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Summary. The aim of this paper is to develop a formal theory of Mizar types. The
presented theory is an approach to the structure of Mizar types as a sup-semilattice with widen-
ing (subtyping) relation as the order. It is an abstraction from the existing implementation of
the Mizar verifier and formalization of the ideas fram [9].
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The articles([1B],[[18],[[22] [[24],[21],[23] /3], [19] /1], [11]/[12]/ [16]( [10]. [14]. [15]. [4]. 2],
[20], [5], €], [7], [8], and [1] provide the notation and terminology for this paper.

1. SEMILATTICE OF WIDENING

Let us note that every non empty relational structure which is trivial and reflexive is also complete.
Let T be a relational structure. A type ®fis an element oT .
LetT be a relational structure. We say tfAats Noetherian if and only if:

(Def. 1) The internal relation of is reversely well founded.

Let us observe that every non empty relational structure which is trivial is also Noetherian.
Let T be a non empty relational structure. Let us observeThatNoetherian if and only if the
condition (Def. 2) is satisfied.

(Def. 2) LetAbe anon empty subset ®f Then there exists an elementf T such thata € Aand
for every elemenb of T such thab € A holdsa £ b.

Let T be a poset. We say tha@itis Mizar-widening-like if and only if:
(Def. 3) T is a sup-semilattice and Noetherian.

One can verify that every poset which is Mizar-widening-like is also Noetherian and upper-
bounded and has l.u.b.’s.

One can verify that every sup-semilattice which is Noetherian is also Mizar-widening-like.

One can verify that there exists a complete sup-semilattice which is Mizar-widening-like.

Let T be a Noetherian relational structure. One can check that the internal relatibrisof
reversely well founded.

The following proposition is true

(1) For every Noetherian sup-semilatti€eand for every ideal of T holds supl exists inT
and sup € 1.
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2. ADJECTIVES

We introduce adjective structures which are systems
( a set of adjectives, an operation ngn

where the set of adjectives is a set and the operation non is a unary operation on the set of adjectives.
Let A be an adjective structure. We say thas void if and only if:

(Def. 4) The set of adjectives dfis empty.

An adjective ofA is an element of the set of adjectivesfof
Next we state the proposition

(2) LetAq, Ao be adjective structures. Suppose the set of adjectivasefthe set of adjectives
of Ao. If A1 is void, thenA; is void.

Let A be an adjective structure and &ebe an element of the set of adjectivesfofThe functor
nona yielding an adjective of is defined as follows:

(Def. 5) nora= (the operation non oh)(a).

The following proposition is true

(3) LetA;, Az be adjective structures. Suppose the adjective structubg ef the adjective
structure ofA,. Leta; be an adjective oA; anday be an adjective ofy. If a3 = ap, then
nona; = nonay.

Let A be an adjective structure. We say thds involutive if and only if:
(Def. 6) For every adjectiva of A holds nonnoa = a.
We say thaf is without fixpoints if and only if:
(Def. 7) Itis not true that there exists an adjectivef A such that noa= a.

One can prove the following propositions:

(4) Letas, ap be sets. Suppos® # ap. Let A be an adjective structure. Suppose the set of
adjectives ofA = {a1,az} and (the operation non &)(a;) = a, and (the operation non of
A)(az) = a1. ThenAis non void, involutive, and without fixpoints.

(5) LetAs, A be adjective structures. Suppose the adjective structubg ef the adjective
structure ofA,. If A; is involutive, thenA; is involutive.

(6) LetAs, Ax be adjective structures. Suppose the adjective structubg ef the adjective
structure ofA,. If A; is without fixpoints, ther, is without fixpoints.

Let us note that there exists a strict adjective structure which is non void, involutive, and without
fixpoints.

Let A be a non void adjective structure. Note that the set of adjectivAssohon empty.

