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Summary. We introduce relations of orthogonality of vectors and of orthogonality of
segments (considered as pairs of vectors) in real linear space of dimension two. This enables
us to show an example of (in fact anisotropic and satisfying theorem on three perpendiculars)
metric affine space (and plane as well). These two types of objects are defined formally as
"Mizar” modes. They are to be understood as structures consisting of a point universe and
two binary relations on segments — a parallelity relation and orthogonality relation, satisfying
appropriate axioms. With every such structure we correlate a structure obtained as a reduct
of the given one to the parallelity relation only. Some relationships between metric affine
spaces and their affine parts are proved; they enable us to use "affine” facts and constructions
in investigating metric affine geometry. We define the notions of line, parallelity of lines and
two derived relations of orthogonality: between segments and lines, and between lines. Some
basic properties of the introduced notions are proved.

MML Identifier: ANALMETR.

WWW: http://mizar.org/JFM/Vol2/analmetr.html

The articlesl[8],[[2],[10],171, 18], 5], [11],[9], [6], [4], and.[1] provide the notation and terminol-
ogy for this paper.

For simplicity, we adopt the following rule&/ denotes a real linear spaag,uy, Uy, V, Vi, Va2,
w, y denote vectors df, a, az, az, b, by, by denote real numbers, angz denote sets.

Let us consideY and let us considew, y. We say thatv, y span the space if and only if:

(Def. 1) For everyu there exista;, ap such thatu = a; -w+ay -y and for alla;, ap such that
a;-w+ay-y= 0y holdsa; = 0 andaz = 0.

Let us conside¥ and let us considar, v, w, y. We say thati, v are orthogonal w.r.tw, y if and
only if:

(Def. 2) There existy, ay, by, b, suchthau=a;-w+ax-yandv=b;-w+b,-yanda;-b; +ay-
b, =0.

The following propositions are true:

(SH Let givenw, y. Supposav, y span the space. Thenv are orthogonal w.r.iw, y if and only
if for all a1, ap, b1, bp suchthati=a;-w+ay-yandv=b;-w+by-yholdsa; -b; +az-b, =0.

(6) w,yare orthogonal w.r.tw, y.

1Supported by RPBP.1I1-24.C2.
1 The propositions (1)—(4) have been removed.
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(7) There existy and there existv, y such thatv, y span the space.
(8) If u,vare orthogonal w.r.tw, y, thenv, u are orthogonal w.r.tw, y.

(9) Supposev, y span the space. Let givenv. Thenu, Oy are orthogonal w.r.tw, y and @,
v are orthogonal w.r.tw, y.

(10) Ifu, v are orthogonal w.r.tw, y, thena- u, b- v are orthogonal w.r.tw, y.

(11) Suppose, v are orthogonal w.r.tw, y. Thena- u, v are orthogonal w.r.tw, y andu, b-v
are orthogonal w.r.tw, y.

(12) If w, y span the space, then for evaryhere existy such thau, v are orthogonal w.r.tw,
y andv # Oy.

(13) Suppose that
(i) w,yspan the space,
(i) v, u; are orthogonal w.r.\w, y,
(i) v, up are orthogonal w.r.\w, y, and
(iv) v#Oy.
Then there exisa, b such that-u; = b-up buta# 0 orb # 0.

(14) Suppossv, y span the space ang v, are orthogonal w.r.tw, y andu, v, are orthogonal
w.r.t. w, y. Thenu, v1 + v» are orthogonal w.r.tw, y andu, v; — v, are orthogonal w.r.tw, y.

(15) Ifw, y span the space anglu are orthogonal w.r.tw, y, thenu = Oy.

(16) Supposeav, y span the space ang u; — up are orthogonal w.r.tw, y anduy, u; — u are
orthogonal w.r.tw, y. Thenuy, u— u; are orthogonal w.r.tw, y.

(17) Ifw, yspan the space and Oy, then there exista such thatv— a- u, u are orthogonal
w.rt.w,y.

(18) u,v [ ug,v1 oru,v || vi,u; iff there exista, b such tha@- (v—u) =b- (v; —uz) buta## 0
orb#0.

(29) ({u, V), {u1, v1}) € A(1]y) iff there exista, b such that- (v—u) =b-(v; —u;) buta#0
orb#£0.

Let us consideY and let us considar, ug, v, v1, w, y. We say thati, u;, vandv; are orthogonal
w.r.t. w, yif and only if:

(Def. 3) u;—u, vy —vare orthogonal w.r.iw, y.

Let us conside¥ and let us considew, y. The orthogonality determined lwy, y in V yields a
binary relation orf:the carrier ol, the carrier ol ] and is defined by the condition (Def. 4).

