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Summary. We present a Mizar formalization of chapter 4.4[df [8] devoted to special
orderings in additive monoids to be used for ordering terms in multivariate polynomials. We
have extended the treatment to the case of infinite number of variables. It turns out that in such
case admissible orderings are not necessarily well orderings.

MML Identifier: BAGORDER.

WWW: http://mizar.org/JFM/Voll4d/bagorder.html

The articles([3B],[[12],[[41]/]42]/[44]/[43]( [16]( [37]13][[34]. 4] [38].[40]. [29]. [36]. [19]. [2],
(9, [21], [6], [1], [28], [33], [24], [S], [23], [27], [7], [20], [30Q], [15], [2€], [18], [17], [11], [10],
[14], [25], [31], [39], [32], [13], and[[22] provide the notation and terminology for this paper.

1. PRELIMINARIES
One can prove the following propositions:

(1) Forall set, y, zsuch thaz € x andz € y holdsx\ {z} = y\ {z} iff x=Yy.

(2) For all natural numberns, k holdsk € Seqniff k— 1 is a natural number arld— 1 < n.

Let f be a natural-yielding function and I¥tbe a set. Observe th&{X is natural-yielding.
Let f be a finite-support function and IXtbe a set. One can check thgiX is finite-support.
One can prove the following three propositions:

(3) For every functiorf and for every set such thai € domf holds f - (x) = (f(x)).

(4) Letf,g, hbe functions. Suppose doim=domg and rngf € domh and rngy € domh and
f andg are fiberwise equipotent. Thén f andh- g are fiberwise equipotent.

(5) For every finite sequendg of elements oN holdsy f; = 0iff fy =lenfy— 0.

Let n, i, j be natural numbers and letbe a many sorted set indexed hy The functor
(b(i),...,b(j)) yielding a many sorted set indexed py-'i is defined as follows:

(Def. 1) For every natural numbérsuch thak € j—'i holds(b(i),...,b(j))(k) = b(i + k).

Letn, i, j be natural numbers and lebe a natural-yielding many sorted set indexedbiote
that(b(i),...,b(])) is natural-yielding.

Letn, i, j be natural numbers and Ibtbe a finite-support many sorted set indexechbyDne
can verify that(b(i), ...,b(j)) is finite-support.

We now state the proposition
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(6) Letn, i be natural numbers aral b be many sorted sets indexed lhyThena = b if and
only if the following conditions are satisfied:

@) (a(0),...,a(i+1)) = (b(0),...,b(i+1)), and

(i) (a(i+1),...,a(n))=(b(i+1),...,b(n)).

Let x be a non empty set and latbe a non empty natural number. The functor(kin) is
defined by:

(Def. 2) Fin(x,n) = {y;y ranges over elements of:% is finite A yis non emptyrn y < n}.
Letx be a non empty set and lebe a non empty natural number. Observe that&m is non

empty.
One can prove the following three propositions:

(7) LetRbe an antisymmetric transitive non empty relational structurexabe a finite subset

of R. Suppose&X # 0. Then there exists an elemenbf R such thaix € X andx is maximal
w.r.t. X, the internal relation oR.

(8) LetRbe an antisymmetric transitive non empty relational structurexabd a finite subset
of R. SupposeX # 0. Then there exists an elemenbf R such thatx € X andx is minimal
w.r.t. X, the internal relation oR.

(9) LetRbe anon empty antisymmetric transitive relational structurefabd a sequence of
R. Supposd is descending. Lej, i be natural numbers. If< j, thenf (i) # f(j) and(f(j),
f(i)) € the internal relation oR.

Let R be a non empty relational structure andddie a sequence & We say thas is non-
increasing if and only if:

(Def. 3) For every natural numbeholds(s(i + 1), s(i)) € the internal relation oR.

The following three propositions are true:

(10) LetRbe a non empty transitive relational structure drgk a sequence & Supposd is

non-increasing. Lej, i be natural numbers. if< j, then(f(j), f(i)) € the internal relation
of R

(11) LetRbe a non empty transitive relational structure arxk a sequence & SupposeR
is well founded and is non-increasing. Then there exists a natural nungbguch that for
every natural numbaerif p <r, thens(p) = s(r).

(12) LetX be a seta be an element oX, A be a finite subset oX, andR be an order irX. If
A= {a} andRlinearly ordersA, then SgmXR A) = (a).

2. MOREABOUT BAGS

Letnbe an ordinal number and Iebe a bag oh. The functor TotDegreeyields a natural number
and is defined by:

(Def. 4) There exists a finite sequenteof elements ofN such that TotDegrde= 3y f and f =
b-SgmX(&n,supporb).

One can prove the following propositions:

(13) Letn be an ordinal numbeh be a bag ofh, s be a finite subset af, and f, g be finite
sequences of elements®f If f = b-SgmX(=p, supporb) andg = b- SgmX(<,, supporbU
s),theny f =5 g.