We introduceTA-structures which are extensions of relational structure and adjective structure
and are systems

( a carrier, a set of adjectives, an internal relation, an operation non, an adjectiye map
where the carrier and the set of adjectives are sets, the internal relation is a binary relation on the
carrier, the operation non is a unary operation on the set of adjectives, and the adjective map is a
function from the carrier into Finthe set of adjectives

Let X be a non empty set, Iétbe a set, let be a binary relation oK, letn be a unary operation
on A, and leta be a function fronX into FinA. Observe thatX, A, r,n, a) is non empty.

Let X be a set, lef be a non empty set, letbe a binary relation o, letn be a unary operation
on A, and leta be a function fronX into FinA. One can check thg, A, r,n,a) is non void.

One can check that there exist3a&structure which is trivial, reflexive, non empty, non void,
involutive, without fixpoints, and strict.

Let T be aTA-structure and let be an element of . The functor adjsyielding a subset of the
set of adjectives of is defined by:
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(Def. 8) adjg = (the adjective map of )(t).
The following proposition is true

(7) LetTy, To beTA-structures. Suppose thié-structure ofT; = the TA-structure ofT,. Lett;
be a type off; andt; be a type ofly. If t1 =t5, then adj$; = adjsts.

Let T be aTA-structure. We say that is consistent if and only if:
(Def. 9) For every typé of T and for every adjectiva of T such that € adjst holds nora ¢ adjst.
We now state the proposition

(8) LetTy, T, beTA-structures. Suppose tA@-structure ofT; = the TA-structure ofT,. If Ty
is consistent, thefl, is consistent.

Let T be a non emptyfA-structure. We say that has structured adjectives if and only if:
(Def. 10) The adjective map df is a join-preserving map frofi into (226 set of adjectives o yop,
Next we state the proposition

(9) LetT;, T be non emptylA-structures. Suppose tAé-structure ofT; = the TA-structure
of T,. If Ty has structured adjectives, th&nhas structured adjectives.

LetT be a reflexive transitive antisymmetiié-structure with l.u.b.’s. Let us observe tiahas
structured adjectives if and only if:

(Def. 11) For all typess, to of T holds adjst; Lity) = adjst; Nadjsta.
The following proposition is true

(10) LetT be a reflexive transitive antisymmetriéd-structure with l.u.b.’s. SupposEt has
structured adjectives. Lé&ft, to be types ofT . If t; <ty, then adj$, C adj;.

Let T be aTA-structure and led be an element of the set of adjectivesTofThe functor typea
yielding a subset of is defined as follows:

(Def. 12) For every set holdsx € typesa iff there exists a type of T such thak =t anda € adjst.

Let T be a non emptyA-structure and led be a subset of the set of adjectivedofThe functor
typesAvyields a subset of and is defined as follows:

(Def. 13) For every typé of T holdst € typesA iff for every adjectivea of T such thata € A holds
t € typesa.

The following propositions are true:

(11) LetTy, To be TA-structures. Suppose tAé\-structure ofT; = the TA-structure ofT,. Let
a; be an adjective of; anda, be an adjective of,. If a; = ap, then typesy = typesa,.

(12) For every non emptJA-structureT and for every adjectiva of T holds types = {t;t
ranges over types df: a€ adjst}.

(13) LetT be aTA-structuret be a type ofl, anda be an adjective of . Thena € adj¢ if and
only if t € typesa.

(14) LetT be anon emptyA-structuret be a type off, andA be a subset of the set of adjectives
of T. ThenA C adjt if and only ift € typesA.

(15) For every non void@A-structureT and for every typé of T holds adj$ = {&;aranges over
adjectives ofT : t € typesa}.
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(16) LetT be anon emptyA-structure and be a type off . Then typeine set of adjectives of ) =
the carrier ofT.

Let T be aTA-structure. We say that has typed adjectives if and only if:

(Def. 14) For every adjectiva of T holds typesUtypesnorais non empty.

The following proposition is true

(17) LetTy, T, be TA-structures. Suppose tAé-structure ofT; = the TA-structure ofT,. If Ty
has typed adjectives, thdn has typed adjectives.