(Def. 4) (x, 2) € the orthogonality determined hy, y in V if and only if there exist, us, v, v; such
thatx = (u, u1) andz= (v, v1) andu, us, v andv; are orthogonal w.r.tw, y.

In the sequep, p1, g, g1 denote elements df(OASpacd/).
The following propositions are true:

(ZZE] The carrier ofA(OASpac®/) = the carrier oV.
(23) The congruence df(OASpac&/) = A(1ly).

(24) If p=uandq=vandp; =u; andqg; = vi, thenp,q | p1,q, iff there exista, b such that
a-(v—u)=b-(v1—u;) buta#0orb=+#0.

2 The propositions (20) and (21) have been removed.
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We consider metric affine structures as extensions of affine structure as systems

( a carrier, a congruence, an orthogonality
where the carrier is a set, the congruence is a binary relatidritencarrierthe carrier]; and the
orthogonality is a binary relation drthe carrierthe carrier:

Let us mention that there exists a metric-affine structure which is non empty.

In the sequeP; is a non empty metric-affine structure.

Let us consideP; and leta, b, c, d be elements oP;. The predicate, b || ¢c,d is defined as
follows:

(Def. 5) {({a, b}, (c, d}) € the congruence d?;.
The predicata, b | c,d is defined by:
(Def. 6) ({a, b, {c, d)) € the orthogonality of;.

Let us conside¥, w, y. The functorAMSp(V,w,y) yielding a strict metric-affine structure is
defined as follows:

(Def. 7) AMSp(V,w,y) = (the carrier oV, A(1]y ), the orthogonality determined hy, y in V).

Let us consideY, w, y. Observe thaAMSp (V,w,y) is non empty.
We now state the proposition

(ZSﬂi) The carrier ofAMSp(V,w,y) = the carrier oV,
(i) the congruence oAMSp(V,w,y) = A(1]y), and
(iii)  the orthogonality ofAMSp (V,w,y) = the orthogonality determined hy, yin V.

Let us consideP;. The affine reduct oP; yielding a strict affine structure is defined by:
(Def. 8) The affine reduct d?; = (the carrier ofP;, the congruence d#).

Let us consideP;. Note that the affine reduct & is non empty.
One can prove the following proposition

(30| The affine reduct oAMSp (V,w,y) = A(OASpace/).

In the sequep, p1, p2, G, a1, I, r1, r2 denote elements &MSp (V,w,y).
One can prove the following propositions:

(31) Ifp=uandp; =u; andg=vandq; = vi, thenp,q L p1,q: iff u, v, uy andvy are
orthogonal w.r.tw, y.

(32) If p=uandg=vandp; =u; andqg; = vy, thenp,q || p1,q; iff there exista, b such that
a-(v—u)=b-(vi—ug) buta#0orb##0.

(33) Ifp,qL p1,a1, thenpy,on L p,0.

(34) Ifp,gL p1,n,thenp,qL g, pa.

(35) Ifw, yspan the space, then for @il g, r holdsp,q L r,r.

(36) If p,p1Lg,quandp,py1fr.ra, thenp=pyorg,qu Lrry.

(37) Ifw, yspan the space, then for all g, r there exists; such thatp,q L r,r; andr #rj.
(38) Ifw,yspan the space amdp; L g,q: andp, py L r,ry, thenp=pzorqg,qs | r,ri.
(39) Ifw,yspanthe space amjqg L r,ry andp,q L r,rp, thenp,g_Lrq,rs.

(40) If w, yspan the space amdq L p,q, thenp =q.

3 The propositions (25)—(27) have been removed.
4 The proposition (29) has been removed.
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(41) Ifw,yspan the space amq L p1, p2 andpz,q L p2, p, thenpz,q L p, pr.

(42) If w, y span the space amul## p;, then for everyq there existgy such thatp, p; || p, o
andp, p1 L 01,0

Let I; be a non empty metric-affine structure. We say thas metric affine space-like if and
only if the conditions (Def. 9) are satisfied.

(Def. 9)(i) (the carrier ofl;, the congruence df) is an affine space,

(i) forall elementsa, b, ¢, d, p, q,r, sof I; holds ifa,b | a,b, thena=banda,b L ¢c,cand
if a,b_L c,d, thena,b L d,candc,d L a,bandifa,b L p,qganda,b]r,s, thenp,q L r,sor
a=bandifa,b L p,ganda,b L p,s thena,b L q,s,

(i) for all elementsa, b, ¢ of I1 such thata # b there exists an elememtof I; such that
a,b]l a,xanda,b L x,c, and

(iv) for all elements, b, c of I; there exists an elemerbf |1 such thai,b | ¢,xandc # x.

