
JOURNAL OF FORMALIZED MATHEMATICS

Volume2, Released 1990, Published 2003

Inst. of Computer Science, Univ. of Białystok

Classical Configurations in Affine Planes1

Henryk Oryszczyszyn
Warsaw University

Białystok

Krzysztof Prȧzmowski
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Summary. The classical sequence of implications which hold between Desargues and
Pappus Axioms is proved. Formally Minor and Major Desargues Axiom (as suitable properties
– predicates – of an affine plane) together with all its indirect forms are introduced; the same
procedure is applied to Pappus Axioms. The so called Trapezium Desargues Axiom is also
considered.
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The articles [1], [2], and [3] provide the notation and terminology for this paper.
We adopt the following rules:A1 is an affine plane,a, a′, b, b′, c, c′, o are elements ofA1, and

A, C, K, M, N, P are subsets ofA1.
Let us considerA1. We say thatA1 satisfiesPPAP if and only if the condition (Def. 1) is satisfied.

(Def. 1) Let givenM, N, a, b, c, a′, b′, c′. SupposeM is a line andN is a line anda∈M andb∈M
andc∈M anda′ ∈N andb′ ∈N andc′ ∈N anda,b′ ��‖ b,a′ andb,c′ ��‖ c,b′. Thena,c′ ��‖ c,a′.

We introduceA1 satisfiesPPAPas a synonym ofA1 satisfiesPPAP.
Let A1 be an affine space. We say thatA1 is Pappian if and only if the condition (Def. 2) is

satisfied.

(Def. 2) LetM, N be subsets ofA1 ando, a, b, c, a′, b′, c′ be elements ofA1. Suppose thatM is
a line andN is a line andM 6= N ando∈ M ando∈ N ando 6= a ando 6= a′ ando 6= b and
o 6= b′ ando 6= c ando 6= c′ anda∈M andb∈M andc∈M anda′ ∈N andb′ ∈N andc′ ∈N
anda,b′ ��‖ b,a′ andb,c′ ��‖ c,b′. Thena,c′ ��‖ c,a′.

We introduceA1 satisfiesPAP as a synonym ofA1 is Pappian.
Let us considerA1. We say thatA1 satisfiesPAP1 if and only if the condition (Def. 3) is satisfied.

(Def. 3) Let givenM, N, o, a, b, c, a′, b′, c′. Suppose thatM is a line andN is a line andM 6= N and
o∈ M ando∈ N ando 6= a ando 6= a′ ando 6= b ando 6= b′ ando 6= c ando 6= c′ anda∈ M
andb∈ M andc∈ M andb′ ∈ N andc′ ∈ N anda,b′ ��‖ b,a′ andb,c′ ��‖ c,b′ anda,c′ ��‖ c,a′

andb 6= c. Thena′ ∈ N.

We introduceA1 satisfiesPAP1 as a synonym ofA1 satisfiesPAP1.
Let A1 be an affine space. We say thatA1 is Desarguesian if and only if the condition (Def. 4) is

satisfied.

(Def. 4) LetA, P, C be subsets ofA1 ando, a, b, c, a′, b′, c′ be elements ofA1. Suppose thato∈ A
ando∈ P ando∈C ando 6= a ando 6= b ando 6= c anda∈ A anda′ ∈ A andb∈ P andb′ ∈ P
andc∈C andc′ ∈C andA is a line andP is a line andC is a line andA 6= P andA 6= C and
a,b ��‖ a′,b′ anda,c ��‖ a′,c′. Thenb,c ��‖ b′,c′.
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We introduceA1 satisfiesDESas a synonym ofA1 is Desarguesian.
Let us considerA1. We say thatA1 satisfiesDES1 if and only if the condition (Def. 5) is satisfied.

(Def. 5) Let givenA, P, C, o, a, b, c, a′, b′, c′. Suppose thato∈ A ando∈ P ando 6= a ando 6= b
ando 6= c anda∈ A anda′ ∈ A andb∈ P andb′ ∈ P andc∈C andc′ ∈C andA is a line and
P is a line andC is a line andA 6= P andA 6= C anda,b ��‖ a′,b′ anda,c ��‖ a′,c′ andb,c ��‖ b′,c′

and notL(a,b,c) andc 6= c′. Theno∈C.

We introduceA1 satisfiesDES1 as a synonym ofA1 satisfiesDES1.
Let us considerA1. We say thatA1 satisfiesDES2 if and only if the condition (Def. 6) is satisfied.

(Def. 6) Let givenA, P, C, o, a, b, c, a′, b′, c′. Suppose thato∈ A ando∈ P ando∈C ando 6= a
ando 6= b ando 6= c anda∈ A anda′ ∈ A andb∈ P andb′ ∈ P andc∈C andA is a line andP
is a line andC is a line andA 6= P andA 6= C anda,b ��‖ a′,b′ anda,c ��‖ a′,c′ andb,c ��‖ b′,c′.
Thenc′ ∈C.

We introduceA1 satisfiesDES2 as a synonym ofA1 satisfiesDES2.
Let A1 be an affine space. We say thatA1 is Moufangian if and only if the condition (Def. 7) is

satisfied.

(Def. 7) LetK be a subset ofA1 ando, a, b, c, a′, b′, c′ be elements ofA1. SupposeK is a line and
o∈ K andc∈ K andc′ ∈ K anda /∈ K ando 6= c anda 6= b andL(o,a,a′) andL(o,b,b′) and
a,b ��‖ a′,b′ anda,c ��‖ a′,c′ anda, b // K. Thenb,c ��‖ b′,c′.