(14) For every ordinal numben and for all bagsa, b of n holds TotDegre@ + b) =
TotDegreer+ TotDegred.
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(15) For every ordinal numberand for all bags, b of n such thab | a holds TotDegre@ —’
b) = TotDegrea — TotDegred.

(16) For every ordinal numbem and for every bag of n holds TotDegreb = 0 iff b =
EmptyBag.

(17) For all natural numberd, j, n holds ((EmptyBag)(i),...,(EmptyBag)(j)) =
EmptyBadj —'i).

(18) For all natural numbeis j, n and for all bags, b of n holds{(a+b)(i),...,(a+b)(j)) =
@), ...,a(j)) + (b(i),....b(j))-

(19) For every seX holds support EmptyBag = 0.
(20) For every seX and for every bad of X such that suppot= 0 holdsb = EmptyBagX.

(21) For all ordinal numbens, mand for every bag of n such tham € n holdsb[mis a bag of
m.

(22) For every ordinal number and for all bags, b of n such thatb | a holds suppoith C
support.

3. SOME SPECIAL ORDERS

Letn be a set. A term order afis an order in Bags.
Let n be an ordinal number. We introduce LexOrdeis a synonym of BagOrder
Let n be an ordinal number and I&tbe a term order ofi. We say thafl is admissible if and
only if the conditions (Def. 7) are satisfied.
(Def. 7ﬁi) T is strongly connected in Bags
(i) for every baga of n holds{ EmptyBaq, a) € T, and
(i)  for all bagsa, b, c of nsuch that(a, b) € T holds(a+c, b+c) € T.

We now state the proposition
(23) For every ordinal numberholds LexOrden is admissible.

Letnbe an ordinal number. One can verify that there exists a term ordevloich is admissible.
Let n be an ordinal number. Observe that LexOmleradmissible.
We now state the proposition

(24) For every infinite ordinal numberholds LexOrdeo is non well-ordering.

Let n be an ordinal number. The functor InvLexOrdefielding a term order ofi is defined by
the condition (Def. 8).

(Def.8) Letp, g be bags oh. Then(p, ) € InvLexOrdem if and only if one of the following
conditions is satisfied:

() p=gor
(i) there exists an ordinal numbesuch that € nandp(i) < q(i) and for every ordinal number
k such thai € kandk € n holdsp(k) = q(k).

We now state the proposition
(25) For every ordinal numberholds InvLexOrden is admissible.

Let n be an ordinal number. Observe that InvLexOmsradmissible.
One can prove the following proposition

1 The definitions (Def. 5) and (Def. 6) have been removed.
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(26) For every ordinal numberholds InvLexOrdeo is well-ordering.

Let n be an ordinal number and letoe a term order ofi. Let us assume that for all bagsb, ¢
of nsuch that{a, b) € o holds{a+c, b+c) € o. The functor Gradedyielding a term order ofi is
defined as follows:

(Def.9) For all bagsa, b of n holds (a b) € Graded iff TotDegreea < TotDegred or
TotDegree = TotDegred and(a, b) € o.

One can prove the following proposition

(27) Letnbe an ordinal number arabe a term order afi. Suppose for all bags b, c of nsuch
that(a, b) € o holds{a+ ¢, b+c) € o andois strongly connected in BagsThen Graded
is admissible.

Let n be an ordinal number. The functor GrLexOrdgtields a term order ofiand is defined as
follows:

(Def. 10) GrLexOrden = Graded LexOrdanr.
The functor GrinvLexOrdar yields a term order ofi and is defined by:
(Def. 11) GrinvLexOrden = Graded InvLexOrdan.
We now state the proposition
(28) For every ordinal numberholds GrLexOrden is admissible.

Let n be an ordinal number. Observe that GrLexOrdsradmissible.
We now state two propositions:

(29) For every infinite ordinal numberholds GrLexOrdeo is non well-ordering.
(30) For every ordinal numberholds GrinvLexOrden is admissible.

Let n be an ordinal number. One can verify that GrinvLexOrdisradmissible.
We now state the proposition

(81) For every ordinal numberholds GrinvLexOrdeo is well-ordering.

Leti, nbe natural numbers, lef be a term order af+ 1, and leto, be a term order afi—' (i +1).
The functor BlockOrddi, n,01,0;) yielding a term order ofi is defined by the condition (Def. 12).

(Def. 12) Letp, q be bags ofn. Then(p, q) € BlockOrde(i,n,o01,02) if and only if one of the
following conditions is satisfied:

@ (p(0),...,p(i+1)) # (d(0),...,q(i +1)) and({p(0),..., p(i+ 1)), (a(0),...,q(i+1))) €
01, Or

(i) (p(0),...,p(i+1)) =(a(0),...,q(i+1)) and({p(i +1),..., p(n)), {ai+1),...,q(n)))
0.

We now state the proposition

(32) Leti, nbe natural numbers; be aterm order df+ 1, andoy be a term order afi—' (i +1).
If o1 is admissible and, is admissible, then BlockOrdgrn, 01, 02) is admissible.

