoi®,, W be non empty vector space structures d<ev be
a vector ofV, w be a vector oW, a be an element oK, and f be a form ofV, W. If f is
homogeneous wrt. second argument, tfigfv, a-w)) = a- f({v, w}).

(34) LetK be an add-associative right zeroed right complementable associative left unital dis-
tributive non empty double loop structuké, W be add-associative right zeroed right comple-
mentable vector space-like hon empty vector space structureKovebe a homogeneous
wrt. first argument form o¥, W, andw be a vector ofW. Thenf ({Oy, w)) = O«.
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(35) LetK be an add-associative right zeroed right complementable associative left unital dis-
tributive non empty double loop structuké, W be add-associative right zeroed right comple-
mentable vector space-like non empty vector space structurekoviebe a homogeneous
wrt. second argument form &f, W, andv be a vector o¥/. Thenf ({v, Ow)) = Ok.

(36) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuxe,W be vector spaces ové, v, u be
vectors ofV, w be a vector ofV, andf be an additive wrt. first argument homogeneous wrt.
first argument form o/, W. Thenf ({v—u, w)) = f({v, w)) — f({u, w)).

(37) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structux&, W be vector spaces ovét, v be a
vector ofV, w, t be vectors oV, andf be an additive wrt. second argument homogeneous
wrt. second argument form &f, W. Thenf({v,w—t)) = f({v,w)) — f({v, t)).

(38) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuxe,W be vector spaces ové, v, u be
vectors oV, w, t be vectors oV, andf be a bilinear form o¥/, W. Thenf ({v—u,w—t)) =

FQvw)) — (v 1)) = (F({u, w)) — F({u, 1))

(39) LetK be an add-associative right zeroed right complementable associative left unital dis-
tributive non empty double loop structuké, W be add-associative right zeroed right comple-
mentable vector space-like non empty vector space structure&pveun be vectors oV, w,

t be vectors ofV, a, b be elements oK, andf be a bilinear form o¥, W. Thenf ({v+a- u,
w+b-t)) = f({(vw))+b- f({v,t))+(a f({u,w))+a-(b- f({u,t)))).

(40) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuxg,W be vector spaces ové, v, u be
vectors ofV, w, t be vectors oV, a, b be elements oK, and f be a bilinear form oV, W.
Thenf({(v—a-u,w—b-t)) = f({v,w)) —b- f({v,t)) —(a- f({u,w)) —a- (b- f({u,t)))).

(41) LetK be an add-associative right zeroed right complementable non empty double loop
structure V, W be right zeroed non empty vector space structures Kyemd f be a form
of V, W. Supposef is additive wrt. second argument and additive wrt. first argument. Then
f is constant if and only if for every vectarof V and for every vectow of W holds f ({v,
W)) =0k.

5. LEFT AND RIGHT KERNEL OF FORM. KERNEL OF“DIAGONAL”

LetK be a zero structure, I&t, W be non empty vector space structures d<¢eand letf be a form
of V, W. The functor leftkef yielding a subset 0¥ is defined as follows:

(Def. 16) leftkerf = {v;vranges over vectors &: A-vector otw T ({V, W)) = Ok }.

Let K be a zero structure, I&, W be non empty vector space structures d¢eand letf be a
form of V, W. The functor rightkef yielding a subset oV is defined by:

(Def. 17) rightkerf = {w;w ranges over vectors ¥: Ay.vector otv T ({V, W)) =0k }.

Let K be a zero structure, & be a non empty vector space structure d¢eand letf be a
form of V, V. The functor diagkef yields a subset of and is defined by:

(Def. 18) diagker = {v;vranges over vectors &: f({v,v)) =0k }.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, 18t be a right zeroed non empty vector space structure idyést W be a
non empty vector space structure okerand letf be an additive wrt. first argument form gf W.
Note that leftkerf is non empty.

LetK be an add-associative right zeroed right complementable associative left unital distributive
non empty double loop structure, Etbe an add-associative right zeroed right complementable
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vector space-like non empty vector space structure Bydet W be a non empty vector space
structure oveK, and letf be a homogeneous wrt. first argument fornYoiV. One can check that
leftker f is non empty.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, 18t be a non empty vector space structure d¥etet W be a right zeroed
non empty vector space structure ogrand letf be an additive wrt. second argument form\Vof
W. Note that rightkef is non empty.

