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Summary. The widely used textbook by Brassard and Bratléy [3] includes a chap-
ter devoted to asymptotic notation (Chapter 3, pp. 79-97). We have attempted to test how
suitable the current version of Mizar is for recording this type of material in its entirety. A
more detailed report on this experiment will be available separately. This article presents the
development of notions and a follow-up article [11] includes examples and solutions to prob-
lems. The preliminaries introduce a number of properties of real sequences, some operations
on real sequences, and a characterization of convergence. The remaining sections in this ar-
ticle correspond to sections of Chapter 3[df [3]. Section 2 define®thetation and proves
the threshold, maximum, and limit rules. Section 3 introducesCttend © notations and
their analogous rules. Conditional asymptotic notation is defined in Section 4 where smooth
functions are also discussed. Section 5 defines some operations on asymptotic notation (we
have decided not to introduce the asymptotic notation for functions of several variables as it is
a straightforward generalization of notions for unary functions).

MML Identifier: ASYMPT_0.

WWW: http://mizar.org/JFM/Volll/asympt_0.html

The articles([14],[[18],[2],[[16],[7].[4],[5],[15],[T1],[[2], [8],112],[18],[[6],[17], and [10] provide
the notation and terminology for this paper.

1. PRELIMINARIES

In this paperc, d denote real numbers amdN denote natural numbers.

In this article we present several logical schemes. The sclém$®gRngHeals with natural
numbers4, B, a non empty sef, and a unary functof” yielding an element of’, and states that:
{¥ (i);i ranges over natural numberg:<i A i < B} is a finite non empty subset

of C
provided the following requirement is met:
o 4<B.
The schemé&iniminitl deals with a natural numbet, a non empty seB, and a unary functor
F yielding an element of3, and states that:
{# (n); nranges over natural numbers< 4} is a finite non empty subset &
for all values of the parameters.
The schemé&iniminit2 deals with a natural numbet, a non empty seB, and a unary functor
T yielding an element o, and states that:
{# (n); nranges over natural numbersx 4} is a finite non empty subset &
provided the parameters have the following property:
e 4>0.

1This work has been supported by NSERC Grant OGP9207.
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Let c be a real number. We say thais logbase if and only if:
(Def. 3f| c>0andc+#1.
One can check the following observations:
x there exists a real number which is positive,
x there exists a real number which is negative,
x there exists a real number which is logbase,
x there exists a real number which is non negative,
x there exists a real number which is non positive, and
x there exists a real number which is non logbase.
Let f be a sequence of real numbers. We say fhateventually-nonnegative if and only if:
(Def. 4) There exist® such that for every such than > N holds f (n) > 0.
We say thatff is positive if and only if:
(Def. 5) For everyn holdsf(n) > 0.
We say thatf is eventually-positive if and only if:
(Def. 6) There existd such that for every such than > N holds f (n) > 0.
We say thaff is eventually-nonzero if and only if:
(Def. 7) There existd such that for every such than > N holds f (n) # 0.
We say thaff is eventually-nondecreasing if and only if:
(Def. 8) There existd such that for every such than > N holds f (n) < f(n+1).

Let us observe that there exists a sequence of real numbers which is eventually-nonnegative,
eventually-nonzero, positive, eventually-positive, and eventually-nondecreasing.
One can verify the following observations:

x every sequence of real numbers which is positive is also eventually-positive,

x every sequence of real numbers which is eventually-positive is also eventually-nonnegative
and eventually-nonzero, and

x every sequence of real numbers which is eventually-nonnegative and eventually-nonzero is
also eventually-positive.

Let f, g be eventually-nonnegative sequences of real numbers. Noté thgtis eventually-
nonnegative.

Let f be a sequence of real numbers andclée a real number. The functor+ f yields a
sequence of real numbers and is defined by:

(Def. 9) For evennholds(c+ f)(n) =c+ f(n).

We introducef 4 c as a synonym of + f.

Let f be an eventually-nonnegative sequence of real numbers arlodet positive real number.
Observe that f is eventually-nonnegative.

Let f be an eventually-nonnegative sequence of real numbers andbéetr non negative real
number. Note that + f is eventually-nonnegative.

Let f be an eventually-nonnegative sequence of real numbers anlddet positive real number.
One can verify that + f is eventually-positive.

Let f, g be sequences of real numbers. The functor(hay yields a sequence of real numbers
and is defined as follows:

1 The definitions (Def. 1) and (Def. 2) have been removed.
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(Def. 10) For evenn holds(max(f,qg))(n) = max(f(n),g(n)).

Let us notice that the functor mek g) is commutative.

Let f be a sequence of real numbers andgléte an eventually-nonnegative sequence of real
numbers. Note that méx, g) is eventually-nonnegative.

Let f be a sequence of real numbers andle¢ an eventually-positive sequence of real numbers.
Note that maxf, g) is eventually-positive.

Let f, g be sequences of real numbers. We saydtranjorizesf if and only if:

(Def. 11) There existdl such that for every such than > N holds f (n) < g(n).

