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Summary. The article is a continuation df[7] and 6f[8]. First we define the following
concepts: the Cauchy sequence, the bounded sequence and the subsequence. The last part of
this article contains definitions of the complete space and the Hilbert space.
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The articles|[9], [[2], [[10], [[1], [12], [[3], [14], [[5], [11], 6], [[7], and[I8] provide the notation and
terminology for this paper.

For simplicity, we adopt the following conventioi:is a real unitary space, g are points o,
a, r, M are real numbersy, S, S3, &4 are sequences &, N; is an increasing sequence of naturals,
andk, n, mare natural numbers.

Let us consideK and let us consides;. We say thas; is Cauchy if and only if:

(Def. 1) For everyr such that > 0 there existk such that for alh, m such thain > k andm > k
holdsp(sy(n),s(m)) <.

We introduces; is a Cauchy sequence as a synonyrgaé Cauchy.
The following propositions are true:

(1) If s1is constant, theg, is a Cauchy sequence.

(2) s isa Cauchy sequence if and only if for eversuch that > 0 there exist& such that for
all n, msuch than > k andm > k holds||s;(n) —si(m)|| <.

(3) If s,is a Cauchy sequence aggis a Cauchy sequence, thent sz is a Cauchy sequence.
(4) If s,is a Cauchy sequence aggis a Cauchy sequence, then- sz is a Cauchy sequence.
(5) If s is a Cauchy sequence, thans; is a Cauchy sequence.

(6) If s is a Cauchy sequence, thets; is a Cauchy sequence.

(7) If s1is a Cauchy sequence, them-x is a Cauchy sequence.

(8) If s is a Cauchy sequence, then- x is a Cauchy sequence.

(9) If s1is convergent, theg, is a Cauchy sequence.

Let us consideK and let us consides,, s3. We say thas, is compared t@s if and only if:
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(Def. 2) For everyr such thatr > O there existan such that for everyn such thatn > m holds
P(s2(n),ss(n)) <.

The following propositions are true:
(10) s is compared t@;.
(11) If spis compared t@s, thenss is compared te;.

Let us consideK and let us consides,, s3. Let us notice that the predicadgis compared t@s
is reflexive and symmetric.
Next we state several propositions:

(12) If s, is compared t@; ands; is compared ta, thens, is compared tay.

(13) s is compared tas iff for every r such that > 0 there existen such that for every such
thatn > mholds||sz(n) —sz(n)|| <.

(14) Ifthere exist& such that for everm such thah > k holdss; (n) = s3(n), thens, is compared
t0 s3.

(15) If spis a Cauchy sequence and compareskithenss is a Cauchy sequence.
(16) If s, is convergent and comparedss thenss is convergent.

(17) If s, is convergent and lip, = g and s, is compared toss, thenss is convergent and
limsz3=g.

Let us consideX and let us consides;. We say thas; is bounded if and only if:
(Def. 3) There exist®! such thaM > 0 and for everyn holds||sy(n)|| < M.
One can prove the following propositions:
(18) If s, is bounded angs is bounded, thes, 4 s3 is bounded.
(19) Ifs is bounded, ther-s; is bounded.
(20) If s; is bounded and; is bounded, thes, — s3 is bounded.
(21) If 51 is bounded, then- s is bounded.
(22) If 5 is constant, thes; is bounded.

(23) For everynthere existd such thaM > 0 and for everyr such thah < mholds||s;(n)|| <
M.

(24) If 1 is convergent, theg is bounded.

(25) If s; is bounded and comparedgg thens;s is bounded.

Let us consideK, N1, s1. Thens; - Nz is a sequence of.
Let X be a non empty 1-sorted structure anddggts be sequences &f. We say thaks is a
subsequence dfif and only if:

(Def. 4) There exists an increasing sequeNa#f naturals such thas = s- N.

One can prove the following propositions:

(26) LetX be areal unitary spacsbe a sequence &, N be an increasing sequence of naturals,
andn be a natural number. Theés- N)(n) = s(N(n)).

(27) s is a subsequence ef.

(28) If s; is a subsequence sf ands; is a subsequence ef, thens; is a subsequence &f.
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(29) If g is constant and; is a subsequence ef, thens; is constant.

(30) If g is constant and; is a subsequence ef, thens; = s,.

(31) Ifs is bounded and, is a subsequence sf, thens, is bounded.

(32) If g is convergent and, is a subsequence sf, thens, is convergent.

(383) If spis asubsequence sf ands; is convergent, then lirgp = lim s;.

(34) If s is a Cauchy sequence aggdis a subsequence &f, thens; is a Cauchy sequence.

Let us considek, let us consides;, and let us considde. The functors; Tk yielding a sequence
of X is defined as follows:

(Def. 5) For evenyn holds(s; Tk)(n) = sp(n+Kk).
Next we state a number of propositions:

(35) s170=s.

(36) siTkTm=s TmTk.

(B7) s1TkTm=s7(k+m).

(38) (2+s3)tk=s2Tk+s3Tk

(39) (—s1)Tk=-s1Tk

(40) (s2—s3)Tk=sTk—ssTk.

(41) (a-s)Tk=a-(s1Tk).

(42) (s1-Ni)Tk=s1-(N1Tk).
(43) s17kis asubsequence ef.
(44) If 51 is convergent, thes Tkis convergent and liifs; T k) = lims;.
(46E] If s1is convergent and there exigtsuch thas; = s Tk, thens; is convergent.

(47) If 5 is a Cauchy sequence and there existaich thats; = s, Tk, thens, is a Cauchy
sequence.

(48) If 1 is a Cauchy sequence, ther kis a Cauchy sequence.
(49) |If spis compared t@s, thens, T kis compared t@s T k.
(50) If 5, is bounded, ther; Tk is bounded.
(51) If g is constant, thes; Tk is constant.
Let us consideK. We say thaX is complete if and only if:
(Def. 6) For eveny; such thas, is a Cauchy sequence holslsis convergent.

We introduceX is a complete space as a synonynXds complete.
One can prove the following proposition

(SSE] If X is a complete space asgis a Cauchy sequence, thgnis bounded.
Let us consideK. We say thaK is Hilbert if and only if:
(Def. 7) X s areal unitary space and a complete space.

We introduceX is a Hilbert space as a synonymXfs Hilbert.

1 The proposition (45) has been removed.
2 The proposition (52) has been removed.
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