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The articlesl[6],[[8],19], 1], 12], [3], [4], [7], and[[5] provide the notation and terminology for this
paper.

LetC be a non empty category structure with unitsplgto, be objects o€, let Abe a morphism
from 01 to 0, and letB be a morphism frono, to 0;. We say thaf is left inverse ofB if and only
if:

(Def 1) A-B= |d<02) .

We introduceB is right inverse ofA as a synonym oA is left inverse ofB.
Let C be a non empty category structure with units,dgto, be objects ofZ, and letA be a
morphism fromo; to 0,. We say thaf is retraction if and only if:

(Def. 2) There exists a morphism froog to 0; which is right inverse of\.

Let C be a non empty category structure with units,dgto, be objects ofC, and letA be a
morphism fromo; to 0. We say thaf is coretraction if and only if:

(Def. 3) There exists a morphism frooa to 0; which is left inverse of.

We now state the proposition

(1) LetC be a non empty category structure with units anoe an object of. Then iq is
retraction and iglis coretraction.

LetC be a category and let, op be objects o€. Let us assume thab;, 02) # 0 and(02,01) #
0. Let A be a morphism frono; to 0,. Let us assume tha& is retraction and coretraction. The
functor A1 yields a morphism frone, to o; and is defined by:

(Def. 4) A-lisleftinverse ofA andA~1is right inverse ofA.

One can prove the following propositions:

(2) LetC be a category andy, 02 be objects of2. Suppos€o;,0,) # 0 and(0z,01) # 0. Let
A be a morphism frono; to 0,. If Ais retraction and coretraction, thé! - A= id(,) and

A-At=id, .

(3) LetC be a category and, 0, be objects oC. Suppos€o;,0;) # 0 and<02701> #0. Let
Abe a morphism frono; to 0,. If Ais retraction and coretraction, théA~ ) =A

(4) For every categor§ and for every objeab of C holds(idy) ™t = id, .
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Let C be a category, lab;, 02 be objects o, and letA be a morphism frono; to 0. We say
thatAis iso if and only if:

(Def 5) A-A 1= Id(OZ) andA 1. A= Id(ol) .
Next we state three propositions:

(5) LetC be a categong;, o, be objects o, andA be a morphism frono; to 0. If Ais iso,
thenA s retraction and coretraction.

(6) LetC be a category andy, 0, be objects of. Suppos€0o1,0;) # 0 and(0p,01) # 0. Let
A be a morphism frone; to 0,. ThenAis iso if and only ifA is retraction and coretraction.

(7) LetC be a categorys, 02, 03 be objects oC, A be a morphism frone; to op, andB be a
morphism fromo, to 03. Suppos€os,02) # 0 and(0z,03) # 0 and(03,01) # 0 andA is iso
andBiis iso. TherB-Aisiso and(B-A)"1=A"1.B71,

LetC be a category and let, 0, be objects of. We say thab,, 0, are iso if and only if:
(Def. 6) (01,02) # 0 and(oy,01) # 0 and there exists a morphism fram to o, which is iso.

Let us notice that the predicate, o, are iso is reflexive and symmetric.
We now state the proposition

(8) LetC be a category andy, 02, 03 be objects oC. If 01, 0, are iso anay, 03 are iso, then
01, O3 are iso.

Let C be a non empty category structure, égt 0, be objects ofC, and letA be a morphism
from o1 to 0,. We say tha# is mono if and only if:

(Def. 7) For every objeab of C such that/o,01) = 0 and for all morphism$, C from o to 0; such
thatA-B=A-CholdsB=C.

Let C be a non empty category structure, égt 0, be objects ofC, and letA be a morphism
from o1 to 0. We say thaf is epi if and only if:

(Def. 8) For every objeab of C such that/oy,0) # 0 and for all morphism$, C from 0, to o such
thatB-A=C-AholdsB=_C.

We now state a number of propositions:

(9) LetC be an associative transitive non empty category structureognmp, o3 be objects
of C. Suppose€o;,0;) # 0 and(0y,03) # 0. Let A be a morphism frono; to 0, andB be a
morphism fromo, to o3. If Ais mono andB is mono, therB- A is mono.

(10) LetC be an associative transitive non empty category structureognmp, oz be objects
of C. Suppos€o1,0z) # 0 and(02,03) # 0. Let A be a morphism frono; to o, andB be a
morphism fromo, to 0s. If Ais epi andB is epi, therB- A is epi.

(11) LetC be an associative transitive non empty category structureognm, oz be objects
of C. Suppos€o;,0;) # 0 and(0y,03) # 0. Let A be a morphism frono; to 0, andB be a
morphism fromo, to os. If B- Ais mono, therA is mono.

(12) LetC be an associative transitive non empty category structuregnup, o3 be objects
of C. Suppose€o;,0z) # 0 and(0y,03) # 0. Let A be a morphism frono; to o, andB be a
morphism fromo, to o3. If B-Ais epi, therB is epi.

(13) LetX be a non empty set ara, 0, be objects of Ens. Suppos€os,0z) # 0. LetAbe a
morphism fromo; to o, andF be a function frono; into 0. If F = A, thenAis mono iff F
is one-to-one.
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(14) LetX be a non empty set with non empty elements anya, be objects of Ens. Suppose
(01,02) # 0. Let Abe a morphism frone; to 0, andF be a function frono, into 0. If F = A,
thenAis epi iff F is onto.

