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The articlesl[[4],[[5],[1], 2], and [3] provide the notation and terminology for this paper.

1. NATURAL ORDINALS

In this papefA is an ordinal number.
Let A be an ordinal number. One can verify that every eleme#tisfordinal.

One can verify the following observations:
x every ordinal number which is empty is also natural,
x 1is natural and non empty, and

x every element ofv is natural.

Let us observe that there exists an ordinal number which is non empty and natural.
Let a be a natural ordinal number. Note that sadg natural.
The schem®mega Incconcerns a unary predicate and states that:
For every natural ordinal numbarholds?[a)
provided the following conditions are met:

e P[0], and

¢ For every natural ordinal numbarsuch thatP[a] holdsP[succ].

Let a, b be natural ordinal numbers. One can verify thatb is natural.

The following proposition is true

(1) For all ordinal numbera, b such that+ b is natural holds € wandb € w.

Let a, b be natural ordinal numbers. Note tleat b is natural and- b is natural.
The following propositions are true:

(2) For all ordinal numbera, b such thag- b is natural and non empty holds= wandb € w.
(3) For all natural ordinal numbees b holdsa+b=b+a.
(4) For all natural ordinal numbees b holdsa-b=Db-a.

Let a, b be natural ordinal numbers. Let us note that the funateib is commutative. Let us
notice that the functoa- b is commutative.

1This work has been supported by KBN Grant 8 T11C 018 12.
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2. RELATIVE PRIME NUMBERS AND DIVISIBILITY

Let a, b be ordinal numbers. We say treaindb are relative prime if and only if:
(Def. 1) For all ordinal numbers, di, do such that=c-d; andb = c-d, holdsc = 1.

Let us note that the predicaseandb are relative prime is symmetric.
The following propositions are true:

(5) 0and0 are not relative prime.
(6) 1andA are relative prime.

(7) If 0 andA are relative prime, theA= 1.

In the sequed, b, c denote natural ordinal numbers.
We now state the proposition

(8) Suppose £ 0orb=# 0. Then there exist natural ordinal numbersl;, d» such thad; and
d, are relative prime and = c-d; andb =c- d,.

In the sequel, m, n denote natural ordinal numbers.
Let us considem, n. One can check tham-= n is natural andnmodn is natural.
Letk, n be ordinal numbers. The predicétén is defined as follows:

(Def. 2) There exists an ordinal numtsesuch thah = k- a.

Let us note that the predicake n is reflexive.
We now state several propositions:

(9) a]biff there existsc such thab=a-c.
(20) For allm, n such tha® € mholdsnmodm € m.
(11) Foralln,mholdsm|niff n=m-(n+m).
(13@ For alln, msuch than | mandm| n holdsn=m.
(14) n|0andl|n.
(15) For alln, msuch tha®) € mandn | mholdsn C m.

(16) Foralln, m, I such than| mandn | m+1 holdsn | I.

Letk, n be natural ordinal numbers. The functor Iggn) yields an element ab and is defined
as follows:

(Def. 3) k|lecm(k,n) andn | lcm(k, n) and for everym such thak | mandn | m holds lcmk, n) | m.

Let us observe that the functor I¢kan) is commutative.
The following two propositions are true:

a7) lem(m,n)|m-n.
(18) Ifn#0, thenm-n-+Ilcm(m,n) | m.

Letk, n be natural ordinal numbers. The functor gcah) yields an element ab and is defined
as follows:

(Def. 4) gcdk,n) | kand gcdk,n) | nand for everym such tham| k andm | n holdsm | gcdk, n).

1 The proposition (12) has been removed.
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Let us observe that the functor dégn) is commutative.
The following propositions are true:

(19) gcda,0) =aandlcn(a,0) = 0.

(20) If gcda,b) =0, thena=10.

(21) gcda,a)=aandlcma,a) =a.

(22) gcda-c,b-c)=gcda,b)-c.