LetK be an add-associative right zeroed right complementable associative left unital distributive
non empty double loop structure, Mtbe a non empty vector space structure dkeldet W be
an add-associative right zeroed right complementable vector space-like hon empty vector space
structure ovelK, and letf be a homogeneous wrt. second argument forriY 0fV. Note that
rightkerf is non empty.

LetK be an add-associative right zeroed right complementable non empty double loop structure,
letV be aright zeroed non empty vector space structurekdyand letf be an additive wrt. second
argument form oV, V. Observe that diagkdris non empty.

LetK be an add-associative right zeroed right complementable non empty double loop structure,
letV be a right zeroed non empty vector space structure iyand letf be an additive wrt. first
argument form o¥, V. One can verify that diagkdris non empty.

LetK be an add-associative right zeroed right complementable associative left unital distributive
non empty double loop structure, tbe an add-associative right zeroed right complementable
vector space-like non empty vector space structureldyand letf be a homogeneous wrt. second
argument form o¥, V. Note that diagkef is non empty.

LetK be an add-associative right zeroed right complementable associative left unital distributive
non empty double loop structure, Etbe an add-associative right zeroed right complementable
vector space-like non empty vector space structure Kyemd letf be a homogeneous wrt. first
argument form o¥/, V. Observe that diagkdris non empty.

Next we state three propositions:

(42) LetK be a zero structur®, be a non empty vector space structure d¢gandf be a form
of V, V. Then leftkerf C diagkerf and rightkerf C diagkerf.

(43) LetK be an add-associative right zeroed right complementable right distributive non empty
double loop structurd/, W be non empty vector space structures ¢¢gandf be an additive
wrt. first argument homogeneous wrt. first argument fornd V. Then leftkerf is linearly
closed.

(44) LetK be an add-associative right zeroed right complementable right distributive non empty
double loop structurd/, W be non empty vector space structures d¢/gandf be an additive
wrt. second argument homogeneous wrt. second argument foviyMgf Then rightkerf is
linearly closed.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure,ebe a vector space ovér, letW be a non empty
vector space structure ovir, and letf be an additive wrt. first argument homogeneous wrt. first
argument form o¥/, W. The functor LKerf yields a strict non empty subspace\ofind is defined

by:
(Def. 19) The carrier of LKef = leftkerf.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, \ebe a non empty vector space structure dver
let W be a vector space ové, and letf be an additive wrt. second argument homogeneous wrt.
second argument form &f, W. The functor RKeff yielding a strict non empty subspaceWfis
defined by:

(Def. 20) The carrier of RKef = rightkerf.
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Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure,\ebe a vector space ovér, letW be a non empty
vector space structure oviEr, and letf be an additive wrt. first argument homogeneous wrt. first
argument form oV, W. The functor LQFormf) yielding an additive wrt. first argument homoge-
neous wrt. first argument form Uf/LKerf,W is defined by the condition (Def. 21).

(Def. 21) LetAbe a vector OY/LKerf , W be a vector ofV, andv be a vector o¥. If A=v+ LKer f,
then(LQForm(f))((A,w)) = f({v. w})).

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, \ebe a non empty vector space structure dver
let W be a vector space ové, and letf be an additive wrt. second argument homogeneous wrt.
second argument form &f, W. The functor RQForrfif) yields an additive wrt. second argument
homogeneous wrt. second argument form’oW/RKerf and is defined by the condition (Def. 22).

(Def. 22) LetAbe avector OYV/RKerf , Vbe a vector o/, andw be a vector ofV. If A=w+RKerf,
then(RQForm(f)) (v, A)) = f (v, w)).

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, &t W be vector spaces ovét, and letf be a
bilinear form ofV, W. Note that LQFormf) is additive wrt. second argument and homogeneous
wrt. second argument and RQFgrf) is additive wrt. first argument and homogeneous wrt. first
argument.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure NeW be vector spaces ovKr, and letf be a bilinear
form of V, W. The functor QForrfif) yielding a bilinear form o / kert, "V /rkerf is defined by
the condition (Def. 23).

(Def. 23) LetAbe avector OY/LKerf, B be a vector OW/RKerf , vbe a vector o¥/, andw be a vector
of W. If A= v+ LKer f andB = w+ RKerf, then(QForm(f))((A, B)) = f({v, w}).