One can verify that there exists a complete upper-bounded non empty trivial reflexive transi-
tive antisymmetric stricfA-structure which is non void, Mizar-widening-like, involutive, without
fixpoints, and consistent and has structured adjectives and typed adjectives.

The following proposition is true

(18) For every consisterfiA-structureT and for every adjectiva of T holds types misses
typesnora.

Let T be a reflexive transitive antisymmetié-structure with l.u.b.’s with structured adjectives
and leta be an adjective of . Observe that typesis lower and directed.

LetT be a reflexive transitive antisymmetiié-structure with l.u.b.’s with structured adjectives
and letA be a subset of the set of adjectivesiofNote that type# is lower and directed.

One can prove the following proposition

(19) LetT be reflexive antisymmetric transitivied-structure with l.u.b.'s with structured adjec-
tives anda be an adjective of . Then types is empty or typeais an ideal ofT .

3. APPLICABILITY OF ADJECTIVES

Let T be aTA-structure, let be an element of, and leta be an adjective of . We say that is
applicable ta if and only if:

(Def. 15) There exists a tygéof T such that’ € typesa andt’ <t.

Let T be aTA-structure, let be a type ofT, and letA be a subset of the set of adjectivesTof
We say thafA is applicable td if and only if:

(Def. 16) There exists a tygéof T such thatA C adjst’ andt’ <t.

Next we state the proposition

(20) LetT be a reflexive transitive antisymmetr@-structure with l.u.b.’s with structured ad-
jectives,a be an adjective of, andt be a type ofT . If ais applicable td, then typesan |t is
an ideal ofT.

Let T be a non empty reflexive transitié-structure, let be an element of, and leta be an
adjective ofT. The functoraxt yields a type ofl and is defined by:

(Def. 17) axt =suptypesan [t).

The following propositions are true:

(21) LetT be a Noetherian reflexive transitive antisymmefFis-structure with L.u.b.'s with
structured adjectives be a type ofl, anda be an adjective of . If ais applicable td, then
axt <t.

(22) LetT be a Noetherian reflexive transitive antisymmeffi&structure with l.u.b.'s with
structured adjectives$ be a type ofT, anda be an adjective of . If ais applicable td, then
ac adjgaxt).
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(23) LetT be a Noetherian reflexive transitive antisymmefFi-structure with L.u.b.'s with
structured adjectives$ be a type ofl, anda be an adjective of . If ais applicable td, then
axt € typesa.

(24) LetT be a Noetherian reflexive transitive antisymmefFigstructure with L.u.b.’s with
structured adjectives,be a type ofT, a be an adjective of, andt’ be a type ofT. If t’ <t
anda € adjs’, thenais applicable ta andt’ < axt.

(25) LetT be a Noetherian reflexive transitive antisymmefFis-structure with L.u.b.'s with
structured adjectived, be a type ofT, anda be an adjective off. If a € adjg, thena is
applicable td andaxt =t.

(26) LetT be a Noetherian reflexive transitive antisymmeifFisstructure with L.u.b.'s with
structured adjectives,be a type ofT, anda, b be adjectives off. Suppose is applicable
tot andb is applicable toaxt. Thenb is applicable ta anda is applicable tob=t and
ax (bxt) =bx (axt).

(27) LetT be a reflexive transitive antisymmetfi@-structure with l.u.b.’s with structured ad-
jectives,A be a subset of the set of adjectivesigfandt be a type ofT. If Ais applicable to
t, then type#\n |t is an ideal ofT .

Let T be a non empty reflexive transitiié-structure, let be a type off, and letA be a subset
of the set of adjectives df. The functorAxt yielding a type ofT is defined as follows:

(Def. 18) Axt =suptypesAn |t).
One can prove the following proposition

(28) LetT be a non empty reflexive transitive antisymmefrfestructure and be a type ofT.
ThenOe set of adjectives of ¥t =1.

