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The articles|[14],[[18],[[19],[[6],[17],[15],[120],([8], 18], [[10], [[15],[[11],[]7],[[1],[[16],[[13],.[2],
[12], [4], and [3] provide the notation and terminology for this paper.

1. PRELIMINARIES
The following propositions are true:
(1) For all functionsf, g, h such that donfindomg € domh holds f +-g+-h = g+-f+:h.
(2) For all functionsf, g, h such thatf C g and rndhndomg C domf holdsg-h= f -h.

(3) Forall functionsf, g, hsuch that donfi C rngg and domf misses rntp andg®° domh misses
domf holdsf - (g+-h)=f-g.

(4) For all functionsfy, f2, g1, g2 such thatf; ~ f, andg; ~ g2 holdsf; - g1 ~ f2- Q.

(5) LetXy, Y1, X2, Y2 be non empty setd, be a function fromX; into X, andg be a function
fromYyintoY,. If f C g, thenf* C g*.

(6) LetXy, Y1, X2, Y2 be non empty setd, be a function fromX; into X,, andg be a function
fromYyinto Y. If f =~ g, thenf* ~g*.

Let X be a setand let be a function. The functof -indexingf yields a many sorted set indexed
by X and is defined by:

(Def. 1) X-indexingf = idx+-f[X.
One can prove the following propositions:
(7) For every seK and for every functiorf holds rndX -indexingf) = (X\ domf) U f°X.

(8) For every non empty set and for every functionf and for every element of X holds
(X-indexingf)(x) = (idx—+-f)(x).

(9) For all setsX, x and for every functionf such thatx € X holds if x € domf, then
(X-indexingf)(x) = f(x) and ifx ¢ domf, then(X-indexingf)(x) = x.

(10) For every seX and for every functiorf such that donfi = X holdsX -indexingf = f.
(11) For every seX and for every functiorf holdsX -indexing X -indexingf) = X -indexingf.
(12) For every seX and for every functiorf holdsX -indexingidx+-f) = X -indexingf.
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(13) For every seX and for every functiorf such thatf C idx holdsX -indexingf = idx.
(14) For every seX holdsX-indexingd = idx.

(15) For every seX and for every functiorf holdsX -indexingf [X = X -indexingf.

(16) For every seX and for every functiorf such thaX C domf holdsX -indexingf = f | X.
(17) For every functiorf holds0-indexingf = 0.

(18) For all setsX, Y and for every functionf such thatX C Y holds (Y -indexingf)[X =
X-indexingf.

(19) ForallsetX,Y and for every functiorf holds(XUY)-indexingf = (X -indexingf)+-(Y -indexingf ).
(20) For all set(, Y and for every functiorf holdsX -indexingf ~ Y -indexingf.

(21) For all setsX, Y and for every functionf holds (X UY)-indexingf = (X-indexingf) U
(Y -indexingf).

(22) For every non empty seX and for all functionsf, g such that rng C X holds
(X-indexingf) -g= (idx+-f)-g.

(23) For all functionsf, g such that donf misses dormg and rngg misses donf and for every
setX holdsf - (X-indexingg) = f[X.

Let f be a function. A function is called a rng-retractionfoif:
(Def. 2) domit=rngf andf -it = idmgt.
One can prove the following propositions:
(24) For every functiorf and for every rng-retractiog of f holds rngy C domf.

(25) Letf be afunctiong be a rng-retraction of, andx be a set. Ik € rngf, theng(x) € domf
andf(g(x)) =x.

(26) For every functiorf such thatf is one-to-one hold$ ! is a rng-retraction of.

(27) For every functionf such thatf is one-to-one and for every rng-retractigrof f holds
g=f1

(28) Let fq, fo be functions. Supposé ~ f,. Let g; be a rng-retraction of; andgy be a
rng-retraction off,. Thengi+-gp is a rng-retraction of;+- 5.

(29) Letfq, fp be functions. Supposk C f,. Letg; be a rng-retraction of;. Then there exists
a rng-retractiory, of f, such thag; C g».

2. REPLACEMENT IN SIGNATURE

Let Sbe a non empty non void many sorted signature anfl,Igbe functions. We say thdtandg
form a replacement i&if and only if the condition (Def. 3) is satisfied.

