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Summary. In the article with a given arbitrary real linear space we correlate the (or-
dered) affine space defined in terms of a directed parallelity of segments. The abstract contains
a construction of the ordered affine structure associated with a vector space; this is a structure
of the type which frequently occurs in geometry and consists of the set of points and a binary
relation on segments. For suitable underlying vector spaces we prove that the corresponding
affine structures are ordered affine spaces or ordered affine planes, i.e. that they satisfy appro-
priate axioms. A formal definition of an arbitrary ordered affine space and an arbitrary ordered
affine plane is given.

MML Identifier: ANALOAF.
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The articlesl[5],[[2],14],1[8], 7], [6], and[1] provide the notation and terminology for this paper.
We adopt the following rules/ denotes a real linear spagg,q, u, v, w, y denote vectors of,
anda, b denote real numbers.
Let us conside¥ and let us considaer, v, w, y. The predicate, v || w,y is defined as follows:

(Def. 1) u=vorw=yorthere exist, b such that < aand O< banda- (v—u) =b- (y—w).

Next we state a number of propositions:

2] 1f0 <aand 0< b, then 0< a+b.

(3) Ifa#b,thenO<a—borO<b-—a

(4) (wW=Vv)+(v—u)=w-u.

6F w—(u—v)=w+(v—u).

OF Ify+u=v+w theny—w=v—u.

(10) a-(u—v)=-a-(v—u).

(11) (a=b)-(u—v)=(b—a)-(v—u).

(12) lfa#0anda-u=v,thenu=a?.v.

(13) Ilfa#0anda-u=v,thenu=a!.vandifa#0andu=a!-v,thena-u=v.

1Supported by RPBP.111-24.C6.

1 The proposition (1) has been removed.

2 The proposition (5) has been removed.

3 The propositions (7) and (8) have been removed.
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(16@ If u,v]] w,y andu # vandw # y, then there exisa, b such thag- (v—u) =b- (y—w) and
O <aandO< h.

a7) uvuwv

(18) u,v| w,wandu,ulf v,w.

19) Ifu,v v,u, thenu=v.

(20) If p£qgandp,q] u,vandp,q] wy, thenu,v] wy.
(21) 1fu,v|wy, thenv,u | y,wandw,y |l u,v.

(22) 1fu, v v,w, thenu v uw.

(23) 1fu, v uw, thenu,v] v,woruw]l w,v.

(24) Ifv—u=y—w, thenu,v| w,y.

(25) Ify= (v+w)—u, thenu,v] wyandu,wl v,y.

(26) If there existp, g such thatp # g, then for allu, v, w there existy such thau, v || w,y and
uw | v,yandv=£y.
(27) If p#£vandy,p]l p,w, then there existg such thau, p || p,y andu,v | w,y.

(28) If for all a, b such thata-u+b-v =0y holdsa= 0 andb = 0, thenu # v andu # Oy and
v+ Oy.

(29) If there existy, v such that for all, b such thata-u+b-v= 0y holdsa= 0 andb = 0,
then there exist, v, w, y such thau, v }f w,y andu,v }f y,w.

(31E] Givenp, g such that let givemw. Then there exist, b such thaa: p+b-g=w. Let givenu,
v, w, y. Supposel, v }f w,y andu,v} y,w. Then there exists a vectaof V such that,v]| u,z
oru,v| zubutwy | w,zorwy |l z w.

We introduce affine structures which are extensions of 1-sorted structure and are systems
( a carrier, a congruenge
where the carrier is a set and the congruence is a binary relatipthercarrierthe carrier:
Let us observe that there exists an affine structure which is non empty and strict.
We adopt the following rulesA; denotes a non empty affine structuaeh, ¢, d denote elements
of A1, andx, zdenote sets.
Let us consideAy, a, b, ¢, d. The predicate, b ]| c,d is defined by:

(Def. 2) {({a, b}, (c, d}) € the congruence oA;.

Let us conside¥. The functor]]y, yields a binary relation ofnthe carrier oV, the carrier of
V ] and is defined as follows:

(Def. 3) (x, z) € 1]y iff there existu, v, w, y such thak = (u, v) andz= (w, y) andu,v || w,y.

One can prove the following proposition

(33ﬁ ((U, V)a (\Nv y)) € HV iff uaV”va

Let us considelM. The functor OASpacé yields a strict affine structure and is defined as
follows:

(Def. 4) OASpac¥ = (the carrier olV, 1|y).