Let T be a non empty non void reflexive transitiVé-structure, let be a type ofT, and letp
be a finite sequence of elements of the set of adjectiv@s @he functor applyp,t) yields a finite
sequence of elements of the carriefoénd is defined by the conditions (Def. 19).

(Def. 19)()) lenapplyp,t) =lenp+1,

(i) (apply(p,t))(1) =t, and
(i)  for every natural number and for every adjectiva of T and for every type of T such
thati € domp anda = p(i) andt = (apply(p,t))(i) holds(apply(p,t))(i + 1) = axt.

Let T be a non empty non void reflexive transitiVé-structure, let be a type ofT, and letp be
a finite sequence of elements of the set of adjectives @bserve that app(p,t) is non empty.
The following two propositions are true:

(29) LetT be a non empty non void reflexive transitiVé-structure and be a type ofl . Then
apply(s(the set of adjectives oF ) 7t) = <t>

(30) LetT be a non empty non void reflexive transitiVé-structuret be a type ofT, anda be
an adjective off. Then apply(a),t) = (t,axt).

Let T be a non empty non void reflexive transitiVé-structure, let be a type ofl, and letv be
a finite sequence of elements of the set of adjectivas dfe functorvxt yields a type ofl and is
defined by:

(Def. 20) vt = (apply(v,t))(lenv+1).
Next we state several propositions:

(31) LetT be a non empty non void reflexive transitiVé-structure and be a type ofl . Then

€(the set of adjectives dF) xt=1.
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(32) LetT be a non empty non void reflexive transitiVA-structuret be a type off, anda be
an adjective off. Then(a) «t = axt.

(33) For all finite sequences, g and for every natural numbeisuch thati > 1 andi < lenp
holds (p®” q)(i) = p(i).

(34) Letpbe anon empty finite sequenegbe a finite sequence, antbe a natural number. If
i <leng, then(p®~q)(lenp+i)=q(i+1).

(35) LetT be a non empty non void reflexive transitiVé-structuret be a type ofT, andvs,
vz be finite sequences of elements of the set of adjectivek. oThen applyvs ™ va,t) =
(apply(va,t)) *~ apply(vz, vi #t).

(36) LetT be a non empty non void reflexive transitiVé-structuret be a type ofT, vy, V>
be finite sequences of elements of the set of adjectivds aindi be a natural number. If
i € domvy, then(apply(vi ™ Va,t))(i) = (apply(va,t))(i).

(37) LetT be a non empty non void reflexive transitiVA-structuret be a type ofl, andvy, v,
be finite sequences of elements of the set of adjectivés dhen(apply(vi ™ v2,t))(lenvy +
1) = v *t.

(38) LetT be a non empty non void reflexive transitiVA-structuret be a type ofl, andvy, v,
be finite sequences of elements of the set of adjectiv@s Bhenv, x (v1 xt) = (V1 ™ Vo) *t.

Let T be a non empty non void reflexive transitiVé-structure, let be a type ofT, and letv
be a finite sequence of elements of the set of adjectivaés Ufe say thav is applicable td if and
only if the condition (Def. 21) is satisfied.

(Def. 21) Leti be a natural numbeg be an adjective of, ands be a type ofT. If i € domv and

a= V(i) ands= (apply(v,t))(i), thenais applicable tcs.
One can prove the following propositions:

(39) LetT be a non empty non void reflexive transitiVA-structure and be a type ofl. Then
8(the set of adjectives of ) is applicable td.

(40) LetT be a non empty non void reflexive transitiVA-structuret be a type ofT, anda be
an adjective off . Thena s applicable td if and only if (a) is applicable td.

(41) LetT be a non empty non void reflexive transitiVA-structuret be a type ofl, andvy, v,
be finite sequences of elements of the set of adjectivds Supposer; ~ v» is applicable to
t. Thenvy is applicable td andv, is applicable tos; *t.

