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Summary. We present (in Euclidean and Minkowskian geometry) definitions and
some properties of oriented orthogonality relation. Next we consider consistence Euclidean
space and consistence Minkowskian space.
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The articles [6], [1], [2], [8], [7], [4], [3], and [5] provide the notation and terminology for this
paper.

LetV be an Abelian non empty loop structure and letv, w be elements ofV. Let us observe that
the functorv+w is commutative.

We adopt the following convention:V denotes a real linear space,u, u1, u2, v, v1, v2, w, w1, x, y
denote vectors ofV, andn denotes a real number.

Let us considerV, x, y and let us consideru. The functorρM
x,y(u) yields a vector ofV and is

defined by:

(Def. 1) ρM
x,y(u) = π1

x,y(u) ·x+(−π2
x,y(u)) ·y.

The following propositions are true:

(1) If x, y span the space, thenρM
x,y(u+v) = ρM

x,y(u)+ρM
x,y(v).

(2) If x, y span the space, thenρM
x,y(n·u) = n·ρM

x,y(u).

(3) If x, y span the space, thenρM
x,y(0V) = 0V .

(4) If x, y span the space, thenρM
x,y(−u) =−ρM

x,y(u).

(5) If x, y span the space, thenρM
x,y(u−v) = ρM

x,y(u)−ρM
x,y(v).

(6) If x, y span the space andρM
x,y(u) = ρM

x,y(v), thenu = v.

(7) If x, y span the space, thenρM
x,y(ρM

x,y(u)) = u.

(8) If x, y span the space, then there existsv such thatu = ρM
x,y(v).

Let us considerV, x, y and let us consideru. The functorρE
x,y(u) yields a vector ofV and is

defined by:

(Def. 2) ρE
x,y(u) = π2

x,y(u) ·x+(−π1
x,y(u)) ·y.

Next we state several propositions:
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(9) If x, y span the space, thenρE
x,y(−v) =−ρE

x,y(v).

(10) If x, y span the space, thenρE
x,y(u+v) = ρE

x,y(u)+ρE
x,y(v).

(11) If x, y span the space, thenρE
x,y(u−v) = ρE

x,y(u)−ρE
x,y(v).

(12) If x, y span the space, thenρE
x,y(n·u) = n·ρE

x,y(u).

(13) If x, y span the space andρE
x,y(u) = ρE

x,y(v), thenu = v.

(14) If x, y span the space, thenρE
x,y(ρE

x,y(u)) =−u.

(15) If x, y span the space, then there existsv such thatρE
x,y(v) = u.

Let us considerV and let us considerx, y, u, v, u1, v1. We say that the segmentsu, v andu1, v1

are E-coherently orthogonal in the basisx, y if and only if:

(Def. 3) ρE
x,y(u),ρE

x,y(v) ��‖ u1,v1.

We say that the segmentsu, v andu1, v1 are M-coherently orthogonal in the basisx, y if and only if:

(Def. 4) ρM
x,y(u),ρM

x,y(v) ��‖ u1,v1.

We now state a number of propositions:

(16) If x, y span the space, then ifu,v ��‖ u1,v1, thenρE
x,y(u),ρE

x,y(v) ��‖ ρE
x,y(u1),ρE

x,y(v1).

(17) If x, y span the space, then ifu,v ��‖ u1,v1, thenρM
x,y(u),ρM

x,y(v) ��‖ ρM
x,y(u1),ρM

x,y(v1).

(18) Supposex, y span the space. Suppose the segmentsu, u1 andv, v1 are E-coherently orthog-
onal in the basisx, y. Then the segmentsv, v1 andu1, u are E-coherently orthogonal in the
basisx, y.

(19) Supposex, y span the space. Suppose the segmentsu, u1 and v, v1 are M-coherently
orthogonal in the basisx, y. Then the segmentsv, v1 andu, u1 are M-coherently orthogonal
in the basisx, y.

(20) The segmentsu, u andv, w are E-coherently orthogonal in the basisx, y.

(21) The segmentsu, u andv, w are M-coherently orthogonal in the basisx, y.

(22) The segmentsu, v andw, w are E-coherently orthogonal in the basisx, y.

(23) The segmentsu, v andw, w are M-coherently orthogonal in the basisx, y.

(24) If x, y span the space, thenu, v, ρE
x,y(u) andρE

x,y(v) are orthogonal w.r.t.x, y.