(Def. 3) Letoy, 0 be operation symbols 08  Suppose(idie operaiion symbols s+9)(01) =
('dthe operation symbols cﬁ""g) (02)' Then
(i) (idthe carrier ofSt- f) 'Arity (01) = (idthe carrier ofSt f) 'Arity (02)7 and
(i) (idthe carrier ois+- ) (the result sort 001) = (idihe carrier ois+ ) (the result sort 0b,).

Next we state two propositions:
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(30) LetSbe a non empty non void many sorted signature frgibe functions. Therf andg
form a replacement i if and only if for all operation symbolse;, 0, of Ssuch tha{(the op-
eration symbols 08) -indexingg)(01) = ((the operation symbols &) -indexingg)(oz) holds
((the carrier ofS) -indexingf ) - Arity (01) = ((the carrier ofS) -indexingf) - Arity (02) and((the
carrier ofS) -indexingf ) (the result sort 061) = ((the carrier ofS) -indexingf ) (the result sort
of 02).

(31) LetSbe a non empty non void many sorted signature frgibe functions. Therf andg
form a replacement i8if and only if (the carrier of5) -indexingf and (the operation symbols
of S)-indexingg form a replacement i,

In the seque§, S are non void signatures arfgd g are functions.
One can prove the following four propositions:

(32) If f andg form morphism betweeBSandS, thenf andg form a replacement if.
(33) f and0form areplacement i.

(34) If gis one-to-one and (the operation symbolsSpfirngg C domg, then f andg form a
replacement irs.

(35) Ifgis one-to-one and rrgmisses the operation symbolsQ)fthenf andg form a replace-
mentinS,

Let X be a set, leY be a non empty set, latbe a function fronY into X*, and letr be a function
fromY into X. Note that(X,Y,a,r) is non void.

Let Sbe a non empty non void many sorted signature and,lgtbe functions. Let us assume
that f andg form a replacement i8. The functorSwith-replacemertf, g) yields a strict non empty
non void many sorted signature and is defined by the conditions (Def. 4).

(Def. 4)(i) (The carrier ofS)-indexingf and (the operation symbols & -indexingg form mor-
phism betweeis andSwith-replacemerttf,g),

(i) the carrier ofSwith-replacemerttf, g) = rng((the carrier ofS)-indexingf), and

(i)  the operation symbols ofSwith-replacemeritf,g) = rng((the operation symbols of
S) -indexingg).

We now state a number of propositions:

(36) LetS;, S be non void signatured, be a function from the carrier &, into the carrier of
S, andg be a function. Supposgandg form morphism betwee; andS,. Thenf*-the
arity of § = (the arity ofS) - g.

(37) Supposd andg form a replacement i6. Then (the carrier 08) -indexingf is a function
from the carrier oSinto the carrier oSwith-replacemertf, g).

(38) Supposef andg form a replacement irs. Let f’ be a function from the carrier db
into the carrier ofSwith-replacemeritf,g). Supposef’ = (the carrier ofS)-indexingf.
Let g be a rng-retraction of (the operation symbolsS)tindexingg. Then the arity of
Swith-replacemeritf,g) = f’* - the arity ofS-d'.

(39) Supposef andg form a replacement is. Let g be a rng-retraction of (the operation
symbols ofS)-indexingg. Then the result sort ddwith-replacemeritf,g) = ((the carrier of
S)-indexingf) - the result sort 08-¢'.

(40) If f andg form morphism betweeB8andS, thenSwith-replacemeritf, g) is a subsignature
of S.

(41) f andgform a replacement i8if and only if (the carrier ofS)-indexingf and (the opera-
tion symbols ofS) -indexingg form morphism betwee8 andSwith-replacemeritf, g).
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(42) Suppose dorhC the carrier ofSand dong C the operation symbols &andf andg form
a replacement irs. Then idhe carier ots+- T @and idhe operation symbois g+-g form morphism
betweerS andSwith-replacemerttf, g).

(43) Suppose dorh=the carrier ofSand dong = the operation symbols &andf andg form
a replacement i®. Thenf andg form morphism betwee8 andSwith-replacemertf, g).

(44) If f and g form a replacement inS, then Swith-replacemer{{the carrier of
S)-indexingf,g) = Swith-replacemeritf, g).