Next we state several propositions:

(1) Letf be asequence of real numbers &hlle a natural number. Suppose that for every
such thatn > N holds f(n) < f(n+1). Let n, m be natural numbers. Kl <nandn<m,
thenf(n) < f(m).

(2) Let f, g be eventually-positive sequences of real numbers.f/ff is convergent and
lim(f/g) # 0, theng/f is convergent and lifg/ f) = (lim(f/g))~%.

(3) For every eventually-nonnegative sequeticef real numbers such thdtis convergent
holds 0< lim f.

(4) Letf, gbe sequences of real numbers.flfs convergent and is convergent and ma-
jorizesf, then limf <limg.

(5) Let f be a sequence of real numbers antle an eventually-nonzero sequence of real
numbers. Iff /g is divergent tot-oo, theng/ f is convergent and lifg/ f) = 0.

2. A NOTATION FOR“THE ORDER OF

Let f be an eventually-nonnegative sequence of real numbers. The fubctoryielding a non
empty set of functions froi¥ to R is defined as follows:

(Def. 12) O(f) = {t;t ranges over elements Bf": \/cy (>0 A Ay (N>N = t(n) <c-f(n) A
t(n) > 0))}.
We now state a number of propositions:

(6) Letx be a set and be an eventually-nonnegative sequence of real numbers. Suppose
x € O(f). Thenxis an eventually-nonnegative sequence of real numbers.

(7) Letf be a positive sequence of real numbers abd an eventually-nonnegative sequence
of real numbers. Thehe O(f) if and only if there existe such that > 0 and for everyn
holdst(n) <c- f(n).

(8) Letf be an eventually-positive sequence of real numldos, an eventually-nonnegative
sequence of real numbers, adde a natural number. Suppdse O( f) and for everyn such
thatn > N holds f (n) > 0. Then there exists such that > 0 and for everyn such than > N
holdst(n) <c- f(n).

(9) For all eventually-nonnegative sequencks g of real numbers holdO(f + g) =
O(max(f,g)).

(10) For every eventually-nonnegative sequehod real numbers hold$ € O(f).

(11) For all eventually-nonnegative sequenéeg of real numbers such thdte O(g) holds
O(f) € O(9).

(12) For all eventually-nonnegative sequenées, h of real numbers such thdte O(g) and
g € O(h) holdsf € O(h).
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(13) Letf be an eventually-nonnegative sequence of real numberslamd positive real num-
ber. ThenO(f) = O(c f).

(14) Letc be a non negative real number andf be eventually-nonnegative sequences of real
numbers. Iix € O(f), thenxe O(c+ f).

(15) For all eventually-positive sequencisy of real numbers such thd{/g is convergent and
lim(f/g) > 0 holdsO(f) = O(g).

(16) Let f, g be eventually-positive sequences of real numbers.f /4 is convergent and
lim(f/g) =0, thenf € O(g) andg ¢ O(f).

(17) Letf, g be eventually-positive sequences of real number§/dfis divergent toto, then
f ¢ O(g) andg € O(f).

3. OTHERASYMPTOTIC NOTATION

Let f be an eventually-nonnegative sequence of real numbers. The f@kdtpyields a non empty

set of functions fronN to R and is defined as follows:

(Def. 13) Q(f) = {t;t ranges over elements Bf': \/g (d >0 A Ay (N>N = t(n) >d-f(n) A

t(n) >0))}.

One can prove the following propositions:

(18) Letx be a set and be an eventually-nonnegative sequence of real numbers. Suppose
x € Q(f). Thenxis an eventually-nonnegative sequence of real numbers.

(19) For all eventually-nonnegative sequenéggof real numbers hold§ € Q(g) iff g€ O(f).
(20) For every eventually-nonnegative sequehoé real numbers hold$ € Q(f).

(21) For all eventually-nonnegative sequenéeg, h of real numbers such thdte Q(g) and
g€ Q(h) holdsf € Q(h).

(22) For all eventually-positive sequencisy of real numbers such thd{/g is convergent and
lim(f/g) > 0 holdsQ(f) = Q(g).

(23) Let f, g be eventually-positive sequences of real nhumbers.f /4 is convergent and
lim(f/g) =0,thenge Q(f)andf ¢ Q(g).

(24) Letf, g be eventually-positive sequences of real number§/dfis divergent toto, then
g¢ Q(f)andf € Q(g).

(25) Letf,t be positive sequences of real numbers. TherQ(f) if and only if there existsl
such that > 0 and for everyn holdsd- f(n) <t(n).

(26) For all eventually-nonnegative sequencesg of real numbers holdQ)(f + g) =
Q(max(f,g)).

Let f be an eventually-nonnegative sequence of real numbers. The f@(dtbyielding a non
empty set of functions fror¥ to R is defined by:

(Def. 14) O(f) = O(f)NQ(f).

The following propositions are true:

(27) Letf be an eventually-nonnegative sequence of real numbers. @hEn= {t;t ranges
over elements oR™: V.4 (>0 A d>0A Ay (N>=N = d-f(n) <t(n) A t(n) <

c-f(m))}-

(28) For every eventually-nonnegative sequehoé real numbers hold§ € ©(f).
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(29) For all eventually-nonnegative sequenéeg of real numbers such thdte ©(g) holds
geO(f).