(25) The segmentsu, v andρE
x,y(u), ρE

x,y(v) are E-coherently orthogonal in the basisx, y.

(26) The segmentsu, v andρM
x,y(u), ρM

x,y(v) are M-coherently orthogonal in the basisx, y.

(27) Supposex, y span the space. Thenu,v ��‖ u1,v1 if and only if there existu2, v2 such that
u2 6= v2 and the segmentsu2, v2 andu, v are E-coherently orthogonal in the basisx, y and the
segmentsu2, v2 andu1, v1 are E-coherently orthogonal in the basisx, y.

(28) Supposex, y span the space. Thenu,v ��‖ u1,v1 if and only if there existu2, v2 such that
u2 6= v2 and the segmentsu2, v2 andu, v are M-coherently orthogonal in the basisx, y and the
segmentsu2, v2 andu1, v1 are M-coherently orthogonal in the basisx, y.

(29) Supposex, y span the space. Thenu, v, u1 andv1 are orthogonal w.r.t.x, y if and only if
one of the following conditions is satisfied:

(i) the segmentsu, v andu1, v1 are E-coherently orthogonal in the basisx, y, or

(ii) the segmentsu, v andv1, u1 are E-coherently orthogonal in the basisx, y.
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(30) Suppose that

(i) x, y span the space,

(ii) the segmentsu, v andu1, v1 are E-coherently orthogonal in the basisx, y, and

(iii) the segmentsu, v andv1, u1 are E-coherently orthogonal in the basisx, y.

Thenu = v or u1 = v1.

(31) Suppose that

(i) x, y span the space,

(ii) the segmentsu, v andu1, v1 are M-coherently orthogonal in the basisx, y, and

(iii) the segmentsu, v andv1, u1 are M-coherently orthogonal in the basisx, y.

Thenu = v or u1 = v1.

(32) Suppose that

(i) x, y span the space,

(ii) the segmentsu, v andu1, v1 are E-coherently orthogonal in the basisx, y, and

(iii) the segmentsu, v andu1, w are E-coherently orthogonal in the basisx, y.

Then

(iv) the segmentsu, v andv1, w are E-coherently orthogonal in the basisx, y, or

(v) the segmentsu, v andw, v1 are E-coherently orthogonal in the basisx, y.

(33) Suppose that

(i) x, y span the space,

(ii) the segmentsu, v andu1, v1 are M-coherently orthogonal in the basisx, y, and

(iii) the segmentsu, v andu1, w are M-coherently orthogonal in the basisx, y.

Then

(iv) the segmentsu, v andv1, w are M-coherently orthogonal in the basisx, y, or

(v) the segmentsu, v andw, v1 are M-coherently orthogonal in the basisx, y.

(34) Suppose the segmentsu, v andu1, v1 are E-coherently orthogonal in the basisx, y. Then
the segmentsv, u andv1, u1 are E-coherently orthogonal in the basisx, y.

(35) Suppose the segmentsu, v andu1, v1 are M-coherently orthogonal in the basisx, y. Then
the segmentsv, u andv1, u1 are M-coherently orthogonal in the basisx, y.

(36) Suppose that

(i) x, y span the space,

(ii) the segmentsu, v andu1, v1 are E-coherently orthogonal in the basisx, y, and

(iii) the segmentsu, v andv1, w are E-coherently orthogonal in the basisx, y.

Then the segmentsu, v andu1, w are E-coherently orthogonal in the basisx, y.

(37) Suppose that

(i) x, y span the space,

(ii) the segmentsu, v andu1, v1 are M-coherently orthogonal in the basisx, y, and

(iii) the segmentsu, v andv1, w are M-coherently orthogonal in the basisx, y.

Then the segmentsu, v andu1, w are M-coherently orthogonal in the basisx, y.

(38) Supposex, y span the space. Let givenu, v, w. Then there existsu1 such thatw 6= u1 and
the segmentsw, u1 andu, v are E-coherently orthogonal in the basisx, y.
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(39) Supposex, y span the space. Let givenu, v, w. Then there existsu1 such thatw 6= u1 and
the segmentsw, u1 andu, v are M-coherently orthogonal in the basisx, y.

(40) Supposex, y span the space. Let givenu, v, w. Then there existsu1 such thatw 6= u1 and
the segmentsu, v andw, u1 are E-coherently orthogonal in the basisx, y.

