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The articles[[8],[[4],[14],[[2],[3],1], 7], [9], [10], [5], [11], [12],[6], and [13] provide the notation
and terminology for this paper.

1. PRELIMINARIES

In this papelC denotes a category aig, 02, 03 denote objects dt.

Let C be a non empty category structure with units analbé an object o€. Note that(o, 0)
is non empty.

Next we state four propositions:

(1) Letvbe a morphism frono; to 0y, u be a morphism frono; to o3, and f be a morphism

fromoytoos. Ifu=f-vandf—1.f = id(q,) and(01,02) # 0 and(oz,03) # 0 and(03,02) # 0,
thenv=f~1.u.

(2) Letvbe a morphism frono, to o3, u be a morphism frono; to oz, and f be a morphism
fromojtoo,. Ifu=v-fandf-f-1= id(o,) and(o1,02) # 0and(0p,01) # 0and(0z,03) # 0,
thenv=u-f~1.

(3) For every morphisnm from o; to 0, such that(01,02) # 0 and(02,01) # 0 andmiis iso
holdsm1 is iso.

(4) For every non empty category struct@avith units and for every objed of C holds id,
is epi and mono.

Let C be a non empty category structure with units analbe an object o€. One can check
that id, is epi, mono, retraction, and coretraction.

LetC be a category and letbe an object o€. Observe that iglis iso.
Next we state two propositions:

(5) Letf be a morphism frono; to 0, andg, h be morphisms frono, to 05. If h- f =id(q,)
andf-g=id,) and(o1,02) # 0 and(0z,01) # 0, theng = h.

(6) Suppose that for all objects, o, of C holds every morphism fromo; to 0, is coretraction.

Let a, b be objects o andg be a morphism fronato b. If (a,b) # 0 and(b,a) # 0, theng
is iso.
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2. SOME PROPERTIES OF THE INITIAL AND TERMINAL OBJECTS
One can prove the following propositions:

(7) For all morphismsn, m’ from 0; to oy such thaimis zero and is zero and there exists
an object ofC which is zero holdsn= nt.

(8) LetC be a non empty category structu€,A be objects o€, andM be a morphism from
OtoA. If Ois terminal, therM is mono.

(9) LetC be a non empty category structu€,A be objects o€, andM be a morphism from
Ato O. If Ois initial, thenM is epi.

(10) If oo is terminal andb, 0, are iso, ther; is terminal.
(11) If oy isinitial andog, 02 are iso, thero, is initial.

(12) If o; is initial ando, is terminal and oy, 01) # 0, theno, is initial ando; is terminal.

3. THE PROPERTIES OF THE FUNCTORS
We now state a number of propositions:

(13) LetA, B be transitive non empty category structures with uiitee a contravariant functor
from Ato B, anda be an object oA. ThenF (ida) = idf(q) -

(14) LetCy, C, be non empty category structures dade a precontravariant functor struc-
ture fromCy to C,. ThenF is full if and only if for all objectso;, 0, of C; holds
Morph-Map: (02,01) is onto.

(15) LetCy, C; be non empty category structures dnde a precontravariant functor struc-
ture fromCy to C,. ThenF is faithful if and only if for all objectso;, 0, of C; holds
Morph-Map: (02,01) is one-to-one.

(16) LetCy, C, be non empty category structurésbe a precovariant functor structure from
Ci to Cy, 01, 02 be objects ofC;, andF; be a morphism fronf (01) to F(02). Suppose
(01,02) # 0 andF is full and feasible. Then there exists a morphisnfrom o5 to 0, such
thatF; = F(m).

(17) LetCq, Cy be non empty category structurds,be a precontravariant functor structure
from C; to Cy, 01, 02 be objects of2;, andF; be a morphism fronf (02) to F(01). Suppose
(01,02) # 0 andF is full and feasible. Then there exists a morphisnfrom o; to o, such
thatF, = F(m).

(18) LetA, B be transitive non empty category structures with urkitfe a covariant functor
from A to B, 01, 02 be objects oA, anda be a morphism frono; to 0. If (01,02) # 0 and
(02,01) # 0 anda is retraction, theifr (a) is retraction.

(19) LetA, B be transitive non empty category structures with urkitie a covariant functor
from A to B, 01, 0p be objects ofA, anda be a morphism frono; to 0,. If (01,02) # 0 and
(02,01) # 0 anda is coretraction, thef (a) is coretraction.

(20) LetA, B be categoried; be a covariant functor frorA to B, 01, 02 be objects ofA, anda
be a morphism frono; to 0,. If (01,02) # 0 and(0z,01) # 0 andais iso, therF (a) is iso.

(21) LetA, B be categoried; be a covariant functor frorA to B, andoz, 0, be objects ofA. If
01, 02 are iso, ther-(01), F(0y) are iso.