Let us mention that there exists a non empty metric-affine structure which is strict and metric
affine space-like.

A metric affine space is a metric affine space-like non empty metric-affine structure.

We now state the proposition

(44E] If w, y span the space, thé&MSp(V,w,y) is a metric affine space.

Let 13 be a non empty metric-affine structure. We say thas metric affine plane-like if and
only if the conditions (Def. 10) are satisfied.

(Def. 10)(i) (the carrier ofi1, the congruence df) is an affine plane,

(i) for all elementsa, b, ¢, d, p, g, r, sof I; holds ifa,b | a,b, thena=banda,b L c,cand
if a,b L c,d, thena,b | d,candc,d | a,bandifa,b | p,gandab{fr,s, thenp,q_Lr,sor
a=bandifa,b L p,ganda,b L r,s thenp,q]f r,sora=b, and

(i) for all elementsa, b, ¢ of I; there exists an elemerbf |1 such thai,b | ¢,xandc # x.

Let us observe that there exists a non empty metric-affine structure which is strict and metric
affine plane-like.

A metric affine plane is a metric affine plane-like non empty metric-affine structure.

The following three propositions are true:

(46@ If w, y span the space, th&MSp(V,w,y) is a metric affine plane.
(47) For every sex holdsx is an element oP; iff xis an element of the affine reduct Bf.

(48) Leta, b, c, d be elements oP; andd, b/, ¢/, d’ be elements of the affine reductief. If
a=a andb="b andc=c andd =d’, thena,b ]| c,diff &,b/' || ¢/,d".

Let P, be a metric affine space. One can verify that the affine reduet &f affine space-like
and non trivial.

Let P, be a metric affine plane. Observe that the affine redud a$é 2-dimensional, affine
space-like, and non trivial.

We now state the proposition

(49) Every metric affine plane is a metric affine space.

Let us note that every non empty metric-affine structure which is metric affine plane-like is also
metric affine space-like.
One can prove the following two propositions:

5 The proposition (43) has been removed.
6 The proposition (45) has been removed.
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(50) LetP; be a metric affine space. Suppose the affine reduet of an affine plane. TheR,
is a metric affine plane.

(51) LetP; be a non empty metric-affine structure. THenis metric affine plane-like if and
only if the following conditions are satisfied:

(i) there exist elemenis, b of P, such that # b, and

(i) forallelementsa, b, ¢, d, p, g, r, sof P, holdsa,b [ b,aanda,b | ¢,candifa,b] p,gand
a,b][r,s thenp,q]| r,sora=bandifa,b] a,c, thenb,a][ b,cand there exists an element
of P, such thaf, b | c,xanda,c || b,x and there exist elementsy, zof P; such thak,y }f x,z
and there exists an elementf P; such that, b || c,x andc # x and ifa,b ]| b,d andb # a,
then there exists an elementf P; such that,b || b,x andc,a | d,x and ifa,b L a b, then
a=bandab L ccandifabl cd, thenabl d,candc,d L a,bandifa,b L p,qand
ab]rs thenp,glLrsora=bandifab l p,gandab L rs thenp,gq]r,sora=b
and there exists an elementf P; such that,b | ¢,x andc # x and ifa, b }f c,d, then there
exists an elementof P; such tha,b ] a,x andc,d || c,x.

In the sequed, b, c, d, p, g are elements d?;.
Let us consideP; and let us considex, b, c. The predicaté (a, b, c) is defined as follows:

(Def. 11) a,b]f a,c.
Let us considePy, a, b. The functor Linga, b) yielding a subset oP; is defined by:
(Def. 12) For every elementof Py holdsx € Line(a, b) iff L (a,b,x).

In the sequek, K, M denote subsets .
Let us consideP; and let us considek. We say tha# is line if and only if:

(Def. 13) There exisa, b such thaa # b andA = Line(a, b).

We introduceA is a line as a synonym s line.
Next we state four propositions:

(55 Let P, be a metric affine spaca, b, ¢ be elements oy, andd’, b/, ¢’ be elements of the
affine reduct of;. If a=a andb=b' andc =/, thenL (a,b,c) iff L(a’,b/,c).

(56) LetP; be a metric affine space, b be elements oy, anda’, b’ be elements of the affine
reduct ofP;. If a=a andb =, then Linda,b) = Line(d',b’).

(57) For every seX holdsX is a subset oP; iff X is a subset of the affine reductef.

(58) LetP; be a metric affine spac, be a subset dP;, andY be a subset of the affine reduct
of Pr. If X =Y, thenX is alineiffY is aline.

