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Summary. We introduce the notion of plane in affine space and investigate fundamen-
tal properties of them. Further we introduce the relation of parallelism defined for arbitrary
subsets. In particular we are concerned with parallelisms which hold between lines and planes
and between planes. We also define a function which assigns to every line and every point
the unique line passing through the point and parallel to the given line. With the help of the
introduced notions we prove that every at least 3-dimensional affine space is Desarguesian and
translation.

MML Identifier: AFF_ 4.

WWW: http://mizar.org/JFM/Vol2/aff_4.html

The articlesl[[4],[[5],[1], 2], and [3] provide the notation and terminology for this paper.

We use the following conventiom; denotes an affine spacg,b, ¢, d, &, b/, ¢, p, g denote
elements ofA;, andA, C, K, M, N, P, Q, X, Y, Z denote subsets df;.

Next we state a number of propositions:

(1) IfL(p,ad)orL(p,a,a)and if p+# a, then there existd’ such thatl (p,b,b') anda,b ||
a,b.

(2) Ifa,b//Aorb,al//lAandifae A thenbe A

(3) Ifa,b//Aorb,al//AandifAl/KorK /I A thena, b// K andb, a// K.

(4) lfab/lAorb,a//Aandifa,b]c,dorc,d ] a,bandifa#b,thenc,d// Aandd,c//A.
(5) Ifa,b//Morb,al//Mandifa, b/ Norb,a//Nandifa+b,thenM // N andN // M.
(6) Ifa,b//Morb,al//Mandifc,d//Mord,c//M,thena,b][ c,danda,b]ld,c.

(7) IfA//CorC/lAanda+#bandablfc,dorcd] abandacAandbe AandceC,
thend € C.

(8) Suppose that € M andg e N andae M anda’ € M andb € N andb’ € N andq # aand
g#bandM £ N anda,b | a,b' orb,all b’,a andM is a line andN is a line andq = &'.
Theng=1b'.

(9) Suppose thae M andg e N andae M anda’ € M andb € N andb’ € N andq # a and
g#bandM £ N anda,b | &,b’ orb,all b’,a andM is a line andN is a line anda = &'.
Thenb=10'.

(10) IfM//NorN//MandaeM anda € M andbe N andb’ € N andM # N anda,b ]| &, b’
orb,allb/,a anda=4d/, thenb=1"b'.
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(11) There existé\ such thata € Aandb € AandAis aline.
(12) If Ais aline, then there existpsuch thag ¢ A.

Let us consideA, K, P. The functor Plan@, P) yielding a subset ofy; is defined as follows:
(Def. 1) PlangK,P)={a:V,(a, b//I K A beP)}.

Let us consideAs, X. We say thaX is plane if and only if:
(Def. 2) There exisK, P such thaK is a line andP is a line andK not // P andX = Plan€K, P).

We introduceX is a plane as a synonym Xfis plane.
Next we state a number of propositions:

(13) IfKis notaline, then Plarf&, P) = 0.
(14) IfKisaline, therP C Plan€K,P).

(15) IfK// P, then Plang&,P) =P.

(16) If K // M, then Plané&,P) = PlangM, P).

(17) Suppose thgt € M andac M andb € M andp € N anda’ € N andb’ € N andp ¢ P and
p¢ QandM # N anda € P anda’ € Pandb € Q andb/ € QandM is a line andN is a line
andP is aline andQ is a line. TherP // Q or there existg| such thag € P andqg € Q.

(18) Supposac M andbe M anda’ € N andb’ € Nandae Panda € Pandbe Qandb' € Q
andM £ N andM // N andP is a line andQ is a line. TherP // Q or there existg| such that
ge Pandge Q.

(19) If Xis aplane an@ € X andb € X anda # b, then Linda,b) C X.

(20) IfKisalineandPisalineandis aline ank not//P andK not//QandQ C Plan€K, P),
then Plan&K, Q) = Plan€K, P).

(21) IfKisalineandPis aline andQis aline andQ C Plan€K,P), thenP // Q or there exists
gsuch thag e Pandge Q.

(22) If Xis a plane and is a line andN is a line andV C X andN C X, thenM // N or there
existsq such thaty € M andqg € N.

(23) If Xisaplane andhe X andM C X anda € N andM // N or N // M, thenN C X.

(24) If Xis aplane an¥ is a plane anéh € X andb € X anda€ Y andb €Y andX #Y and
a#b, thenXnY is aline.

(25) If X is a plane and is a plane anéd € X andb € X andc e X andacY andbeY and
ceY and notl (a,b,c), thenX =Y.

(26) If X is a plane and is a plane and/ is a line andN is a line andM C X andN C X and
M CY andN CY andM # N, thenX =Y.