(30) For all eventually-nonnegative sequenées, h of real numbers such thdte ©(g) and
g € ©(h) holdsf € ©(h).

(31) Letf,t be positive sequences of real numbers. The®(f) if and only if there exist, d
such that > 0 andd > 0 and for everyn holdsd - f(n) <t(n) andt(n) < c- f(n).

(32) For all eventually-nonnegative sequencesg of real numbers hold®(f + g) =
©(max(f,g)).

(33) For all eventually-positive sequencesgy of real numbers such thdt/g is convergent and
lim(f/g) > 0 holdsf € ©(g).

(34) Let f, g be eventually-positive sequences of real numbers.f /i is convergent and
lim(f/g)=0,thenf € O(g) andf ¢ O(g).

(35) Letf, gbe eventually-positive sequences of real number§/dfis divergent totco, then
f € Q(g) andf ¢ O(g).

4. CONDITIONAL ASYMPTOTIC NOTATION

Let f be an eventually-nonnegative sequence of real numbers aXdéea set. The functdd( f|X)
yields a non empty set of functions frafto R and is defined as follows:

(Def. 15) O(f|X) = {t;t ranges over elements Bf": /oy (>0 A Ay (>N AneX = t(n) <
c-f(n) A t(n)>0))}.

Let f be an eventually-nonnegative sequence of real numbers aXddeta set. The functor
Q(f|X) yielding a non empty set of functions frolhto R is defined as follows:

(Def. 16) Q(f|X) = {t;t ranges over elements Bf': /4 (d>0A Ay (N>N ANneX = t(n)>
d-f(n) A t(n) >0))).

Let f be an eventually-nonnegative sequence of real numbers aXddeta set. The functor
O(f|X) yields a non empty set of functions frafhto R and is defined by the condition (Def. 17).

(Def. 17) ©(f|X) = {t;t ranges over elements &": \/;4n (c>0Ad>0A Ay (N>N A ne
X = d-f(n)<t(n) A t(n)<c-f(n))}.

The following proposition is true

(36) For every eventually-nonnegative sequefice real numbers and for every s¥tholds
O(f|X) =O(fIX)NQ(f|X).

Let f be a sequence of real numbers andolée a natural number. The functdy yielding a
sequence of real numbers is defined as follows:

(Def. 18) For everyr holds fy(n) = f(b-n).

Let f be an eventually-nonnegative sequence of real numbers ambtded natural number. We
say thatf is smooth w.r.tb if and only if:

(Def. 19) f is eventually-nondecreasing afigle O(f).

Let f be an eventually-nonnegative sequence of real numbers. We salyithamooth if and
only if:

(Def. 20) For every natural numbbrsuch thab > 2 holdsf is smooth w.r.th.

One can prove the following propositions:
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(37) Letf be an eventually-nonnegative sequence of real numbers. Given a natural rumber

such thab > 2 andf is smooth w.r.tb. Thenf is smooth.

(38) Let f be an eventually-nonnegative sequence of real numbeil® an eventually-
nonnegative eventually-nondecreasing sequence of real numbeltsparalnatural number.
Supposef is smooth and > 2 andt € O(f|{b" : n ranges over natural numbéjs Then
t e O(f).

(39) Let f be an eventually-nonnegative sequence of real numhbel® an eventually-
nonnegative eventually-nondecreasing sequence of real numbetsparalnatural number.
Supposef is smooth and > 2 andt € Q(f|{b" : n ranges over natural numbéjs Then
teQ(f).

(40) Let f be an eventually-nonnegative sequence of real numbei® an eventually-
nonnegative eventually-nondecreasing sequence of real numbeltsparalnatural number.
Supposef is smooth and > 2 andt € ©(f|{b" : n ranges over natural numbéjs Then
teO(f).

5. OPERATIONS ONASYMPTOTIC NOTATION

Let X be a non empty set and IBt G be non empty sets of functions froto R. The functor
F 4+ Gyields a non empty set of functions fraxito R and is defined by the condition (Def. 21).

(Def. 21) F +G = {t;t ranges over elements @&*: V¢ g cemenomx (f €EF A g€ G A
An:element ofx t(n) = f(n)Jrg(n))}-

Let X be a non empty set and [Et G be non empty sets of functions froxhto R. The functor
max(F, G) yielding a non empty set of functions froxto R is defined by the condition (Def. 22).

(Def. 22) maxF,G) = {t;t ranges over elements &*: V¢ g-elementomx (F €EF A geG A
An:etement ofx t(N) = max(f(n)7g(n)))}~

The following propositions are true:

(41) For all eventually-nonnegative sequenteg of real numbers hold®(f)+0O(g) = O(f +
9).
(42) For all eventually-nonnegative sequendeg of real numbers holds m&®(f),0(g)) =

Let F, G be non empty sets of functions fraito R. The functorF© yields a non empty set of
functions fromN to R and is defined by the condition (Def. 23).

(Def. 23) FC = {t;t ranges over elements & V't g-element oM VN:elementoiy (f €F A g€
GA /\n:element ofN (n >N = t(n) = f(n)g(n)))}.
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