(42) LetT be a Noetherian reflexive transitive antisymmetric non vdestructure with l.u.b.’s
with structured adjectiveg, be a type ofT, andv be a finite sequence of elements of the
set of adjectives of . Supposer is applicable td. Letis, io be natural numbers. Suppose
1<i; andi; <ip andiy <lenv+1. Letts, t, be types ofT. If t; = (apply(v,t))(i1) and
to = (apply(v,t))(i2), thenty <tj.

(43) LetT be a Noetherian reflexive transitive antisymmetric non Vid\estructure with L.u.b.’s
with structured adjectives,be a type ofT, andv be a finite sequence of elements of the set
of adjectives ofT. Suppose is applicable td. Letsbe a type ofT. If se rngapplyv,t),
thenvxt < sands<t.

(44) LetT be a Noetherian reflexive transitive antisymmetric non Videstructure with l.u.b.’s
with structured adjectives,be a type ofT, andv be a finite sequence of elements of the set
of adjectives ofT . If vis applicable td, thenvxt <t.

(45) LetT be a Noetherian reflexive transitive antisymmetric non vid\estructure with l.u.b.’s
with structured adjectives,be a type ofT, andv be a finite sequence of elements of the set
of adjectives ofT . If vis applicable td, then rngr C adjgv«t).
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(46) LetT be a Noetherian reflexive transitive antisymmetric non vid\estructure with l.u.b.’s
with structured adjectives,be a type ofT, andv be a finite sequence of elements of the set
of adjectives ofT . Supposer is applicable td. Let A be a subset of the set of adjectives of
T. If A=rngy, thenAis applicable td.

(47) LetT be a Noetherian reflexive transitive antisymmetric non Viddestructure with L.u.b.’s
with structured adjectives,be a type ofT, andvy, v be finite sequences of elements of the
set of adjectives of . Supposey; is applicable td and rngs,; C rngvs. Let sbe a type ofT .

If se rngapplyvs,t), thenvy xt <s.

(48) LetT be a Noetherian reflexive transitive antisymmetric non vid\estructure with l.u.b.’s
with structured adjectives$,be a type ofT, andvy, v» be finite sequences of elements of the
set of adjectives of . If v; ™ v, is applicable td, thenv, ™ vy is applicable td.

(49) LetT be a Noetherian reflexive transitive antisymmetric non vdestructure with l.u.b.’s
with structured adjectives,be a type ofT, andvy, v be finite sequences of elements of the
set of adjectives of . If vi ™ v, is applicable td, then(vy ™ vo) xt = (Vo ™ vq) xt.

(50) LetT be a Noetherian reflexive transitive antisymmefFis-structure with L.u.b.'s with
structured adjectives,be a type ofT, andA be a subset of the set of adjectivesToflf Ais
applicable td, thenAxt <t.

(51) LetT be a Noetherian reflexive transitive antisymmeifFistructure with L.u.b.'s with
structured adjectives$,be a type ofT, andA be a subset of the set of adjectivesToflf A is
applicable td, thenA C adjgAxt).

(52) LetT be a Noetherian reflexive transitive antisymmefFis-structure with L.u.b.'s with
structured adjectives,be a type ofT, andA be a subset of the set of adjectivesToflf Ais
applicable td, thenAxt € typesA.

(53) LetT be a Noetherian reflexive transitive antisymmefFis-structure with L.u.b.'s with
structured adjectives,be a type ofT, A be a subset of the set of adjectivesigfandt’ be a
type of T. If t’ <t andA C adjg’, thenA is applicable td andt’ < Axt.

(54) LetT be a Noetherian reflexive transitive antisymmeifFi&structure with L.u.b.'s with
structured adjectived, be a type ofT, andA be a subset of the set of adjectivesTaf If
A C adjst, thenAis applicable ta andAxt =t.

(55) LetT be aTA-structuret be a type ofT, andA, B be subsets of the set of adjectivesTof
If Ais applicable ta andB C A, thenB is applicable td.

