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Summary. In this paper, we first introduce the notion of summability of an infinite
set of vectors of real Hilbert space, without using index sets. Further we introduce the notion
of weak summability, which is weaker than that of summability. Then, several statements for
summable sets and weakly summable ones are proved. In the last part of the paper, we give a
necessary and sufficient condition for summability of an infinite set of vectors of real Hilbert
space as our main theorem. The last theorem is due to [8].

MML Identifier: BHSP_6.

WWW: http://mizar.org/JFM/Voll5/bhsp_6.html

The articles|[17],124],[16],[TL], [[1B],[10],[[2R], 4], 15], [[7], T12], (118], [[14], 115],1113],13],[10],
[16], [11], [2], [2Q], and [23] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papeiX is a real unitary space,is a point ofX, andi is a natural number.

Let us consideK. Let us assume that the additionXfis commutative and associative and the
addition ofX has a unity. LeY be a finite subset 0. The functor SetsufiY) yields an element of
X and is defined by the condition (Def. 1).

(Def. 1) There exists a finite sequenp®f elements of the carrier of such thatp is one-to-one
and rngo =Y and SetsurfY) = the addition ofX @ p.

The following two propositions are true:

(1) LetgivenX. Suppose the addition &f is commutative and associative and the addition of
X has a unity. LeY be a finite subset of andl be a function from the carrier of into the
carrier ofX. Suppose&’ C doml and for every set such thaix € doml holdsl (x) = x. Then
Setsun(Y) = setopfungy, the carrier ofX, the carrier ofX, |,the addition oiX).

(2) LetgivenX. Suppose the addition &f is commutative and associative and the addition of
X has a unity. Lel, Y» be finite subsets of. Supposé; missesY. LetZ be a finite subset
of X. If Z=Y1UY,, then SetsurfZ) = SetsunfY1) + SetsunfYz).
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2. SUMMABILITY

Let us consideX and letY be a subset oK. We say thatly is summableset if and only if the
condition (Def. 2) is satisfied.

(Def. 2) There existg such that for every real numbeif e > 0, then there exists a finite subsgt
of X such thatyp is non empty andlp CY and for every finite subs#j of X such thatp CY;
andY; C Y holds||x— SetsunfY;)|| < e.

Let us consideK and letY be a subset oX. Let us assume thatis summableset. The functor
sumy vyielding a point ofX is defined by the condition (Def. 3).

(Def. 3) Letebe areal number. Suppoee> 0. Then there exists a finite subsgtof X such that
Yo is non empty antty CY and for every finite subsét of X such thatly CY; andY; CY
holds||sumY — Setsun(Y:)|| < e.

Let us consideK and letL be a linear functional ixX. We say that is Bounded if and only if:
(Def. 4) There exists a real numb€rsuch tha > 0 and for every holds|L(x)| < K- ||x|.

Let us consideK and letY be a subset oK. We say that is weakly summableset if and only
if the condition (Def. 5) is satisfied.

(Def. 5) There existg such that for every linear functionalin X if L is Bounded, then for every
real numbere such thate > 0 there exists a finite subs# of X such thatyp is non empty
andYo C Y and for every finite subséf of X such thatyp CY; andY; C Y holds|L(x—
SetsuniYy))| < e.

Let us consideiX, letY be a subset oK, and letL be a functional inX. We say thaty is
summable set bl if and only if the condition (Def. 6) is satisfied.

(Def. 6) There exists a real numbesuch that for every real numbeiif e > 0, then there exists a
finite subselp of X such thatyp is non empty andfp C Y and for every finite subs&t of X
such thaty C Y; andY; C Y holds|r — setopfun€Ys, the carrier ofX, R,L, +g)| < &

Let us considelX, letY be a subset oK, and letL be a functional inX. Let us assume that
Y is summable set by. The functor SumByfung, L) yields a real number and is defined by the
condition (Def. 7).

(Def. 7) Letebe areal number. Suppose- 0. Then there exists a finite subagtof X such that
(i)  Yois non empty,
(i) YoCY,and

(iiiy  for every finite subset; of X such thatyyp CY; andY; C Y holds |SumByfungY,L) —
setopfungYy, the carrier ofX, R,L,+gr)| < &

One can prove the following propositions:
(3) For every subsef of X such thaly is summableset holdsy is weakly summableet.

(4) LetL be alinear functional ixX andp be a finite sequence of elements of the carriex of
Suppose lep > 1. Let g be a finite sequence of elementskaf Suppose domp = domg and
for everyi such thai € domq holdsq(i) = L(p(i)). ThenL(the addition o)X © p) = +r © 0.

(5) LetgivenX. Suppose the addition of is commutative and associative and the addition
of X has a unity. LeSbe a finite subset oK. SupposeSis non empty. LetL be a linear
functional inX. ThenL(Setsun(S)) = setopfun¢s, the carrier ofX, R,L, +g).

(6) LetgivenX. Suppose the addition &f is commutative and associative and the addition of
X has a unity. LeY be a subset oK. Suppose is weakly summableet. Then there exists
x such that for every linear functionalin X if L is Bounded, then for every real numteer
such thae > 0 there exists a finite subsés of X such thatyp is non empty andp, CY and
for every finite subseY; of X such thatyp CY; andY; C Y holds|L(x) — setopfun€Ys, the
carrier ofX, R,L,+z)| < e
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(7) LetgivenX. Suppose the addition &f is commutative and associative and the addition of
X has a unity. LeY be a subset oK. Supposé’ is weakly summableet. LetL be a linear
functional inX. If L is Bounded, thelY is summable set bl.

(8) LetgivenX. Suppose the addition &f is commutative and associative and the addition of
X has a unity. LeY be a subset oX. Suppos¢ is summableset. Letl be a linear functional
in X. If L is Bounded, thelY is summable set bly.

(9) For every finite subséft of X such thatr is non empty hold¥ is summableset.

3. NECESSARY ANDSUFFICIENT CONDITION FOR SUMMABILITY

One can prove the following proposition

(10) LetgivenX. Suppose the addition of is commutative and associative and the addition of
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X has a unity an is a Hilbert space. Lét be a subset 0. ThenY is summableset if and
only if for every real numbee such thate > 0 there exists a finite subsé of X such that
Yo is non empty andp C Y and for every finite subsét of X such thaty; is non empty and
Y1 CY andYp missesy; holds||SetsunfY;)|| < e.
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