(45) If f andg form a replacement i§, thenSwith-replacemerttf, (the operation symbols of
S) -indexingg) = Swith-replacemerttf,g).

3. SGNATURE EXTENSIONS

Let Sbe a signature. A signature is called an extensiofibtf
(Def.5) Sis a subsignature of it.

The following propositions are true:

(47E] Every signaturéSis an extension of.

(48) For every signaturg&; and for every extensio8, of S holds every extension & is an
extension ofS;.

(49) For all non empty signatur&s, S, such thatS; ~ S, holdsS;+-S; is an extension of;.
(50) For all non empty signatur&s, S holdsS; +-S; is an extension o%.

(51) LetS, S, Sbe non empty many sorted signatures &ndyi, f2, g be functions. Suppose
f1 =~ fp andf; andg; form morphism betwee§; andSandf, andg, form morphism between
S andS. Thenfi+-f; andgi+-g2 form morphism betwee§; +-S, andS.

(52) LetS, S, E be non empty signatures. ThEris an extension of; and an extension @&,
if and only if S§; =~ S, andE is an extension 0§ +-$.

Let She a non empty signature. One can verify that every extensi8isafion empty.
Let Sbe a non void signature. Observe that every extensi@iohon void.
Next we state the proposition

(53) For all signatureS, T such thaSis empty holdsT is an extension o&.

Let Sbe a signature. Note that there exists an extensi@wdfich is non empty, non void, and
strict.
We now state three propositions:

(54) LetSbe anon void signature aritlbe an extension d&. Supposd andg form a replace-
ment inE. Thenf andg form a replacement i,

(55) LetSbe a non void signature arfitibe an extension d&& Supposd andg form a replace-
ment inE. ThenE with-replacemerttf,g) is an extension oBwith-replacemerttf,g).

(56) Let S, S be non void signatures. Suppos® ~ $. Let f, g be functions.
If f and g form a replacement inS+-S, then (S+-S)with-replacemeritf,g) =
(Sywith-replacemeriif, g) )+ (S with-replacemertf , g) ).

1 The proposition (46) has been removed.
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4. ALGEBRAS

Algebra is defined by:

(Def. 6) There exists a non void signatiBsuch that it is a feasible algebra ov&r

Let Sbe a signature. An algebra is called an algebr&i@if

(Def. 7) There exists a non void extensiBrof Ssuch that it is a feasible algebra ower

Next we state a number of propositions:

(57) For every non void signatufholds every feasible algebra ov@is an algebra o8,

(58) For every signatur8and for every extensioB of Sholds every algebra d is an algebra

of S

(59) LetSbe a signaturek be a non empty signature, aAde an algebra ové. Suppose is

an algebra of. Then the carrier 06 C the carrier ofE and the operation symbols 8fC the
operation symbols dE.

(60) LetSbe a non void signaturd; be a non empty signature, aidbe an algebra ovek.

SupposeA is an algebra o8. Let o be an operation symbol & Then (the characteristics of
A)(o) is a function from (the sorts a%)#(Arity (0)) into (the sorts of\)(the result sort 0b).

(61) LetSbe a non empty signaturé,be an algebra o, andE be a non empty many sorted

signature. IfAis an algebra oveE, thenA is an algebra ovee +-S.

(62) LetS;, S be non empty signatures aAdbe an algebra ove®;. SupposéA is an algebra

overS. Then the carrier of5 = the carrier ofS, and the operation symbols & = the
operation symbols d&,.

(63) LetSbe a non void signature adbe a non-empty disjoint valued algebra o®(Then

the sorts ofA are one-to-one.

(64) LetSbe a non void signaturd\ be a disjoint valued algebra ovBrandCy, C, be compo-

nents of the sorts ok. ThenC; = C, or C; misse<C,.

(65) LetS S be non void signatures antl be a non-empty disjoint valued algebra o&r

SupposeA is an algebra ove8. Then the many sorted signature = the many sorted
signature ofS.

(66) LetS be a non void signature ardbe a non-empty disjoint valued algebra ogetf A is

(1]
2]

(3]

(4]

(5]

(6]

[7]

8l

an algebra o8, thenSis an extension of.
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