Let n be a natural number. The functor NaivelyOrderedBagelding a strict relational struc-
ture is defined by the conditions (Def. 13).

(Def. 13)()) The carrier of NaivelyOrderedBags- Bag:, and
(i) for all bagsx, y of nholds{x, y) € the internal relation of NaivelyOrderedBagsf x| y.
Next we state three propositions:
(33) For every natural numberholds the carrier of](n— OrderedNAT) = Bags.
(34) For every natural numberholds NaivelyOrderedBags= [](n — OrderedNAT).

(35) Letn be a natural number aralbe a term order ofi. Suppose is admissible. Then the
internal relation of NaivelyOrderedBags_ o ando is well-ordering.
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4. ORDERING OFFINITE SUBSETS

LetRbe a connected non empty poset an&lée an element of Fin (the carrierf. Let us assume
thatX is non empty. The functor PosetMihyields an element dR and is defined as follows:

(Def. 14) PosetMiiX € X and PosetMiiX is minimal w.r.t. X, the internal relation oR.
The functor PosetMaX yields an element dR and is defined as follows:

(Def. 15) PosetMaX € X and PosetMaX is maximal w.r.t.X, the internal relation oR.

Let R be a connected non empty poset. The functor FinOrd-ApRigelding a function from
N into 2t Fin(the carrier ofR), Fin(the carrier ofR)] j5 defined by the conditions (Def. 16).

(Def. 16)()) domFinOrd-ApproR =N,
(FinOrd-ApproxR) (0) = {(x, y}; x ranges over elements of Fin (the carrieR)fy ranges

(ii)
over elements of Fin(the carrierBj: x=0 V x# 0 A y# 0 A PosetMax # PosetMay A

(PosetMax, PosetMay) € the internal relation oR}, and

(iiiy  for every element of N holds(FinOrd-ApproxR) (n+ 1) = {({X, y); xranges over elements
of Fin(the carrier ofR), y ranges over elements of Fin(the carrief)f x A0 A y#0 A
n

PosetMax = PosetMay A (x\ {PosetMax}, y\ {PosetMay}) € (FinOrd-ApproxR)(n)}.

We now state four propositions:
(36) LetRbe a connected non empty poset ang be elements of Fin(the carrier Bj. Then
(x, ¥} € UrngFinOrd-ApproxR if and only if one of the following conditions is satisfied:

(i) x=0,0r
(i) x#0andy# 0and PosetMax+# PosetMay and( PosetMax, PosetMay) € the internal

relation ofR, or
x# 0 andy # 0 and PosetMax= PosetMay and(x\ {PosetMax}, y\ {PosetMay}) €

(iii)
Jrng FinOrd-ApproR.

(87) For every connected non empty poRednd for every element of Fin(the carrier ofR)
such thaix = 0 holds{x, 0) ¢ |Jrng FinOrd-ApproxR.

(38) LetRbe a connected non empty poset artie an element of Fin (the carrier Bj. Then
a\ {PosetMax} is an element of Fin (the carrier 8.

(39) For every connected non empty pd3éiolds|Jrng FinOrd-ApproxRis an order in Fin (the
carrier ofR).

Let R be a connected non empty poset. The functor Filylds an order in Fin(the carrier

of R) and is defined by:

(Def. 17) FinOrdR = |Jrng FinOrd-ApproxR.
Let Rbe a connected non empty poset. The functor FinFRgielding a poset is defined by:

(Def. 18) FinPoseéR = (Fin(the carrier oR), FinOrdR).
Let Rbe a connected non empty poset. One can verify that FinRés@bn empty.
Next we state the proposition

(40) LetRbe a connected non empty poset and be elements of FinPodRtThen(a, b) € the
internal relation of FinPos&tif and only if there exist elements y of Fin (the carrier oR)
such thata= x butb =y butx = 0 or x # 0 andy # 0 and PosetMax # PosetMay and
(PosetMax, PosetMay) € the internal relation oR or x # 0 andy # 0 and PosetMax =

PosetMay and{x\ {PosetMax}, y\ {PosetMay})} € FinOrdR.
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Let Rbe a connected non empty poset. Note that FinFisetonnected.
Let Rbe a connected non empty relational structure an@ ket a non empty set. Let us assume

thatR is well founded and C the carrier olR. The functor MinElemer{C, R) yielding an element
of Ris defined by:

(Def. 19) MinElemen(C,R) € C and MinElemen(C, R) is minimal w.r.t.C, the internal relation of

R.

Let Rbe a non empty relational structure, $dte a sequence &, and letj be a natural number.

The functor SeqShifs, j) yielding a sequence & is defined by:

(Def. 20) For every natural numbeholds(SeqShifts, j))(i) = s(i + j).

We now state two propositions:

(41) LetRbe a non empty relational structushe a sequence &, andj be a natural number.

If sis descending, then SeqSktj) is descending.

(42) For every connected non empty poBesuch thatR is well founded holds FinPos@tis

(1
(2

(3l

4

(3]
6]

(7]

8l

19

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

well founded.
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