(56) LetT be a Noetherian reflexive transitive antisymmetric non Viddestructure with l.u.b.’s
with structured adjectives$ be a type ofT, a be an adjective of , andA, B be subsets of the
set of adjectives of . If B= Au{a} andBis applicable td, thenax (Axt) = Bxt.

(57) LetT be a Noetherian reflexive transitive antisymmetric non vid\estructure with l.u.b.’s
with structured adjectives,be a type ofT, andv be a finite sequence of elements of the set
of adjectives ofT . Supposer is applicable td. Let A be a subset of the set of adjectives of
T. If A=rngy, thenvxt = Axt.

4. SUBJECTFUNCTION

Let T be a non empty non voi@lA-structure. The functor subyielding a function from the set of
adjectives ofT into the carrier ofT is defined by:

(Def. 22) For every adjectiva of T holds(subT)(a) = suptypesaUtypesnom).

We consideTASstructures as extensions Di-structure as systems
( a carrier, a set of adjectives, an internal relation, an operation non, an adjective map, a subject
map),
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where the carrier and the set of adjectives are sets, the internal relation is a binary relation on
the carrier, the operation non is a unary operation on the set of adjectives, the adjective map is a
function from the carrier into Finthe set of adjectivaad the subject map is a function from the set
of adjectives into the carrier.

One can verify that there existsT&Sstructure which is non void, reflexive, trivial, non empty,
and strict.

Let T be a non empty non voi@lASstructure and lea be an adjective of . The functor sul
yielding a type ofT is defined as follows:

(Def. 23) sula = (the subject map of )(a).
Let T be a non empty non voiflASstructure. We say that is absorbing non if and only if:
(Def. 24) (The subject map df) - (the operation non of ) = the subject map of .
We say thafl is subjected if and only if:

(Def. 25) For every adjectiva of T holds types U typesnora < suba and if types # 0 and
typesnora # 0, then sula = suptypesaUtypesnora).

Let T be a non empty non voi@iASstructure. Let us observe thats absorbing non if and only
if:

(Def. 26) For every adjectiva of T holds subnoa = suba.

Let T be a non empty non voitiASstructure, let be an element of, and leta be an adjective
of T. We say that is properly applicable toif and only if:

(Def. 27) t < subaandais applicable td.

Let T be a non empty non void reflexive transitiVASstructure, let be a type ofT, and letv
be a finite sequence of elements of the set of adjectivés @fe say that is properly applicable to
t if and only if the condition (Def. 28) is satisfied.

(Def. 28) Leti be a natural numbeg be an adjective of, ands be a type ofT. If i € domv and
a=yv(i) ands= (apply(v,t))(i), thena s properly applicable ts.

The following propositions are true:

(58) LetT be a non empty non void reflexive transitiVASstructuret be a type ofl, andv be
a finite sequence of elements of the set of adjectivas dff vis properly applicable tb then
vis applicable td.

(59) LetT be anon empty non void reflexive transitiVASstructure and be a type ofl. Then
S(the set of adjectives of ) is properly applicable to

(60) LetT be a non empty non void reflexive transitiVASstructuret be a type ofl, anda be
an adjective off . Thena is properly applicable toif and only if (a) is properly applicable
tot.

(61) LetT be a non empty non void reflexive transitiVASstructuret be a type ofT, andvs,
V> be finite sequences of elements of the set of adjectivds Gupposes, ~ v» is properly
applicable td. Thenv; is properly applicable toandv; is properly applicable tw; t.

(62) LetT be a non empty non void reflexive transitif@Sstructuret be a type ofT, and
Vi, V2 be finite sequences of elements of the set of adjectivds dupposer; is properly
applicable td andvs is properly applicable tw; xt. Thenvy ™ v, is properly applicable to.

Let T be a non empty non void reflexive transitiVASstructure, let be a type ofT, and letA
be a subset of the set of adjectivesTofWe say thaf is properly applicable toif and only if the
condition (Def. 29) is satisfied.
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(Def. 29) There exists a finite sequersoef elements of the set of adjectivesbkuch that rng= A
andsis properly applicable tb.