Let us consideP; and let us consideg, b, K. The predicat@, b 1 K is defined as follows:
(Def. 14) There exisp, g such thatp # g andK = Line(p,q) anda,b L p,q.

Let us consideP; and let us considdf, M. The predicat&k L. M is defined as follows:
(Def. 15) There exisp, q such thatp # g andK = Line(p,q) andp,q L M.

Let us consideP; and let us considdf, M. We say thaK // M if and only if:

(Def. 16) There exisa, b, c, d such thafa # b andc # d andK = Line(a,b) andM = Line(c,d) and
a,b]lc,d.

Next we state three propositions:

(62 If a,b L K, thenK is aline and ifK L M, thenK is a line andM is a line.

" The propositions (52)—(54) have been removed.
8 The propositions (59)—(61) have been removed.



ANALYTICAL METRIC AFFINE SPACES. .. 6

(63) K L M iff there exista, b, ¢, d such thata # b andc # d andK = Line(a,b) andM =
Line(c,d) anda,b L c,d.

(64) LetP; be a metric affine spac#], N be subsets dP;, andM’, N’ be subsets of the affine
reduct ofP;. If M = M’ andN = N’, thenM // N iff M’ // N’.

We use the following conventior?, denotes a metric affine spadg,K, M, N denote subsets
of P, anda, b, ¢, d, p, q, r, sdenote elements ¢%.
We now state several propositions:

(65) IfKisaline,therp,a | K.

(66) Ifa,b L Kandifa,b]/ c,dorc,d]] a,bandifa#b,thenc,d L K.
(67) Ifa,b L K,thenb,a | K.

(68) IfK// M, thenM // K.

(69) Ifr,sL KandifK//MorM /I K, thenr,s L M.

(70) IfK L M,thenM LK.

Let P, be a metric affine space and Kt M be subsets dP;. Let us note that the predicate//
M is symmetric. Let us note that the predickte. M is symmetric.
One can prove the following propositions:

(71) IfaeKandbe K anda,b L K, thena=nh.

(72) K LK.

(73) fKLMorM LKandifK//NorN//K,thenM L NandN L M.

(74) IfK//N,thenK £ N.

(75) IfaeKandbe K andc,d L K, thenc,d L a,banda,b L c,d.

(76) IfacKandbe K anda## bandK is aline, therK = Line(a,b).

(77) IfaeKandbeK anda#bandK isaline anda,b L c,dorc,d L a b, thenc,d L K.
(78) Ifae M andbe M andce N andd € NandM L N, thena,b L c,d.

(79) IfpeMandpe Nandae M andb e N anda=#bandac K andb € K andA 1. M and
A 1L NandK is aline, themA L K.

(80) b,c L aaanda,a L b,candb,c]| a,aanda,al] b,c.

(81) Ifa,b]lc,d,thena,b]f d,candb,a]l c,d andb,a]| d,candc,d | a,bandc,d || b,aand
d,c|la,bandd,c|l b,a

(82) If p#£qgandifp,ql abandp,qlcdorp,qlabandcd] p,qorabl p,qand
c,d] p,qorabll p,gandp,qlfc,d, thena,b] c,d.

(83) Ifa,bl cd, thenab l d,candb,al c,dandb,a |l d,candc,d L a,bandc,d | b,a
andd,c L a,bandd,c L b,a.

(84) Suppose that

() p#09,and

(i) p,agllabandp,qlcdorpqglcdandpqglaborpqllabandcd L pqor
p,qllc,danda,b L p,qorab]l p,gandc,d L p,qorc,d] p,ganda,b L p,qorab]f p,q
andp,q Lc,dorc,d] p,gandp,q_L a,b.

Thena,b L c,d.
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We use the following conventior; is a metric affine plane&k, M, N are subsets df;, andx,

a, b, c,d, p, gare elements d?;.

We now state several propositions:

(85) Ifp#qgandifp,gql abandp,qLlcdorp,qlabandcdL p,gorab_l p,gand

c,d L p,qora,b L p,qandp,q L c,d, thena,b]| c,d.

(86) Ifae M andbe M anda#bandM is aline andc € N andd € N andc # d andN is a

line anda,b || c,d, thenM // N.

87) fKLMorM_LKandifK LNorN LK, thenM //NandN // M.

(88) IfM L N, then there existp such thatp € M andp € N.

(89) Ifa,b.L c,d,then there existp such that (a,b, p) andL (c,d, p).

(90) Ifa,b L K, then there existp such thaLl (a, b, p) andp € K.

(91) There existg such that,x L p,qandL(p,q,X).

(92) IfKisaline, then there existssuch that,x L K andx € K.

(1

(2

3

4

(3]

[

8l

[

[20]

[11]
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