4 The propositions (14) and (15) have been removed.
5 The proposition (30) has been removed.
6 The proposition (32) has been removed.
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Let us consideY. Note that OASpacé is non empty.
Next we state two propositions:

(35 Givenu, v such that lea, b be real numbers. l&-u+b-v =0y, thena=0 andb = 0.
Then

(i) there exist elements, b of OASpac#/ such that #£ b,

(i) for all elementsa, b, c, d, p, g, r, sof OASpac&/ holdsa,b || c,c and ifa,b [ b,a, then
a=bandifa#banda bl p,ganda,b][r,s thenp,q]|r,sandifa,b]f c,d, thenb,all d,c
andifa,b] b,c, thena,b ] a,candifa,b | a,c, thena,b || b,cora,cl c,b,

(i) there exist elements, b, ¢, d of OASpac®/ such thag,b }f c,d anda,b }f d,c,

(iv) for all elementsa, b, c of OASpacé/ there exists an elemedtof OASpacé&/ such that
a,b] c,danda,c b,d andb+#d, and

(v) for all elementsp, a, b, ¢ of OASpac#/ such thatp # b andb, p || p,c there exists an
elementd of OASpac®/ such thag, p ]| p,d anda,b ]| c,d.

(36) Given vectors, g of V such that letv be a vector o¥/. Then there exist real numbeais
b such that- p+b-q=w. Leta, b, ¢, d be elements of OASpave Suppose, b }f c,d and
a,bJf d,c. Then there exists an elementf OASpace&/ such that,b ]| a,t ora,b ] t,abut
c,d]ctorcd]t,c.

Letl; be a non empty affine structure. We say thas ordered affine space-like if and only if
the conditions (Def. 5) are satisfied.

(Def. 5)(i) For all elements, b, c, d, p, g, r, sof I; holdsa,b ]| c,cand ifa,b | b,a, thena=Db
andifa#banda, b p,ganda,b]r,s thenp,q] r,sandifa,b]f c,d, thenb,all d,cand
if a,b7] b,c, thena,b]] a,candifa,b ] a,c, thena,b ][ b,cora,c]| c,b,

(i) there exist elements, b, ¢, d of I; such thaw,b }f c,d anda,b }f d,c,

(i) for all elementsa, b, c of I; there exists an elemedf |, such thag, b | c,d anda,c ] b,d
andb # d, and

(iv) for all elementsp, a, b, c of |1 such thatp # b andb, p || p,c there exists an elemedtof
I1 such thak, p | p,d anda,b || c,d.

Let us note that there exists a non empty affine structure which is strict, non trivial, and ordered
affine space-like.

An ordered affine space is a non trivial ordered affine space-like non empty affine structure.

We now state two propositions:

(37) There exist elements b of A; such thata # b and for all elements, b, ¢, d, p, q, r, s of
Aq holdsa,b ][ c,candifa,b]l b,a thena=bandifa#banda,b] p,gandab]fr,s, then
p,gl r,sandifa,b]l c,d, thenb,a d,candifa,b]| b,c, thena,b ] a,candifa,b] a,c,
thena,b ][ b,c or a,c || ¢,b and there exist elemengsb, ¢, d of A; such that, b }f ¢,d and
a,b}f d,cand for all elements, b, c of A; there exists an elemedtof A; such thag,b [ c,d
anda,c || b,d andb # d and for all elementp, a, b, c of A; such thatp # b andb,p || p,c
there exists an elemedtof A; such thata, p 1| p,d anda,b ]| c,d if and only if A; is an
ordered affine space.

(38) Givenu, v such that lefa, b be real numbers. l&-u+b-v= 0y, thena= 0 andb = 0.
Then OASpac¥ is an ordered affine space.

Let I3 be an ordered affine space. We say thas 2-dimensional if and only if the condition
(Def. 6) is satisfied.

(Def. 6) Leta, b, c, d be elements of;. Supposea,b }f ¢,d anda,b }f d,c. Then there exists an
elementp of I; such thag,b ][ a,pora,b ]| p,abutc,d | c,porc,d || p,c.

" The proposition (34) has been removed.
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Let us observe that there exists an ordered affine space which is strict and 2-dimensional.
An ordered affine plane is a 2-dimensional ordered affine space.
One can prove the following two propositions:

(50 There exist elements b of A; such that # b and for all elements, b, ¢, d, p, g, r, sof
Aq holdsa,b ]| c,candifa,b]f b,a thena=bandifa#banda,b] p,ganda,b]fr,s, then
p,gl r,sandifa,b]l c,d, thenb,a] d,cand ifa,b]| b,c, thena,b ] a,cand ifa,b] a,c,
thena,b ]| b,cora,c]| c,b and there exist elemenssb, c, d of A; such thai,b }f c,d and
a,b}f d,cand for all elements, b, c of A; there exists an elemedtof A; such thag,b ]| c,d
anda,c || b,d andb # d and for all elementg, a, b, ¢ of A; such thatp # b andb,p ] p,c
there exists an elemedtof A; such thag, p| p,d anda,b || c,d and for all elements, b, c,
d of A; such thag,b}f c,d anda, b }f d, c there exists an elemeptof A; such thag,b || a, p
ora,b| p,abutc,d | c,porc,d ]| p,cif and only if A; is an ordered affine plane.

(51) Givenu, v such that

(i) for all real numbers, b such that-u+b-v= 0y holdsa= 0 andb =0, and
(i) for everyw there exist real numbegs b such thawv=a-u+b-v.

Then OASpac¥ is an ordered affine plane.
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