(23) Ifb+#0,then gcda,b) # 0 andb—+gcd(a,b) # 0.

(24) Ifa#0orb+#0,thena=+gcda,b) andb-+gcd(a,b) are relative prime.
(25) aandb are relative prime iff gcth, b) = 1.

Let a, b be natural ordinal numbers. The functor RE&b) yielding an element ofo is defined
by:

(Def.5) RED@a,b) =a-+gcda,b).
Next we state several propositions:
(26) REDa,b)-gcda,b) =a
(27) Ifa#0orb+#0,then REQa,b) and REOD, a) are relative prime.
(28) If aandb are relative prime, then REB,b) = a.
(29) RED@&a,1) =aand REO1 a) = 1.
(30) Ifb#0,then REQb,a) # 0.
(31) RED0,a) =0and ifa+# 0, then REQa,0) = 1.
(32) Ifa#0,then REOa,a) = 1.
(33) Ifc+#£0,then REOa-c,b-c) = RED(a,b).

3. NON-NEGATIVE RATIONALS

In the sequel, j, k are elements ab.
The functorQ. is defined by:

(Def. 6) Qi = ({(i, j) : i andj are relative prime\ j # 0} \ {(k, 1)}) Uw.
One can prove the following proposition
(34) wC Q.

In the sequek, y, zare elements o), .

Let us mention thaf).; is non empty.

One can check that there exists an elemef@.pfwhich is non empty and ordinal.
The following propositions are true:

(35) x € wor there exist, j such thax = (i, j) andi and ] are relative prime ang # 0 and
j#L
(36) Itis not true that there exist setg such that{i, j) is an ordinal number.

(37) IfA€Qy,thenAc w.
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Let us mention that every ordinal element@f is natural.
One can prove the following two propositions:

(38) Itis not true that there exist sétg such thaf{i, j) € w.
(39) (i, j) € Q. iff i andj are relative prime anfl£ 0 andj # 1.
Letx be an element d@_ . The functor nunx yielding an element of is defined as follows:

(Def. 7)()) nunx=xif X € w,
(i) there existsa such tha = (numx, a}, otherwise.

The functor den yielding an element ofv is defined as follows:

(Def. 8)()) demx=1if xe w,
(i) there existsa such tha = (a, denx), otherwise.

One can prove the following propositions:
(40) nunx and derx are relative prime.
(41) derx+#£0.
(42) Ifx¢ w, thenx= (numx, denx) and derx # 1.
(43) x#0iff numx#£ 0.
(44) xewiffdenx=1.
Leti, j be natural ordinal numbers. The funcl%oyields an element af, and is defined by:
_ {i) 0, if =0,
(Def. 9) ;=) RED(,j), if RED(j,i) =1,
(RED(i, j), RED(],i)), otherwise.

We introduce quotiefi, j) as a synonym of
We now state several propositions:

(45) X =x

(46) 2=0and2=a

(47) Ifa#0,thend =1

(48) Ifb# 0, then nuni?) = RED(a,b) and detid) = RED(b,a).

(49) Ifiandj are relative prime andl 0, then nunt}) =i and dei; ) = j.
(50) Ifc#0,thends = 2.

In the sequel, j, k are natural ordinal numbers.
We now state the proposition

(51) If j#0andl #0,then} = ¥iff i-1=j -k
Letx, y be elements of),. The functorx+y yields an element df); and is defined by:

__ numx-deny-+numy-denx
(Def. 10) x+y= derx.deny .

Let us observe that the functes-y is commutative. The functoe+y yielding an element o), is
defined as follows:

(Def. 11) xxy = "umenumy,
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Let us observe that the functeky is commutative.
The following propositions are true:

(52) If j#0andl #0, thent + £ = HHX.

(53) Ifk#0, thenl + | ="t
Let us observe that there exists an elemer@ ofwhich is empty.

0is an empty element @@, . Thenlis a non empty ordinal element @f, .
Next we state a number of propositions:

(54) xx0=0.
(55) Txf=1f.
(56) x+0=x.