The following propositions are true:

(45) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuvebe a vector space ové&r, W be a non
empty vector space structure oerand f be an additive wrt. first argument homogeneous
wrt. first argument form oY/, W. Then rightkeif = rightkeLQForm(f)).

(46) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuvebe a non empty vector space structure
overK, W be a vector space ovr, andf be an additive wrt. second argument homogeneous
wrt. second argument form &, W. Then leftkerf = leftker(RQForm(f)).

(47) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuve W be vector spaces ovér, andf be a
bilinear form ofV, W. Then RKerf = RKer(LQForm(f)).

(48) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuve W be vector spaces ovér, andf be a
bilinear form ofV, W. Then LKerf = LKer(RQForn{f)).

(49) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuxé, W be vector spaces ovét, and f
be a bilinear form oV, W. Then QFornif) = RQForn{LQForm(f)) and QFornif) =
LQForm(RQForn{f)).

(50) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuké, W be vector spaces ové¢, and
f be a bilinear form oV, W. Then leftkeQForm(f)) = leftker(RQFormLQForm(f)))
and rightke(QForm(f)) = rightkef RQForm{LQForm(f))) and leftkefQForm(f)) =
leftker(LQForm(RQForn{f))) and rightke(QForm(f)) = rightkef LQForm(RQForn{f))).
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(51) LetK be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structurey, W be non empty vector space structures d¢ef be a functional inv/,
andg be a functional irW. Then kerf C leftker(f ® g).

(52) LetK be an add-associative right zeroed right complementable associative commutative left
unital field-like distributive non empty double loop structweW be non empty vector space
structures oveK, f be a functional iV, andg be a functional iW. If g # OFunctionaV,
then leftke( f ® g) = kerf.

(53) LetK be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structurey, W be non empty vector space structures d¢ef be a functional in/,
andg be a functional i'WW. Then keg C rightken f ® g).

(54) LetK be an add-associative right zeroed right complementable associative commutative left
unital field-like distributive non empty double loop structiweW be non empty vector space
structures oveK, f be a functional iV, andg be a functional inV. If f # OFunctionaV/,
then rightke( f @ g) = kerg.

(55) LetK be an add-associative right zeroed right complementable commutative Abelian as-
sociative left unital distributive field-like non empty double loop structiehe a vector
space oveK, W be a non empty vector space structure agerf be a linear functional
in V, andg be a functional inW. If g=# OFunctionalV, then LKer f ® g) = Kerf and
LQForm(f ® g) = (CQFunctionaf ) ® g.

(56) LetK be an add-associative right zeroed right complementable commutative Abelian as-
sociative left unital distributive field-like non empty double loop structiwepe a non
empty vector space structure o€y W be a vector space ovét, f be a functional in
V, andg be a linear functional iW. If f # OFunctionaV/, then RKe(f ® g) = Kerg and
RQForn{f ® g) = f @ (CQFunctionay).

(57) LetK be a field,V, W be non trivial vector spaces ové&r, f be a non constant linear
functional inV, andg be a non constant linear functional W. Then QFornif ® g) =
(CQFunctionaf) @ (CQFunctionafy).

Let K be a zero structure, I8, W be non empty vector space structures d¢eand letf be a
form of V, W. We say thaf is degenerated on left if and only if:

(Def. 24) leftkerf #£ {0y }.
We say thatf is degenerated on right if and only if:
(Def. 25) rightkerf # {Ow}.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure,Nebe a vector space ovir, letW be a right zeroed
non empty vector space structure o#erand letf be an additive wrt. first argument homogeneous
wrt. first argument form o¥, W. Note that LQFornf) is non degenerated on left.

Let K be an add-associative right zeroed right complementable Abelian associative left uni-
tal distributive non empty double loop structure, Vebe a right zeroed non empty vector space
structure oveK, letW be a vector space ové, and letf be an additive wrt. second argument
homogeneous wrt. second argument fornVoiV. Note that RQForrff) is non degenerated on
right.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure leW be vector spaces ovKr, and letf be a bilinear
form of V, W. One can verify that QFor(if) is non degenerated on left and non degenerated on
right.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, Yet W be vector spaces ovéd, and letf be a
bilinear form ofV, W. One can verify that RQForthQForm(f)) is non degenerated on left and
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non degenerated on right and LQFgR®Forn( f)) is non degenerated on left and non degenerated
on right.