(15) LetC be a category andy, 02 be objects of. Suppos€o;,0) # 0 and(0z,01) # 0. Let
A be a morphism frono; to 0,. If Ais retraction, ther\ is epi.

(16) LetC be a category and;, 02 be objects ofC. Suppos€o;,0;) # 0 and(0z,01) # 0. Let
A be a morphism frono; to 0,. If Ais coretraction, theA is mono.

(17) LetC be a category and;, 02 be objects ofC. Suppos€o;,0,) # 0 and(0z,01) # 0. Let
A be a morphism frono; to 0,. If Ais iso, thenAis mono and epi.

(18) LetC be a category andi, 02, 03 be objects ofC. Suppose€o;,02) # 0 and(0,03) # 0
and(oz,01) # 0. Let A be a morphism fronoe; to o, andB be a morphism frono, to oz. If A
is retraction andB is retraction, them - A is retraction.

(19) LetC be a category and;, 0y, 03 be objects ofC. Supposg0;,0;) # 0 and(0y,03) # 0
and(oz,01) # 0. Let A be a morphism frone; to o, andB be a morphism frone, to oz. If A
is coretraction an® is coretraction, theB- A is coretraction.

(20) LetC be a categoryp;, 02 be objects ofc, andA be a morphism frono; to 0,. If Ais
retraction and mono an@i,02) # 0 and(0z,01) # 0, thenAis iso.

(21) LetC be a categoryp;, 0, be objects ofC, andA be a morphism frono; to 0,. If Ais
coretraction and epi anf1,0;) # 0 and(0,,01) # 0, thenAis iso.

(22) LetC be a categoryyy, 02, 03 be objects ofZ, A be a morphism frono; to op, andB be a
morphism fromo, to 03. Suppos€os,02) # 0 and(0y,03) # 0 and(03,01) # 0 andB- A is
retraction. TherB is retraction.

(23) LetC be a categorypi, 02, 03 be objects oz, A be a morphism frono; to 0, andB be a
morphism fromo, to 03. Suppos€os,02) # 0 and(0z,03) # 0 and(03,01) # 0 andB- A s
coretraction. Thew\ is coretraction.

(24) LetC be a category. Suppose that for all objemtso, of C holds every morphism froro
to 02 is retraction. Le®, b be objects o€ andA be a morphism fronato b. If (a,b) # 0 and
(b,a) # 0, thenAis iso.

Let C be a non empty category structure with units andlbe an object o€. Note that there
exists a morphism fror to o which is mono, epi, retraction, and coretraction.

Let C be a category and letbe an object o€. Note that there exists a morphism franto o
which is mono, epi, iso, retraction, and coretraction.

Let C be a category, lat be an object o€, and letA, B be mono morphisms fromto 0. Note
thatA- B is mono.

LetC be a category, lat be an object o€, and letA, B be epi morphisms frorn to 0. One can
verify thatA- B is epi.

LetC be a category, lat be an object o€, and letA, B be iso morphisms froro to 0. Observe
thatA-Bis iso.

Let C be a category, led be an object o€, and letA, B be retraction morphisms fromto o.
Observe thah\- B is retraction.

LetC be a category, let be an object of, and letA, B be coretraction morphisms froato o.
Note thatA- B is coretraction.

LetC be a graph and lei be an object o€. We say thab is initial if and only if:

(Def. 9) For every objeab; of C there exists a morphisi from o to 0; such thaM € (o0,0;) and
(0,01) is trivial.

One can prove the following two propositions:
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(25) LetC be a graph and be an object o€. Thenois initial if and only if for every objecb;
of C there exists a morphisid from o to o; such thatM € (o0,0;) and for every morphism
M; from o to 01 such thaM; € (0,01) holdsM = M;.

(26) For every categor¢ and for all object®;, 0, of C such thato; is initial andos is initial
holdsoy, o, are iso.

LetC be a graph and let be an object o€. We say thab is terminal if and only if:

(Def. 10) For every objeat; of C there exists a morphisi from o; to o such thaM € (o0;,0) and
(01,0) is trivial.

Next we state two propositions:

(27) LetC be a graph and be an object o€. Thenois terminal if and only if for every object
0 of C there exists a morphisi from o; to o such that € (0;,0) and for every morphism
Mj from 01 to 0 such thaM; € (01,0) holdsM = M;.

(28) For every categorZ and for all objects;, 0, of C such thato; is terminal ando, is
terminal holdn4, 0, are iso.

LetC be a graph and lei be an object o€. We say thab is zero if and only if:
(Def. 11) ois initial and terminal.

One can prove the following proposition

(29) For every categor@ and for all object®,, 0, of C such thab; is zero and, is zero holds
01, Op are iso.

Let C be a non empty category structure, d¢gt o, be objects ofC, and letM be a morphism
from 01 to 0. We say thaM is zero if and only if the condition (Def. 12) is satisfied.

(Def. 12) Leto be an object o€. Suppose® is zero. LetA be a morphism frono; to 0 andB be a
morphism fromo to 0,. ThenM =B- A.

We now state the proposition

(30) LetC be a categonyg;, 02, 03 be objects o€, M; be a morphism frono; to 0z, andM; be
a morphism frono, to 03. If M1 is zero andM; is zero, therM, - M1 is zero.
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