(22) LetA, B be transitive non empty category structures with utiitee a contravariant functor
from A to B, 01, 0p be objects ofA, anda be a morphism frono; to 0,. If (01,02) # 0 and
(02,01) # 0 andais retraction, theif (a) is coretraction.
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(23) LetA, B be transitive non empty category structures with uiiitee a contravariant functor
from A to B, 01, 0p be objects ofA, anda be a morphism frono; to 0,. If (01,02) # 0 and
(02,01) # 0 anda is coretraction, thef (a) is retraction.

(24) LetA, B be categoried; be a contravariant functor fromto B, o1, 02 be objects ofA, and
abe a morphism frono; to 0y. If (01,02) # 0 and(0,,01) # 0 anda s iso, therF(a) is iso.

(25) LetA, B be categories; be a contravariant functor from to B, andos, 0, be objects of
A. If 01, 02 are iso, ther-(0z), F(01) are iso.

(26) LetA, B be transitive non empty category structures with urkitdie a covariant functor
from Ato B, 01, 02 be objects oA, anda be a morphism frono; to 0. Supposé- is full and
faithful and{o;,0,) # 0 and(0p,01) # 0 andF (a) is retraction. Them is retraction.

(27) LetA, B be transitive non empty category structures with urkite a covariant functor
from Ato B, 01, 02 be objects oA\, anda be a morphism frono; to 0p. Supposé- is full and
faithful and{oy,0,) # 0 and(0p,01) # 0 andF (a) is coretraction. Then is coretraction.

(28) LetA, B be categoried; be a covariant functor frorA to B, 01, 02 be objects ofA, anda
be a morphism frone; to 0. Supposé- is full and faithful and(o1,02) # 0 and(0,,01) # 0
andF (a) is iso. Themais iso.

(29) LetA, B be categories; be a covariant functor from to B, ando;, 02 be objects ofA.
Suppose- is full and faithful and(o1,02) # 0 and (02,01) # 0 andF(01), F(02) are iso.
Thenoy, 0, are iso.

(30) LetA, B be transitive non empty category structures with uiitee a contravariant functor
from Ato B, 01, 0o be objects ofA, anda be a morphism frono; to 0,. Supposé- is full and
faithful and{oy1,02) # 0 and(0z,01) # 0 andF (a) is retraction. Them is coretraction.

(31) LetA, Bbe transitive non empty category structures with uiiitee a contravariant functor
from Ato B, 01, 02 be objects oA, anda be a morphism frono; to 0. Supposé- is full and
faithful and(o1,0z) # 0 and(02,01) # 0 andF () is coretraction. Thea s retraction.

(32) LetA, B be categories; be a contravariant functor fromto B, 01, 0 be objects oA\, and
abe a morphism fromo; to 0,. Supposé- is full and faithful and{o1,0,) # 0 and{0,,01) # 0
andF(a) is iso. Themais iso.

(33) LetA, B be categories; be a contravariant functor from to B, ando;, 0, be objects of
A. Supposé- is full and faithful and(o1,02) # 0 and(0z,01) # 0 andF(02), F(01) are iso.
Thenoy, 0, are iso.

4. THE SUBCATEGORIES OF THE MORPHISMS
We now state two propositions:

(34) LetC be a category structure aidbe a substructure &. Suppose the carrier €f = the
carrier ofD and the arrows dof = the arrows oD. ThenD is full.

(35) LetC be a non empty category structure with units &nbde a substructure &. Suppose
the carrier ofC = the carrier ofD and the arrows of = the arrows oD. ThenD is full and
id-inheriting.

LetC be a category. One can verify that there exists a subcateg@wbfch is full, non empty,
and strict.
The following propositions are true:

(36) For every non empty subcateg@yf C holds every non empty subcategory®is a non
empty subcategory @.
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(37) LetC be a non empty transitive category structiddye a non empty transitive substructure
of C, 01, 02 be objects o€, p1, p2 be objects 0D, mbe a morphism frone; to 02, andn be
a morphism fronmp; to py such thatp; = 01 andpz = 0, andm=nand({ps, pz) # 0. Then

(i) if mis mono, themis mono, and
(i) if mis epi, themis epi.

(38) LetD be a non empty subcategory®©fo1, 0, be objects o€, p1, p2 be objects 0D, mbe
a morphism frono; to 02, m be a morphism frono, to 01, n be a morphism fronp; to po,
andn; be a morphism fronp, to p; such thatp; = 0; andpz = 0, andm=nandm; =n;
and(ps, p2) # 0 and(pz, p1) # 0. Then

(i) mis left inverse ofmy iff nis left inverse oiny, and
(i)  misright inverse ofm iff nis right inverse oh;.
(39) LetD be a full non empty subcategory 6f 01, 02 be objects o€, p1, p2 be objects oD,

m be a morphism frono; to 02, andn be a morphism fronp; to p2 such thatp; = o0; and
p2 = 0p andm= nand(ps, p2) # 0 and(pz, p1) # 0. Then