We now state two propositions:

(63) LetT be a non empty non void reflexive transitiVASstructuret be a type ofl, andA be
a subset of the set of adjectivesTof If A is properly applicable to, thenA is finite.

(64) LetT be anon empty non void reflexive transitiVASstructure and be a type ofl. Then
Othe set of adjectives oF IS properly applicable to.

The schem#inimalFiniteSetconcerns a unary predicate and states that:
There exists a finite sétsuch thatP[A] and for every seB such thaB C Aand?[B]
holdsB = A
provided the following condition is met:
e There exists a finite sét such thatP[A)].
Next we state the proposition

(65) LetT be a non empty non void reflexive transitiVASstructuret be a type ofl, andA be
a subset of the set of adjectivesTof Suppose\ is properly applicable to. Then there exists
a subseB of the set of adjectives of such that

() BCA
(i) Bis properly applicable to,
(i)  Axt=Bxt,and

(iv) forevery subse€ of the set of adjectives &f such thaC C B andC is properly applicable
tot andAxt =Cxt holdsC = B.

Let T be a non empty non void reflexive transitiVASstructure. We say that is commutative
if and only if the condition (Def. 30) is satisfied.

(Def. 30) Letty, to be types ofT anda be an adjective of . Suppose is properly applicable tt;
andaxty; <ts. Then there exists a finite subg&Df the set of adjectives of such thatA is
properly applicable tty LIty andAx (t1 Utp) = to.

Let us observe that there exists a complete upper-bounded non empty non void trivial reflex-
ive transitive antisymmetric stridiASstructure which is Mizar-widening-like, involutive, without
fixpoints, consistent, absorbing non, subjected, and commutative and has structured adjectives and
typed adjectives.

One can prove the following proposition

(66) LetT be a Noetherian reflexive transitive antisymmetric non V@& structure with l.u.b.’s
with structured adjectives,be a type ofT, andA be a subset of the set of adjectivesTof
SupposéA is properly applicable td. Then there exists an one-to-one finite sequenck
elements of the set of adjectivesiuch that rng= A andsis properly applicable to.

5. REDUCTION OFADJECTIVES

Let T be a non empty non void reflexive transitiVASstructure. The functos—+ yields a binary
relation onT and is defined by the condition (Def. 31).

(Def. 31) Letts, to be types ofT. Then(t, t) € o—7 if and only if there exists an adjectieeof T
such that ¢ adjst, anda is properly applicable ty andaxt, =t;.

Next we state the proposition

(67) LetT be an antisymmetric non void reflexive transitive Noetheff&&structure with
l.u.b.'s with structured adjectives. Ther>t C the internal relation of .
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The schemeRedInddeals with a non empty sel, a binary relation8 on 4, and a binary

predicateP, and states that:
For all elements, y of 4 such thatB reduces<to y holds?[x,y]

provided the parameters have the following properties:

e For all elements, y of 4 such thatx, y) € B holdsP[x,y],

e For every element of 4 holds?[x,x], and

e For all elements, y, zof 4 such thatP[x,y] andP[y, ] holdsP|x, Z].

One can prove the following propositions:

(68) LetT be an antisymmetric non void reflexive transitive Noetheff&$structure with
l.u.b.'s with structured adjectives ahdt, be types ofT . If o—1 reduceg; toty, thent; <ts.

(69) LetT be a Noetherian reflexive transitive antisymmetric non V@& structure with l.u.b.’s
with structured adjectives. Then-t is irreflexive.

(70) LetT be an antisymmetric non void reflexive transitive Noetheff&gstructure with
l.u.b.’s with structured adjectives. Ther»t is strongly-normalizing.