We introduceA1 satisfiesTDES as a synonym ofA1 is Moufangian.
Let us considerA1. We say thatA1 satisfiesTDES1 if and only if the condition (Def. 8) is

satisfied.

(Def. 8) Let givenK, o, a, b, c, a′, b′, c′. SupposeK is a line ando∈ K andc∈ K andc′ ∈ K and
a /∈ K ando 6= c anda 6= b andL(o,a,a′) anda,b ��‖ a′,b′ andb,c ��‖ b′,c′ anda,c ��‖ a′,c′ and
a, b // K. ThenL(o,b,b′).

We introduceA1 satisfiesTDES1 as a synonym ofA1 satisfiesTDES1.
Let us considerA1. We say thatA1 satisfiesTDES2 if and only if the condition (Def. 9) is

satisfied.

(Def. 9) Let givenK, o, a, b, c, a′, b′, c′. SupposeK is a line ando∈ K andc∈ K andc′ ∈ K and
a /∈ K ando 6= c anda 6= b andL(o,a,a′) andL(o,b,b′) andb,c ��‖ b′,c′ anda,c ��‖ a′,c′ and
a, b // K. Thena,b ��‖ a′,b′.

We introduceA1 satisfiesTDES2 as a synonym ofA1 satisfiesTDES2.
Let us considerA1. We say thatA1 satisfiesTDES3 if and only if the condition (Def. 10) is

satisfied.

(Def. 10) Let givenK, o, a, b, c, a′, b′, c′. SupposeK is a line ando∈ K andc∈ K anda /∈ K and
o 6= c anda 6= b andL(o,a,a′) andL(o,b,b′) anda,b ��‖ a′,b′ anda,c ��‖ a′,c′ andb,c ��‖ b′,c′

anda, b // K. Thenc′ ∈ K.

We introduceA1 satisfiesTDES3 as a synonym ofA1 satisfiesTDES3.
Let A1 be an affine space. We say thatA1 is translational if and only if the condition (Def. 11) is

satisfied.

(Def. 11) LetA, P, C be subsets ofA1 anda, b, c, a′, b′, c′ be elements ofA1. Suppose thatA // P and
A // C anda∈ A anda′ ∈ A andb∈ P andb′ ∈ P andc∈C andc′ ∈C andA is a line andP is
a line andC is a line andA 6= P andA 6= C anda,b ��‖ a′,b′ anda,c ��‖ a′,c′. Thenb,c ��‖ b′,c′.

We introduceA1 satisfiesdesas a synonym ofA1 is translational.
Let us considerA1. We say thatA1 satisfiesdes1 if and only if the condition (Def. 12) is satisfied.

(Def. 12) Let givenA, P, C, a, b, c, a′, b′, c′. Suppose thatA // P anda∈ A anda′ ∈ A andb∈ P and
b′ ∈ P andc∈C andc′ ∈C andA is a line andP is a line andC is a line andA 6= P andA 6= C
anda,b ��‖ a′,b′ anda,c ��‖ a′,c′ andb,c ��‖ b′,c′ and notL(a,b,c) andc 6= c′. ThenA // C.
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We introduceA1 satisfiesdes1 as a synonym ofA1 satisfiesdes1.
Let A1 be an affine space. We say thatA1 satisfies pap if and only if the condition (Def. 13) is

satisfied.

(Def. 13) LetM, N be subsets ofA1 anda, b, c, a′, b′, c′ be elements ofA1. SupposeM is a line and
N is a line anda∈M andb∈M andc∈M andM // N andM 6= N anda′ ∈N andb′ ∈N and
c′ ∈ N anda,b′ ��‖ b,a′ andb,c′ ��‖ c,b′. Thena,c′ ��‖ c,a′.

We introduceA1 satisfiespap as a synonym ofA1 satisfies pap.
Let us considerA1. We say thatA1 satisfiespap1 if and only if the condition (Def. 14) is

satisfied.

(Def. 14) Let givenM, N, a, b, c, a′, b′, c′. Suppose thatM is a line andN is a line anda∈ M and
b∈M andc∈M andM // N andM 6= N anda′ ∈N andb′ ∈N anda,b′ ��‖ b,a′ andb,c′ ��‖ c,b′

anda,c′ ��‖ c,a′ anda′ 6= b′. Thenc′ ∈ N.

We introduceA1 satisfiespap1 as a synonym ofA1 satisfiespap1.
The following propositions are true:

(15)1 A1 satisfiesPAP iff A1 satisfiesPAP1.

(16) A1 satisfiesDES iff A1 satisfiesDES1.

(17) If A1 satisfiesTDES, thenA1 satisfiesTDES1.

(18) If A1 satisfiesTDES1, thenA1 satisfiesTDES2.

(19) If A1 satisfiesTDES2, thenA1 satisfiesTDES3.

(20) If A1 satisfiesTDES3, thenA1 satisfiesTDES.

(21) A1 satisfiesdesiff A1 satisfiesdes1.

(22) A1 satisfiespap iff A1 satisfiespap1.

(23) If A1 satisfiesPAP, thenA1 satisfiespap.

(24) A1 satisfiesPPAP iff A1 satisfiesPAP andA1 satisfiespap.

(25) If A1 satisfiesPAP, thenA1 satisfiesDES.

(26) If A1 satisfiesDES, thenA1 satisfiesTDES.

(27) If A1 satisfiesTDES1, thenA1 satisfiesdes1.

(28) If A1 satisfiesTDES, thenA1 satisfiesdes.

(29) If A1 satisfiesdes, thenA1 satisfiespap.
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