(i) if misretraction, them is retraction,
(i) if mis coretraction, then is coretraction, and
(iii) if misiso, themisiso.
(40) LetD be a non empty subcategory®fo;, 0, be objects o€, ps, p2 be objects oD, mbe

a morphism frono; to 0z, andn be a morphism fronp; to p, such thatp; = 0, andp; = 0
andm=nand(pi, p2) # 0 and(pz, p1) # 0. Then

(i) if nisretraction, themis retraction,
(i) if nis coretraction, themis coretraction, and
(i) if nisiso, themmis iso.
Let C be a category. The functor AllMoryielding a strict non empty transitive substructure
of Cis defined by the conditions (Def. 1).
(Def. 1)(1)) The carrier of AllMond = the carrier ofC,
(i) the arrows of AllMondC C the arrows ofZ, and
(iii)  for all objectsoy, 0 of C and for every morphisrm from oz to 0, holdsm € (the arrows
of AllMono C)(0s, 0p) iff (01,02) # 0 andmis mono.

LetC be a category. One can check that AllIM@& s id-inheriting.
LetC be a category. The functor AllE@iyields a strict non empty transitive substructureCof
and is defined by the conditions (Def. 2).
(Def. 2)(i) The carrier of AlIEpC = the carrier ofC,
(i) the arrows of AllEpiC C the arrows ofC, and
(iif)  for all objectsoy, 02 of C and for every morphismm from o5 to 0, holdsm € (the arrows
of AlIEpi C) (01, 02) iff (01,02) # 0@ andmis epi.

Let C be a category. Observe that AllEpis id-inheriting.
LetC be a category. The functor AllIR&ryields a strict non empty transitive substructuréof
and is defined by the conditions (Def. 3).
(Def. 3)()) The carrier of AllRet€ = the carrier ofC,
(i) the arrows of AllRet€ C the arrows of2, and

(iiiy ~ for all objectso,, 0, of C and for every morphismm from o; to oy holdsm € (the arrows
of AllRetrC) (04, 0p) iff (01,02) # 0 and(0y,01) # 0 andmiis retraction.
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LetC be a category. Note that AlIRéris id-inheriting.
LetC be a category. The functor AllCor&ryields a strict non empty transitive substructure of
C and is defined by the conditions (Def. 4).

(Def. 4)(i)) The carrier of AllCoret€ = the carrier ofC,
(i) the arrows of AllCoret€ C the arrows o, and

(iii)  for all objectso,, 0, of C and for every morphisrm from o5 to 0, holdsm € (the arrows
of AllCoretrC)(01, 0p) iff (01,02) # 0 and(0y,01) # 0 andm s coretraction.

LetC be a category. One can verify that AllCor@tis id-inheriting.
Let C be a category. The functor Alll€byields a strict non empty transitive substructureCof
and is defined by the conditions (Def. 5).

(Def. 5)()) The carrier of Allls& = the carrier ofC,
(i) the arrows of AlllsaC C the arrows o, and

(iif)  for all objectsoy, 02 of C and for every morphismm from o; to 0, holdsm € (the arrows
of Alllso C) (01, 0z) iff (01,02) # 0 and{0z,01) # 0@ andmis iso.

Let C be a category. One can verify that Alli8as id-inheriting.
We now state a number of propositions:

(41) AlllsoC is a non empty subcategory of AlIREtr
(42) AlllsoC is a non empty subcategory of AllCoré&tr
(43) AliCoretrC is a non empty subcategory of AllMofb
(44) AlIRetrC is a non empty subcategory of AlIEpi

(45) If for all objectsos, 0, of C holds every morphism fromy, to o, is mono, then the category
structure ofC = AllMono C.

(46) If for all objectsos, 0, of C holds every morphism froro; to oy is epi, then the category
structure ofC = AllEpi C.

(47) Suppose that for all objeabs, 0, of C and for every morphisrmfrom oz to o, holdsmis
retraction andoy,01) # 0. Then the category structure 6f= AllRetrC.

(48) Suppose that for all objeats, 02 of C and for every morphismrm from 05 to 0, holdsmis
coretraction andoy,01) # 0. Then the category structure Gf= AllCoretrC.

(49) Suppose that for all objeats, o, of C and for every morphisrmfrom oz to o, holdsmis
iso and(0z,01) # 0. Then the category structure ©f= AlllsoC.

(50) For all objects;, 02 of AllMonoC and for every morphisnm from 0; to 0, such that
(01,02) # 0 holdsmis mono.

(51) For all objectso;, oo of AllEpiC and for every morphisnm from 01 to 0, such that
(01,02) # 0 holdsmis epi.

(52) For all objectso;, 0z of AlllsoC and for every morphisnm from o; to 0, such that
(01,02) # 0 holdsmis iso andm™! € (0,01).

(53) AliIMonoAllMonoC = AllMono C.
(54) AllEpiAllEpi C = AllEpi C.

(55) AlllsoAlllsoC = AlllsoC.

(56) AlllsoAllMonoC = AlllsoC.

(57) AlllsoAllEpiC = AlllsoC.

(58) AlllsoAllRetrC = AlllsoC.

(59) AlllsoAllCoretrC = AlllsoC.
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