(71) LetT be a Noetherian reflexive transitive antisymmetric non W@&structure with l.u.b.’s
with structured adjectives,be a type ofT, andA be a finite subset of the set of adjectives
of T. Suppose that for every subsebf the set of adjectives of such thalC C A andC is
properly applicable tbandAxt = C«t holdsC = A. Let sbe an one-to-one finite sequence of
elements of the set of adjectivesof Suppose rng= A andsis properly applicable tb. Let
i be a natural number. If& i andi < lens, then{(apply(s,t))(i+1), (apply(s,t))(i)) € o—T.

(72) LetT be a Noetherian reflexive transitive antisymmetric non V@#&structure with l.u.b.’s
with structured adjectives,be a type ofT, andA be a finite subset of the set of adjectives
of T. Suppose that for every subsebf the set of adjectives of such thalC C A andC is
properly applicable tb andAxt = Cxt holdsC = A. Let s be an one-to-one finite sequence
of elements of the set of adjectives©f Suppose rng= A ands s properly applicable tb.
Then Revapply(s,t)) is a reduction sequence w.rt-.

(73) LetT be a Noetherian reflexive transitive antisymmetric non V@& structure with l.u.b.’s
with structured adjectives$,be a type ofl, andA be a finite subset of the set of adjectives of
T. If Ais properly applicable to, theno—t reducesAxt tot.

(74) LetX be a non empty seR be a binary relation oX, andr be a reduction sequence w.r.t.
R. If r(1) € X, thenr is a finite sequence of elementsXf

(75) LetX be a non empty seR be a binary relation oX, x be an element ok, andy be a set.
If Rreducesctoy, theny € X.

(76) LetX be anon empty set afirlbe a binary relation oK. Suppos& is weakly-normalizing
and has unigue normal form property. bebe an element oX. Then nk(x) € X.

(77) LetT be a Noetherian reflexive transitive antisymmetric non Vi@di&structure with l.u.b.’s
with structured adjectives ang to be types oflf. Suppose—t reduceg; tot,. Then there
exists a finite subs& of the set of adjectives af such that is properly applicable tty and
t1 = Axto.

(78) LetT be an antisymmetric commutative non void reflexive transitive Noethd&ris®
structure with L.u.b.’s with structured adjectives. Thenat has Church-Rosser property and
unique normal form property.

6. RADIX TYPES

Let T be an antisymmetric commutative non empty non void reflexive transitive NoetHBh&n
structure with structured adjectives and l.u.b.'s and ket a type ofT . The functor radix yielding
a type ofT is defined by:
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(Def. 32) radixt = nf,_ (t).
The following propositions are true:

(79) LetT be an antisymmetric commutative non empty non void reflexive transitive Noetherian
TASstructure with structured adjectives and l.u.b.'s aibé a type ofl. Theno—t reduces
t to radixt.

(80) LetT be an antisymmetric commutative non empty non void reflexive transitive Noetherian
TASstructure with structured adjectives and l.u.b.’s tibd a type ofl. Thent < radixt.

(81) LetT be an antisymmetric commutative non empty non void reflexive transitive Noetherian
TASstructure with structured adjectives and |.u.lh.lse a type off, andX be a set. Suppose

X = {t/;t/ ranges over types at. \/A: finite subset of the set of adjectives‘bf(A is properly applicable
tot’ A Axt’ =t)}. Then supX exists inT and radixt = | |1 X.

(82) LetT be an antisymmetric commutative non empty non void reflexive transitive Noetherian
TASstructure with structured adjectives and I.u.lby'st, be types ofl, anda be an adjective
of T. If ais properly applicable t andaxt; < radixty, thent; < radixt,.

(83) LetT be an antisymmetric commutative non empty non void reflexive transitive Noetherian
TASstructure with structured adjectives and l.u.b.’s &nd, be types ofT. If t; <ty, then
radixt; < radixto.

(84) LetT be an antisymmetric commutative non empty non void reflexive transitive Noetherian
TASstructure with structured adjectives and |.u.li.se a type ofT, anda be an adjective of
T. If ais properly applicable t6, then radixaxt) = radixt.
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