LetK be afield, lei, W be non trivial vector spaces ouér and letf be a non constant bilinear
form of V, W. Observe that QFor() is non constant.

6. BILINEAR SYMMETRIC AND ALTERNATING FORMS

LetK be a 1-sorted structure, tbe a vector space structure o¥erand letf be a form oV, V.
We say thaff is symmetric if and only if:

(Def. 26) For all vectors, wof V holds f({v, w)) = f({w, v}).

Let K be a zero structure, I8 be a vector space structure o¥erand letf be a form ofV, V.
We say thatff is alternating if and only if;

(Def. 27) For every vector of V holds f ({v, v)) = Ok.

Let K be a non empty zero structure andVebe a non empty vector space structure d<er
One can check that NulForifwi, V) is symmetric and NulFor(V,V) is alternating.

Let K be a non empty zero structure and\ebe a non empty vector space structure d<er
Observe that there exists a form\ofV which is symmetric and there exists a form\gfV which
is alternating.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure and lgtbe a non empty vector space structure d¢eNote that there exists
a form ofV, V which is symmetric, additive wrt. second argument, homogeneous wrt. second
argument, additive wrt. first argument, and homogeneous wrt. first argument and there exists a form
of V, V which is alternating, additive wrt. second argument, homogeneous wrt. second argument,
additive wrt. first argument, and homogeneous wrt. first argument.

LetK be a field and leV be a non trivial vector space ovir Note that there exists a form of
V, V which is symmetric, non trivial, non constant, additive wrt. second argument, homogeneous
wrt. second argument, additive wrt. first argument, and homogeneous wrt. first argument.

LetK be an add-associative right zeroed right complementable non empty loop structure and let
V be a non empty vector space structure d¢eObserve that there exists a form\ofV which is
alternating, additive wrt. second argument, and additive wrt. first argument.

LetK be a non empty loop structure, ¥éthe a non empty vector space structure d<eand let
f, g be symmetric forms o¥, V. Observe thaf + g is symmetric.

LetK be a non empty double loop structure \febe a non empty vector space structure d<ger
let f be a symmetric form 0¥, V, and leta be an element df. Note thata- f is symmetric.

LetK be a non empty loop structure, ¥the a non empty vector space structure d¢eand let
f be a symmetric form o¥, V. One can check that f is symmetric.

LetK be a non empty loop structure, ¥the a non empty vector space structure d¢eand let
f, g be symmetric forms d¥, V. One can check thdt— g is symmetric.

Let K be a right zeroed non empty loop structure Mebe a non empty vector space structure
overK, and letf, g be alternating forms of, V. Note thatf + g is alternating.

Let K be an add-associative right zeroed right complementable right distributive non empty
double loop structure, 1&f be a non empty vector space structure diefet f be an alternating
form of V, V, and leta be a scalar oK. Observe thaa- f is alternating.

Let K be an add-associative right zeroed right complementable non empty loop structure, let
be a non empty vector space structure digand letf be an alternating form of, V. One can
check that-f is alternating.

Let K be an add-associative right zeroed right complementable non empty loop structure, let
be a non empty vector space structure d¢eand letf, g be alternating forms d¥, V. Note that
f —gis alternating.

The following two propositions are true:

(58) LetK be an add-associative right zeroed right complementable right distributive non empty
double loop structurd/ be a non empty vector space structure d¢gandf be a symmetric
bilinear form ofV, V. Then leftkerf = rightkerf.
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(59) LetK be an add-associative right zeroed right complementable non empty loop structure,
be a non empty vector space structure d¢ef be an alternating additive wrt. first argument
additive wrt. second argument form 9f V, andv, w be vectors oV. Thenf({v,w)) =

—f({w, v)).

Let K be a Fanoian field, lef be a non empty vector space structure d¢eand letf be an
additive wrt. first argument additive wrt. second argument fornd 0¥. Let us observe that is
alternating if and only if:

(Def. 28) For all vectors, wof V holds f ({v, w)) = —f ({w, v)).

One can prove the following proposition

(60) LetK be an add-associative right zeroed right complementable right distributive non empty
double loop structurd/ be a non empty vector space structure deandf be an alternating
bilinear form ofV, V. Then leftkerf = rightkerf.
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