(57) (x+y)+z=x+(y+2).

(58) (xxy)*xz=x:x*(y*2).

(59) xx1=x.

(60) If x#£ 0, then there existg such thakxy = 1.

(61) If x# 0, then there existgsuch thaty = x* z.

(62) Ifx#0andxxy=xx*z theny=z

(63) Xxx(y+2) =Xxy+X*zZ

(64) For all ordinal elements j of Q. holdsi+ j =i+ j.

(65) For all ordinal elements j of Q1 holdsix j=i-j.

(66) There existy such thakk =y +.

Letx, y be elements of), . The predicate <y is defined as follows:

(Def. 12) There exists an elemendf Q. such thay = x+z

Let us note that the predicate< y is connected. We introduge< x as an antonym of <.
In the sequet, s, t denote elements @}, .
The following propositions are true:

(68F] Itis not true that there exists a sesuch that(0, y) € Q..
(69) Ifs+t=r-+t,thens=r.

(70) Ifr+s=0,thenr =0.

(711) 0<s.

(72) 1fs<0,thens=0.

(73) Ifr <sands<r, thenr =s.

(74) Ifr <sands<t,thenr <t.

(75) r<siff r <sandr #s.

(76) Ifr <sands<torr <sands<t,thenr <t.

(77) Ifr <sands<t,thenr <t.

2 The proposition (67) has been removed.
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(78) Ifxe wandx+y € w, theny € w.

(79) For every ordinal elemenbf Q. such thai < xandx < i+ 1 holdsx ¢ w.
(80) Ift+# 0, then there exists such thar <t andr ¢ w.

(81) {s:s<t}eQ.ifft=0.

(82) LetAbe a subset af... Suppose there existsuch that € A andt ## 0 and for allr, s
such thatr € A ands <r holdss € A. Then there exist elementsg, rp, r3 of Q. such that
ri € Aandr, € Aandrz € Aandry #rp andrp # rz andrs £ r.

(83) s+t<r+tiff s<r.

(85F s<s+t.

(86) Ifrxs=0,thenr=00rs=0.

(87) If r <sxt, then there exists an elemegiof Q. such that = sxtp andty <t.

(88) Ift=£0andsxt <r=xt,thens<r.

(89) For all elementsy, rp, s, S of Q4 such that; +r, =5+ holdsr; < s orrp < .
(90) Ifs<r, thensxt <rxt.

(91) For all elements, rp, 51, S of Q4 such that;xro =s1x S holdsr; <sporrp < sp.
92) r=0iffr+s=s.

(93) For all elementsy, t1, S, to of Q such that; +t; = s+t ands; < s, holdst, <t;.
(94) Ifr <sands<r +t, then there exists an elemdgbf Q. such thas=r +tg andty <t.
(95) Ifr <s-+t, then there exist elemendg, to of Q. such that = sp+tp andsy < sandty <t.

(96) Ifr < sandr <t, then there exists an elemdptof Q. such thaty < sandty <t and
r <to.

(97) Ifr <sands<tands#t,thenr #t.

(98) If s<r+tandt # 0, then there exist elementsg, ty of Q. such thas=rg+tgandrg <r
andtg <t andtg #t.

(99) For every non empty subskbf Q. such thatA € Q. there exists such thas € Aand for
everyr such that € Aholdsr <s.

(100) There existssuch that +t =sors+t=r.
(101) Ifr < s, then there existssuch that <t andt < s.
(102) There existssuch thar < s.

(103) Ift #£ 0, then there existssuch thats € wandr < sxt.

The schem®isNatdeals with elementd, B, C of Q. and a unary predicat®, and states that:
There exists such thas € wand?[s] and not?[s+ B]
provided the parameters satisfy the following conditions:
e B=1
=0,
Cew,
?[A4], and
Not P[C].

3 The proposition (84) has been removed.
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