(41) Supposex, y span the space. Let givenu, v, w. Then there existsu1 such thatw 6= u1 and
the segmentsu, v andw, u1 are M-coherently orthogonal in the basisx, y.

(42) Suppose that

(i) x, y span the space,

(ii) the segmentsu, u1 andv, v1 are E-coherently orthogonal in the basisx, y,

(iii) the segmentsw, w1 andv, v1 are E-coherently orthogonal in the basisx, y, and

(iv) the segmentsw, w1 andu2, v2 are E-coherently orthogonal in the basisx, y.

Thenw = w1 or v = v1 or the segmentsu, u1 andu2, v2 are E-coherently orthogonal in the
basisx, y.

(43) Suppose that

(i) x, y span the space,

(ii) the segmentsu, u1 andv, v1 are M-coherently orthogonal in the basisx, y,

(iii) the segmentsw, w1 andv, v1 are M-coherently orthogonal in the basisx, y, and

(iv) the segmentsw, w1 andu2, v2 are M-coherently orthogonal in the basisx, y.

Thenw = w1 or v = v1 or the segmentsu, u1 andu2, v2 are M-coherently orthogonal in the
basisx, y.

(46)1 Suppose that

(i) x, y span the space,

(ii) the segmentsu, u1 andv, v1 are E-coherently orthogonal in the basisx, y,

(iii) the segmentsv, v1 andw, w1 are E-coherently orthogonal in the basisx, y, and

(iv) the segmentsu2, v2 andw, w1 are E-coherently orthogonal in the basisx, y.

Then the segmentsu, u1 andu2, v2 are E-coherently orthogonal in the basisx, y or v = v1 or
w = w1.

(47) Suppose that

(i) x, y span the space,

(ii) the segmentsu, u1 andv, v1 are M-coherently orthogonal in the basisx, y,

(iii) the segmentsv, v1 andw, w1 are M-coherently orthogonal in the basisx, y, and

(iv) the segmentsu2, v2 andw, w1 are M-coherently orthogonal in the basisx, y.

Then the segmentsu, u1 andu2, v2 are M-coherently orthogonal in the basisx, y or v = v1 or
w = w1.

(48) Suppose that

(i) x, y span the space,

(ii) the segmentsu, u1 andv, v1 are E-coherently orthogonal in the basisx, y,

(iii) the segmentsv, v1 andw, w1 are E-coherently orthogonal in the basisx, y, and

(iv) the segmentsu, u1 andu2, v2 are E-coherently orthogonal in the basisx, y.

Then the segmentsu2, v2 andw, w1 are E-coherently orthogonal in the basisx, y or v = v1 or
u = u1.

1 The propositions (44) and (45) have been removed.



ORIENTED METRIC-AFFINE PLANE — PART I 5

(49) Suppose that

(i) x, y span the space,

(ii) the segmentsu, u1 andv, v1 are M-coherently orthogonal in the basisx, y,

(iii) the segmentsv, v1 andw, w1 are M-coherently orthogonal in the basisx, y, and

(iv) the segmentsu, u1 andu2, v2 are M-coherently orthogonal in the basisx, y.

Then the segmentsu2, v2 andw, w1 are M-coherently orthogonal in the basisx, y or v = v1 or
u = u1.

(50) Supposex, y span the space. Let givenv, w, u1, v1, w1. Suppose that

(i) the segmentsv, v1 andw, u1 are not E-coherently orthogonal in the basisx, y,

(ii) the segmentsv, v1 andu1, w are not E-coherently orthogonal in the basisx, y, and

(iii) the segmentsu1, w1 andu1, w are E-coherently orthogonal in the basisx, y.

Then there existsu2 such that

(iv) the segmentsv, v1 andv, u2 are E-coherently orthogonal in the basisx, y or the segments
v, v1 andu2, v are E-coherently orthogonal in the basisx, y, and

(v) the segmentsu1, w1 andu1, u2 are E-coherently orthogonal in the basisx, y or the segments
u1, w1 andu2, u1 are E-coherently orthogonal in the basisx, y.