Let us consideAs, a, K. Let us assume th#t is a line. The functor- K yields a subset of\;
and is defined by:

(Def.3) aca-KandK //a-K.
One can prove the following propositions:
(27) If Aisaline, thera-Ais aline.
(28) If X is aplane and/ is a line anda € X andM C X, thena-M C X.
(29) If X isaplane anéde X andb € X andc € X anda,b || c,d anda # b, thend € X.
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(30) IfAisaline, therac Aiff a-A=A.
(31) IfAisaline,thera-A=a-(q-A).
(32) IfK//M,thena-K=a-M.
Let us consideA;, X, Y. The predicat||Y is defined as follows:

(Def. 4) For alla, Asuchthate Y andAis aline andA C X holdsa-ACY.
The following propositions are true:
(33) IfXCYandifXisaline andy is aline orX is a plane and is a plane, theiX =Y.
(34) IfXisaplane, then there exatb, c such thatie X andb € X andc € X and not_ (a, b, c).
(35) IfMisaline andX is a plane, then there exigisuch thag € X andq ¢ M.
(36) For alla, A such thaiA is a line there existX such thata € X andA C X andX is a plane.
(37) There existX such that € X andb € X andc € X andX is a plane.
(38) Ifge M andge N andM is a line andN is a line, then there exisk such thatvl C X and

N C X andX is a plane.

(39) If M/I'N, then there existX such thatM C X andN C X andX is a plane.
(40) IfMisaline andN is a line, therM // N iff M||N.
(41) IfMisaline andX is a plane, theM||X iff there existsN such thalN C X butM // N or
N // M.
(42) IfMisaline andX is a plane andl C X, thenM||X.
(43) IfAisaline andX is a plane an@ € A anda € X andA||X, thenA C X.
Let us consideAs, K, M, N. We say thaK, M, N are coplanar if and only if:

(Def. 5)

There existX such thakK C X andM C X andN C X andX is a plane.

We now state a number of propositions:

(44) Suppos&, M, N are coplanar. Then
(i) K,N, M are coplanar,
(i) M, K, N are coplanar,
(i) M, N, K are coplanar,
(iv) N, K, M are coplanar, and
(v) N, M, K are coplanar.
(45) Supposdiis aline anK is a line andV is a line andN is a line andM, N, K are coplanar

andM, N, A are coplanar anifl £ N. ThenM, K, A are coplanar.

(46) SupposK is a line andM is a line andX is a plane and&k € X andM C X andK # M.

ThenK, M, A are coplanar if and only i C X.

(47)

(48)

Suppose € K andg € M andK is a line andM is a line. TherK, M, M are coplanar and
M, K, M are coplanar anil, M, K are coplanar.

If A; is not an affine plane and is a plane, then there exiggsuch thag ¢ X.

(49) Suppose tha; is not an affine plane amgle Aandq e P andqg e C andqg# aandq#b
andq# candac Aanda € Aandb € P andb’ € Pandc e C andc € C andA is a line
andP is a line andC is a line andA # P andA # C anda,b || &,b’ anda,c || &,c. Then
b,c|b,c.
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(50) If Aq is not an affine plane, thefy is Desarguesian.

(51) Suppose tha; is not an affine plane andl// P andA //C andac Aanda’ € Aandbe P
andb’ € Pandc e C andc € CandAis a line andP is a line andC is a line andA # P and
A#Canda, b &,b' anda,c]| &,c. Thenb,c| b/, c.

(52) If A is not an affine plane, thefy is translational.

(53) If Ay is an affine plane and ndt(a,b,c), then there exists’ such thata,c || &,c¢ and
b,c|b,c.

(54) IfnotL(a,b,c) anda # b’ anda,b | &,b/, then there existe’ such thata,c || &,c’ and
b,c|lb,c.

(55) Suppos« is a plane and is a plane. TheiX||Y if and only if there exis&, P, M, N such
thatAnot//PandAC X andP C X andM CY andN CY andA// M orM // AandP // N
orN /I P.

(56) If A/l M andM||X, thenA||X.

(57) If Xis aplane, theiX||X.

(58) If X is aplane and is a plane an||Y, thenY||X.
(59) If Xis a plane, theiX # 0.

(60) If X|[Y andY||Z andY # 0, thenX||Z.

(61) Suppos« is a plane ant is a plane and is a plane anX||Y andY||Z or X||Y andZ||Y
orY||X andY||Z orY||X andZ||Y. ThenX]||Z andZ||X.

(62) If Xisaplane an¥ is a plane an@ < X anda €Y andX||Y, thenX =Y.

(63) If X is a plane and is a plane and is a plane anX||Y andX #Y anda € XNZ and
beXNnZandceYnZandd e YNZ, thena,b]f c,d.

(64) Suppos« is aplane and is a plane and is a plane anX||Y andae XNZ andbe XNZ
andce YNZandd e YNZ andX #Y anda# bandc# d. ThenXNZ//YNZ.

(65) For alla, X such thaiX is a plane there exis¥ such thata € Y andX||Y andY is a plane.

Let us consideAs, a, X. Let us assume that is a plane. The functa+ X yields a subset of
A; and is defined as follows:

(Def. 6) aca+ X andX|la+ X anda+ X is a plane.
Next we state four propositions:
(66) If X is aplane, thema e X iff a+ X = X.
(67) If Xisaplane, thea+X =a+ (g+ X).
(68) If Ais aline andX is a plane and\||X, thena-A C a+ X.

(69) If X isaplane an¥ is a plane anK||Y, thena+X =a+Y.
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