JOURNAL OF FORMALIZED MATHEMATICS
Volume2,  Released 1990,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Construction of Finite Sequence over Ring and Left-,
Right-, and Bi-Modules

over a Rind]]
Michat Muzalewski Lestaw W. Szczerba
Warsaw University Siedlce University
Biatystok

Summary. This text includes definitions of finite sequences over rings and left-, right-
, and bi-module over a ring treated as functions definedafbnatural numbers, but with
almost everywhere equal to zero. Some elementary theorems are proved, in particular for
each category of sequences the scheme about existence is proved. In all four cases, i.e. for
rings, left-, right and bi- modules are almost exactly the same, hovewer we do not know how
to do the job in Mizar in a different way. The paper is mostly based on the paper [2]. In
particular the notion of initial segment of natural numbers is introduced which differs from
that of [2] by starting with zero. This proved to be more convenient for algebraic purposes.

MML Identifier: ALGSEQ_1.
WWW: http://mizar.org/JFM/Vol2/algseq_1.html

The articles([5],[[9],[[7],1], [10], 3], 18], [4], and[5] provide the notation and terminology for this
paper.

In this papet, k, m, n are natural numbers.

Next we state two propositions:

@] fm<n+1 thenm<norm=n.

(4f 1f k<2 thenk=0o0rk=1.

Let us considen. The functor PSegyielding a set is defined as follows:
(Def. 1) PSeg={k:k<n}.

Let us considen. Then PSegis a subset oN.
Next we state several propositions:

(10F ke PSequiff k< n.

(11) PSegG= 0and PSeg % {0} and PSeg2 {0,1}.
(12) nePSegn+1).

(13) n< miff PSegn C PSegn.

1Supported by RPBP.1I1-24.C3.

1 The proposition (1) has been removed.

2 The proposition (3) has been removed.

3 The propositions (5)—-(9) have been removed.
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(14) If PSeqr= PSegn, thenn=m.
(15) Ifk<n, then PSely=PSeknNPSeg and PSel§§ = PSeqnn PSed.
(16) If PSedk = PSecknPSeq or PSed = PSeqin PSed, thenk < n.
17) PSequU{n} =PSegn+1).
In the sequeR is a hon empty zero structure.
Let us consideR and letF be a sequence & We say thafF is finite-Support if and only if:
(Def. 2) There exista such that for everysuch thai > n holdsF (i) = Og.

Let us consideR. Note that there exists a sequencdrafhich is finite-Support.
Let us consideR. An algebraic sequence Bfis a finite-Support sequence &f
In the sequep, g denote algebraic sequencesof

Let us consideR, p, k. We say that the length gf is at mosik if and only if:

(Def. 3) For every such that > k holdsp(i) = Or.
Let us consideR, p. The functor lerp yielding a natural number is defined as follows:

(Def. 4) The length opis at most lerp and for everym such that the length g is at mosim holds
lenp<m.

Next we state three propositions:
(22@ If i > lenp, thenp(i) = Og.
(24E] If for everyi such thai < k holdsp(i) # Og, then lerp > k.
(25) Iflenp=k+ 1, thenp(k) # Or.
Let us consideR, p. The functor suppogt yielding a subset o is defined by:
(Def. 5) supporp = PSeglermp.
The following proposition is true
(27F] k= lenpiff PSegk = supporp.

The schemdlgSegLambdaBeals with a non empty zero structufiea natural numbeB, and
a unary functorf yielding an element aofl, and states that:

There exists an algebraic sequemcef 4 such that lep < B and for evenk such
thatk < B holdsp(k) = F (k)

for all values of the parameters.
The following propositions are true:

(28) Iflenp=lenqgand for everk such thak < lenp holdsp(k) = q(k), thenp=q.

(29) If the carrier ofR + {Or}, then for everyk there exists an algebraic sequemcef R such
that lenp=k.

In the sequek is an element oR.
Let us consideR, x. The functor{ox) yielding an algebraic sequenceRfs defined by:
(Def. 6) lenpx) <1 and{ox)(0) = x.
One can prove the following four propositions:
(31)] p=(o0R) ifflen p=0.
(32) p= (oOg) iff supportp = 0.
(33) (00r) (i) = O
(34) p=(o0r) iff rng p= {Or}.

4 The propositions (18)—(21) have been removed.
5 The proposition (23) has been removed.
6 The proposition (26) has been removed.
" The proposition (30) has been removed.
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