(51) Supposex, y span the space. Then there existu, v, w such that

(i) the segmentsu, v andu, w are E-coherently orthogonal in the basisx, y, and

(ii) for all v1, w1 such that the segmentsv1, w1 andu, v are E-coherently orthogonal in the
basisx, y holds the segmentsv1, w1 andu, w are not E-coherently orthogonal in the basisx, y
and the segmentsv1, w1 andw, u are not E-coherently orthogonal in the basisx, y or v1 = w1.

(52) Supposex, y span the space. Let givenv, w, u1, v1, w1. Suppose that

(i) the segmentsv, v1 andw, u1 are not M-coherently orthogonal in the basisx, y,

(ii) the segmentsv, v1 andu1, w are not M-coherently orthogonal in the basisx, y, and

(iii) the segmentsu1, w1 andu1, w are M-coherently orthogonal in the basisx, y.

Then there existsu2 such that

(iv) the segmentsv, v1 andv, u2 are M-coherently orthogonal in the basisx, y or the segments
v, v1 andu2, v are M-coherently orthogonal in the basisx, y, and

(v) the segmentsu1, w1 andu1, u2 are M-coherently orthogonal in the basisx, yor the segments
u1, w1 andu2, u1 are M-coherently orthogonal in the basisx, y.

(53) Supposex, y span the space. Then there existu, v, w such that

(i) the segmentsu, v andu, w are M-coherently orthogonal in the basisx, y, and

(ii) for all v1, w1 such that the segmentsv1, w1 andu, v are M-coherently orthogonal in the
basisx, y holds the segmentsv1, w1 andu, w are not M-coherently orthogonal in the basisx, y
and the segmentsv1, w1 andw, u are not M-coherently orthogonal in the basisx, y or v1 = w1.

In the sequelu3, v3 are sets.
Let us considerV and let us considerx, y. The Euclidean oriented orthogonality defined overV,

x, y yields a binary relation on[: the carrier ofV, the carrier ofV :] and is defined by the condition
(Def. 5).

(Def. 5) The following statements are equivalent

(i) 〈〈u3, v3〉〉 ∈ the Euclidean oriented orthogonality defined overV, x, y,

(ii) there existu1, u2, v1, v2 such thatu3 = 〈〈u1, u2〉〉 andv3 = 〈〈v1, v2〉〉 and the segmentsu1, u2

andv1, v2 are E-coherently orthogonal in the basisx, y.
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Let us considerV and let us considerx, y. The Minkowskian oriented orthogonality defined over
V, x, y yielding a binary relation on[: the carrier ofV, the carrier ofV :] is defined by the condition
(Def. 6).

(Def. 6) The following statements are equivalent

(i) 〈〈u3, v3〉〉 ∈ the Minkowskian oriented orthogonality defined overV, x, y,

(ii) there existu1, u2, v1, v2 such thatu3 = 〈〈u1, u2〉〉 andv3 = 〈〈v1, v2〉〉 and the segmentsu1, u2

andv1, v2 are M-coherently orthogonal in the basisx, y.

Let us considerV and let us considerx, y. The functor CESpace(V,x,y) yields a strict affine
structure and is defined by:

(Def. 7) CESpace(V,x,y) = 〈the carrier ofV, the Euclidean oriented orthogonality defined overV,
x, y〉.

Let us considerV and let us considerx, y. One can check that CESpace(V,x,y) is non empty.
Let us considerV and let us considerx, y. The functor CMSpace(V,x,y) yields a strict affine

structure and is defined by:

(Def. 8) CMSpace(V,x,y) = 〈the carrier ofV, the Minkowskian oriented orthogonality defined over
V, x, y〉.

Let us considerV and let us considerx, y. Observe that CMSpace(V,x,y) is non empty.
We now state two propositions:

(54) u3 is an element of CESpace(V,x,y) iff u3 is a vector ofV.

(55) u3 is an element of CMSpace(V,x,y) iff u3 is a vector ofV.

In the sequelp, q, r, s are elements of CESpace(V,x,y).
The following proposition is true

(56) Supposeu = p andv = q andu1 = r andv1 = s. Thenp,q ��‖ r,s if and only if the segments
u, v andu1, v1 are E-coherently orthogonal in the basisx, y.

In the sequelp, q, r, s are elements of CMSpace(V,x,y).
Next we state the proposition

(57) Supposeu = p andv = q andu1 = r andv1 = s. Thenp,q ��‖ r,s if and only if the segments
u, v andu1, v1 are M-coherently orthogonal in the basisx, y.
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